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PREFACE TO THE FIEST EDITION. 



The present work has grown out of an attempt, while giving 
my Cheltenham pupils the experimental details of elec- 
tricity, to impart at the same time to the more intelligent 
among them consistent though elementary ideas of the 
theory which underlies the experiments. At the instance 
of firiends interested in scientific teaching, I undertook to 
prepare from the notes I had used for my class the work 
which now issues from the press. Among such friends I must 
specially refer to my former colleague, Dr J. A. Fleming, 
who rendered me considerable assistance in arranging the 
plan of ^e earlier portions of the work. 

Greometrical as distinguished from analytical methods 
have been employed, and although a large proportion of 
the propositions involve the ideas of the Doctrine of Limits, 
the use of the notation of the Calculus has been avoided. 
A competent knowledge of Calculus is rare among school- 
boys, and experience as a teacher has shewn that a geome- 
trical investigation often gives a grasp of the method where 
an analytical one would give only the result. 

The foundation of the method employed is really the 
conception of Lines of Force, so largely used by Faraday 
in his researches as a means of exhibiting without mathe- 
matical symbols the quantitative relations of a field of 
force ; relations, which assume at once a numerical expres- 
sion by help of Prof. Stokes' beautiful theorem given in 
the 5th and 6th Propositions of the second Chapter. 

I must take this opportunity of acknowledging the debt 
I (in common with all modern students of Electricity) 
owe to the writings of Sir W. Thomson, Prof. Clerk Maxwell, 
and M. Wiedemann, which I have consulted at every step 
In addition to these, I have derived profit from a large 
number of miscellaneous papers. References to results ob- 
tained from these may have through oversight been omitted, 
and for such omissions I must crave indulgence. 
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I have also to record my personal thanks to Rev. T. N. 
Hutchinson of. Rugby, and to W. J. Lewis, Esq. of the 
British Museum, who have read through the whole work in 
course of preparation, and have afforded me throughout 
many valuable suggestions and criticisms. 

My special thanks are also due to my friend and former 
pupil, H. W. Reynolds, Esq., I.C.S., who has devoted a large 
amount of valuable time to correcting with me the proofs and 
testing the examples. I owe largely to his care and accuracy 
such measure of freedom as I may enjoy from typographical 
and other errors. I can hardly hope to have escaped from 
such accidents entirely, and shall be thankful to students 
who will send me a note of any which occur in the course of 
their reading, 

LINN^US GUMMING. 

BuoBY, November 1, 1876. 



In the preparation of the second edition for the press, care 
has been taken first to eliminate errors, and secondly to 
supply additional matter wherever the author has noticed 
that ftirther explanation of principles was required to present 
the subject in a clear light to pupils. With this view some 
of the early chapters have been largely rewritten, but without 
any material alteration of arrangement. Fresh propositions 
have been added on the method of Electrical images and 
some of its simpler extensions, as well as on Magnetization, 
by which it is hoped that the usefulness of the book has 
been increased. 

L. G. 

BuoBY, November 1, 1879. 



The chief alterations in the third edition are that Chap. I. 
has been largely rewritten and a chapter on Thermo- 
electricity has been supplied. Many friends in England and 
America have sent me notes of errata and obscurities, of 
which I have made use and for which I am grateful. 

L.G. 

BuQBT, October 1, ldS5. 
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CHAPTER I. 



PHYSICAL UNITS. 



1. The measurement of all physical quantities depends 
ultimately on the units of space, time, and mass. 

In England the units are generally the foot, second, and 
pound; but we shall adopt the centimetre, gramme, and 
second (c. G. s.) system, which is now almost universally 
used for scientific purposes. 

2. Def. I. Velocity is the rate of motion of a body, and 
if uniform is measured by the number of centimetres passed 
over per second ; if variable it is measured, at any instant, 
by the number of centimetres which would be passed over per 
second supposing the velocity uniform during t/iat second, and 
of the same vaiue as at the instant under consideration. 

It will be seen from the above definition, that vel^xrity 
is a property of a body at any given instant, and not neces- 
sarily the same during a finite mtervaL Thus when we speak 
of a train as going thirty miles an hour, we do not mean to 
say that it has gone thirty miles in the past hour, or that it 
will go thirty miles in the next hour; but that supjiosing the 
velocity to remain uniform, it would go thirty miles during 
that time. 

The unit of velocity is the velocity of a body which go^m 
over one centimetre per second. 

K a body moving uniformly with velocity v yann owir 
a space s in time t, the relation between these ({WiuihUm 
is clearly expr'*""^'^ l^v the formula 

s=vt 
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3. We may conveniently here consider the motion of a 
body in which two velocities are impressed in different 
directions &s in the case of a man who walks with uniform 
velocity across a railway carriage which is moving uniformly. 
Suppose Fig. (1), AB to represent the distance which the 

J,. J railway carriage goes in one second and 

let -4 C be the distance and directi(m 
across the carriage in which the man 
walks in one second. During the 
second in which he walks, the line AG 
is carried bodily forward into the posi- 
tion BD, and the man by the end of 
the second reaches D. Since the motion is uniform he would 
at each fraction of the second occupy a corresponding plaoe 
on the line AD, and it is clear that he has during the second 
gone along the line AD with uniform velocity, and AD iM 
therefore the measure of his velocity. This illustration shows 
that when a body has two velocities in different directions 
impressed on it, the resultant motion is found by drawing the 
diagonal of a parallelogram of which the impressed velocities 
are adjacent sides. AB, AC are spoken of as component 
velocities, and AD as the resultant velocity. 

4. Def. II. Acceleration is the rate of change of veto- 
city, and is measured, when unifoim, hy the number of units 
of velocity added on to a body's motion per second. When 
variable it is measured at any instant by the number of units 
of velocity which would be added on per second, supposing the 
acceleration constant, and of the same value as at the instant 
under consideration. 

Like velocity, acceleration is a property of a body at 
a particular instant, not necessarily continuing the same 
through a finite interval. It is the measure of the body's 
quickening at that instant. 

The unit of acceleration is the acceleration of a body 
whose velocity increases by a unit of velocity per second. 
If a body be moving under a uniform acceleration / through 
a time t, and if F be the initial velocity, and v the velocity 
at the end of the time t, then 

v^V+ft (ii). 
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The best illustration of a uniform acceleration is the 

motion of a body near the earth's surface. In this case it 

is proved by experiment that the acceleration due to the 

earth at the sea level is represented numerically by 981 (at 

Paris). Thus a body falling to the earth has its velocity 

increased each second by 981 centimetres per second. This 

does not mean that the body describes 981 centimetres in the 

second, or even describes 981 centimetres less in one second 

than in the next, but that if, for instance, the body is pro- 

- jected downwards with a velocity of 100 centimetres per 

second, it will have at the end of the first second a velocity 

of 1081 centimetres per second, at the end of the second 

* second its velocity will be 2062 centimetres per second, and 

: so on during each second of the motion. 

Retardation is treated as negative acceleration. If for 
mstance a body be projected upwards, its velocity is dimi- 
nished by 981 cm. per second each second, and generally 
if/ represent the retardation, our formula (ii) becomes 

v=V-ft (ii'). 

li the resulting velocity should be negative it will de- 
note that the body is moving with a certain velocity in the 
direction opposite to that of projection. 

5. To find the space described during a given time t 
bv a body moving with uniform acceleration, we may con- 
sider that since the acceleration is uniform, the average 
vdodty during the interval will be the same as the velocity 
at the middle of the interval, and this will clearly be V+ ^fl. 
The space described will be the same as that due to this 
velocity during the time t. Hence, by formula (i), 

= vt+iife (iii), 

w if the acceleration is negative, 

s=Vt-^fe (iii'). 

Combining (ii) and (iii) by algebra, we have from (ii) 

v=V+ft; 
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or ■ v--7'+Syfl+/V 

from (iii) =V+2/s 

Similarly, from (ii') aod (iii'), 

t^=P-2/s 
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6. The space described may also be illustrated graphi- 
eally bj a method which will be of frequent use. 

Fig. 2. 




Set ofif along a horizontal line AB equal lengths Aa, ah, 
be, &c., representing short intervals into which the whole 
time AB of the motion of the body can be divided, raise 
at A, a, b, &c. straight lines (called ordinates) perpendicular 
to AB, and of such lengths as to represent on a certain scale 
the velocities of the body at the end of each interval. Let 
these lines be AA„ aa^, bb^...pp„ qq^, rr^...BB^, then draw- 
ing a system of complete parallel ogranj s p^ij',, g,r,, r,s,...&c., 
the space described during the smaU interval of time pq will 
be represented numerically by something between pq x.pp^ 
and pq x qq„ or by some area between p^q and p^q ; since 
qq^ representa the velocity at the beginnmg of the interval 
and pp^ the velocity at the end. The whole apace described 
will be intermediate between the sum of all the parallelo- 
grams p,q, qj; r^, &C., and the sum of all the parallelc^ams 
Pi3< 1i^' V' **'• ^^^ diflference of thes' is is dearly 
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parallelogram whose height is BB^^snd base one of the 
:ervals pq, and therefore equals BB^ x pq^ and if the 
bervals are suflSciently small this difference is indefinitely 
lall, and each of the sums becomes the same as the whole 
ea A^ABB^^ and this therefore will represent the whole 
>ace described. Since the acceleration is uniform, the in- 
ements of velocity are the same for the same increments 
I time, and consequently by Eua VL Prop. ii. the line Afi^ 
1 a straight line, also AA^=^ F, and BB^ =s r +/i, and AB « t 
[ence the area of the trapezium 

= i (AA^ + BB^i AB 

rhich agrees with our formula (iii). 

It must be carefully noted that the area A^ABB^ has no 
etual relation to the space described beyond the numerical 
DC here represented. Thus if seconds be represented by 
entimetres along AB, and units of velocity by centimetres 
perpendicular to AB, then the number of square centimetres 
nclosed by the lines AA^, BB^, AB, A^B^ represents nume- 
Lcally the number of units of space passed over by the body 
Q the time AB. 

When in future we make use of this graphical repre- 
entation of a formula, we shall indicate its construction by 
aying that abscisscB, or distances set off along a horizontal 
ine such as AB, are to be taken to represent the number of 
inits in one magnitude, and ordinates or lines perpendicular, 
o represent some other co-related magnitude ; and from the 
lature of the figure so formed, we shall deduce by geometry 
'arious relations. 

7. Def. ITT. Density. Matter is that in virtue of which 
md through which ail forces act, and is itself as incapable 
if definition as space and time. We however require a formula 
express the amount of matter in any given volume. This 
lepends on ih ce, and ike density of a fl uctf 

s defined a qfm^Mer in a twiit o/ 
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Hence if M is the amount of inatter in a body, D the 
density, and V the volume, 

M = DV (v). 

M is generally called the mass of the body. 

Our unit of mass is arbitrary, and can be most con- 
veniently expressed as the unit volume of some standard 
substance. The unit of volume must be the cube of th^ 
linear unit, viz. a cubic centimetre. The standard substance 
is water at its maximum density, i.e. at a temperature of 
4^ Cent. The unit of mass will thus be a cubic centimetre 
of distilled water at 4^ Cent. This mass is called the gramme, 
and is the basis of the French system of weights. 

When we speak of a particle of matter, we mean a mass 
of matter which can be acted on by forces, but which in its 
geometrical relations can be treated as a point. 

8. Def. IV. Momentum or Quantity of Motion m 
defined hy the product of the mass of a body into the velocity 
with which it is moving. 

Unit of Momentum is the momentum of unit mass 
moving with unit velocity. 

Since the momentum of a given body is proportional to 
its velocity we can resolve and compound momenta by the 
parallelogram law, as explained above for velocities. 

9. Def. V. Force is defined as that which changes 
or tends to change a body*s state of rest or motion, and any 
given Force may be measured by the change of motion it 
produces per unit time. 

Thus a unit force is that which imparts to a gramme a 
unit acceleration, and is called a dyne. 

10. The science of Physics is founded upon certain ex- 
perimental truths, which were first given concisely by Newton. 
They are called the Laws of Motion, and we will give them 
simply translating Newton's own words, and adding explana- 
tions chiefly derived from his own scholia or comments on 
these laws. 
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Law I. Every body continues in its state of rest or nf 
iform motion, in a straight line, except in so far as it may 
be compelled by impressed /ones to change that state. 

This is often called the law of Inertia of Matter, ex- 
ig that matter has no tendency to move without the 
Lion of force. It is impossible to establish it experi- 
ly, as every body in the universe is moving, and snb- 
a great compltisity of forces. Wo may, however, 
ih relative rest, as of a body resting on a horizontal 
and we moreover observe not only that it never sets 
in motion, but that when the body is started the 
ier the plaue the more slowly is the velocity di- 
led. 

lis law indicates the convention nnivcrsally adopted for 
Leasurement of time, namely by the motion through 
(qual spaces of a body acted on by no external forces. This 
cwidition is moat nearly fulfilled by the earth in respect of 
its rotation on its own axis; when the angular motion is 
loifurm, and ia always taken as the practical means of 
Bwasuriug time. 

11, Law II, Change of motion is proportional to the 
impressed force, and takes place in the direction of the straight 
line in which the force acts. 

Newton in this law says nothing about the state of rest 
or motion of the body on which the I'orce acts. Hence if the 
body is already moving in the direction of the force's action 
the change in motion is simply added to the already existing 
notion. If the motion be not in the same direction as the 
ibrce the change iu motion is compounded with the already 
tasting motion according to the parallelogram law. 

This is shown experimentally by dropping a stone from 
the mast-head of a ship which is moving uniformly. The 
stone is found to fall at the foot of the mast, both in the 
mne time, and in the same position, as if the ship had been 
it rest; the pull of gravity on the stone not being inter- 
fered with by its own uniform horizontal motion, which was 
DMessarily that of the ship at the moment it was dropped. 
iL 13, Newton again says nothing about there being only 
&ri||kfca?ce acting, and we conclude that if several forces are 
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acting we inay compound the change of motion due to each 
of them just as we have shown above we can compound 
motions themselves or by the Parallelogram Law. 

Thus if AB^ AC measure the 
momenta which two forces acting 
in the directions -4JB, AC would if 
they acted separately impress on 
the body : the resultant momen- 
tum will be represented by the 
diagonal AD of the parallelogram 
of which ABf A are adjacent sides. 

This shows us that velocities, accelerations, momenta and 
forces can all be compounded according to the Parallelogram 
Law, also any of these physical quantities can by the same 
law be resolved into components in any two given directions. 

13. The first law gives us the condition of unchanged 
motion and this second law the relation between the impressed 
force and the change of motion it produces. Thus if unit 
force produce in a gramme unit acceleration, two units of force 
produce two units of acceleration, and generally / units of 
force generate in a gramme /units of acceleration. Again, 
conceive a mass of m grammes. Let it be cut up into m 
separate masses each of one gramme, and let /units of force 
be applied to each of them. They will move on side by side, 
each having/ units of acceleration. Let them be now joined 
so as to form one mass. The whole force acting on it now is 
m/" units of force, and the acceleration produced in the mass 
m is/ In other words, the measure of Force is the product 
of the mass moved into the acceleration impressed on it, or, 
as it is usually written. 

In this formula we observe that /the acceleration is the 
rate of change in the velocity (Art. 6), and mf is therefore 
the rate of change in the product of mass into velocity or the 
rate of change of the momentum of the body. Hence the 
general statement may be made that the measure of a force 
acting on a body is the rate of change it causes in the body's 
momentum. 
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14. Suppose jB to represent a velocity, momentum or 

feice acting along AD (fig. 3), and we require to resolve it 

along AB, AG, if we set oflf any length AD, and complete 

the parallelogram ABGD, then it is clear that AB, AC bear 

• the same numerical relation to the components that AD 

AB 
does to R. Hence the components are -j-vr R along AB ^ X, 

suppose, 

AG 
and -j^^ along -4(7= F, 

or -r-^ R along A G= Y; 

AD * ' 

where ABD is a triangle whose sides are proportional to 
the quantity and its components. Similarly, if we draw any 
other triangle whose sides are parallel to AD, AB, AC, 
the quantity and its components will be proportional to its 
sides also. 

If AB, AG he at right angles to each other, and a the 
angle between AD and AB, then 

Y 
X= Rcosa, F=i2sin a, ^=tana (vi). 

In Fig. 3, if the direction of R be reversed, the three 
components X, Y, — R form a system in equilibrium, each 
being equal and opposite to the resultant of the other two. 
The directions of X, Y, —R will be parallel to the sides of 
the triangle ABD taken in order, X acting in direction AB, 
Y in direction BD, and R in direction DA. Hence it 
follows that if there be acting on a particle three forces 
which are parallel in direction and proportional in mag- 
nitude to the sides of any given triangle, they shall be in 
equilibrium. This proposition is known as the triangle of 
forces. And it is obvious that there is a corresponding 
triangle of velocities, accelerations, and momenta. 

15. Of the nature of Force are all weights, pressures, 
tensions of strings, attractions and repulsions between bodies. 
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It will be convenient to express the unit Force in terms 
of our standard weight. That taken as the ordinary standard 
is the weight of a gramme at the sea-level in the latitude 
of Paris. Now it is known by experiment that in this 
latitude the acceleration of a falling body is 981. Hence 
the unit of weight is a gramme under 981 units of accelera- 
tion. Therefore a unit of Force = 77^7 of the weight of ft 

gramme. 

In future, weights will be measured in grammes and con- 
verted into absolute units of force by multiplication by 981. 
If a weight be given as w grammes the measure of it in 
units of force is 9Slw, 

16. Law III. To every action there is an equal and 
opposite reaction; or the mutual actions of any two bodies 
are always equal and oppositely directed. 

This expresses the fact that when a body is pressed, it 
presses back with an equal force. 

If for example I press my finger on the table, the table 
presses my finger back with the same force with which I 
press the table. If a horse tow a boat along a canal the 
horse is dragged back with exactly the force it uses to drag 
the boat forward. 

This law shows that the forces between two bodies, or 
parts of the same body, consist of pairs of equal forces acting 
along straight lines in opposite directions. Taking such a 
pair of forces Fon a, body A and — J'on a body B; which 
may either be action and reaction along the line joining the 
bodies, or these resolved in any given direction ; then F and 
— F measure at any instant the rates of change of Momentum 
of the respective bodies along this direction. The quantities 
of momentum imparted to the two bodies during any short 
interval t will be Ft and — Ft, so that if the momenta at first 
along this line were Jtf^, Mb, after the time t during which 
this force F has been in action the momenta will be 

Ma + Ft and Mb - Ft, 
and therefore the total momentum of the two bodies in this 
direction remains unchanged. And since what in true for 
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eacli such interval will be true for the sum of auj number of 
such intervals, it follows that during any finite time the sum 
of the momenta of two bodies in any given direction is 
constant, the effect of action and reaction being nn exchange 
of momentum between the bodies and not a^lute loss or 
gain. 

This principle is applicable to the case of impact or 
friction between two free bodies, but we must be careful not 
to apply it in the case of impact or friction against the 
Earth, since we are unable to measure the change in the 
Earth's momentum owing to the friction or impact. 

17. Newton adds to the Third Law of Motion this im- 
portant scholium. 

" If the Action of an agent be meamired by its amount and 
velocity conjointly : and if similarly, the Reaction of the re- 
sistance be measured by ^ amx>unts of its several parts and 
their several velocities conjointly whether they arise from fric- 
tion, cohesion, weight or acceleration; Action and Reaction, 
in all combinations of rnxxchines, will be equal and opposite!* 

Newton conceives the system of bodies (or combination 
of machines) in motion, the point of application of each force 
Laving a certain velocity. If this velocity of the point of 
application be resolved along the direction of the force its 
component (as he explains elsewhere) is the velocity of the 
force : and the measure of this velocity multiplied into the 
measure of the force gives the "Action." This action is 
simply the rate at which the force works, for which Watt 
afterwards invented the unit of the horse-power, which re- 
presents the rate of work of an agent which raises 33000 lbs. 
against gravity one foot per minute, or in other words which 
moves 33000 lbs. against gravity with the velocity of one 
foot per minute. Newton's statement therefore tells us that 
when a system of forces acts on a material system without 
causing accelemtion (i,e. when the system is in equilibrium) 
the sum of the rates at which all the forces are workinor must 

o 

be zero. In computing the rates those must be counted as 
negative in which the velocity of the force is in an opposite 
Airection to the force, as when a weig\it \a \SvSX.^^ ^^^jiJcd&X* 
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gravity. This is the well-known principle in Mechanics that 
" what is gained in power is lost in time." 

18. Next we notice that velocities are proportional to 
the spaces described during the same very short interval If 
therefore a small displacement be made consistently with 
the geometrical relations, the velocities of the points rf 
application are simply proportional to their respective dis- 
placements, and the resolved parts of the displacements will 
be proportional to the velocities of the forces. The product 
of the force into this resolved displacement is obviously the 
work done during the displacement counted positive when 
the displacement is concurrent with the force and negative 
when opposed to it. The products are what are called in 
Mechanics the Virtual Moments of the Forces and Newton's 
principle is the Principle of Virtual Velocities. 

If all the forces remain in the same direction during 
a finite displacement, we may still apply the principle which 
then becomes the "principle of work'' in Mechanics. 

19. Again, if the small displacement be a rotation abouta 
given line and the force acts in the plane of the displacement^ 
we may assume its point of application shifted to the foot of 
the perpendicular on its line of action drawn from the am 
All points in the system will be displaced through the same 
small angle, 0, suppose, and if p be the length of the per- 
pendicular on the force's line of action, p0 will be the small 
displacement whose direction coincides with the line of 
action. Hence the "action" of the force will be proportional 
to ± Fp0 where F measures the force, taking the + sign 
when the force is in the direction of the displacement, and 
the — sign when in the opposite direction. Thus if we have 
a series of forces F^, F^.., and p , j?, ... be the perpendiculars 
on their lines of action, Newton s principle gives us 

F,p^0 + F^p^0 + =0, 

.\F^p, +F^p^ + =0, 

which is the principle of moments in Mechanics. 

20. Def. VI. Work may be defined aa resistance over- 
come throtigh spa^e. 
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No work is done in moving a body perpendicular to the 
lesultant force acting on it. A body under gravity only 
ould be moved horizontally forward without the exercise of 
my force, and if once started would move on a smooth level 
miauce uniformly for ever. In computing the work done 
during any given movement we must take account only of 
the component of the force along the direction of motion of 
its point of application. 

Thus if a body be carried from one position to another 
against a force, such as a weight raised, a certain amount of 
muscular or other power must be expended. This work is 
measured, when the acceleration is uniform, by the mass 
moved into the acceleration against which it is moved into 
the space through which it is moved. If W be the work 
expended in moving a mass m, against an acceleration /, 
through a space s, we have 

W=mfs (viii). 

The unit of work will be done in moving a gramme 
through a centimetre against a unit of acceleration, and is 
called an erg. The ordinary English unit of work is the 
foot-pound, being the work done in raising a pound through 
afoot. 

Rate of work is the number of ergs done per second by 
any machine. 

The English standard of working power is the "horse- 
power," defined as 33000 foot-pounds per minute. 

To convert this into ergs we have only to remember that 

1 centimetre = '3937079 inch, 
1 gramme = 15*43235 grains. 

12 
^'"•=" ^^°^* =^3937079 """'•' 

1 lb. Avoirdupois = 7000 grains Troy, 

7000 
" 15-43235 ^^^' 
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Therefore 1 foot-pound = ^^.J^^ J^^g.^^(yjg cm.-gm8, 

wliich, remembering that gravity = 981 units of acceleratioBf 
becomes 

12 X 7000 X 981 

" 15-43235 X -3937079 ^^^' 
Therefore one horse-power 

= 33000 foot-pounds per 1', 

33000. . , ,,, 

= —7777- foot-pounds per 1 , 

_ 33000 X 12 X 7000 x 981 

GO X 15;43235 x 3937079 ^^^ ^^ ' 
= 7460 million ergs per 1" nearly. 

21. Def. VII. Moment of a Force. The moment of a 
force about a given point is defined as the product of the forei 
into the perpendicular from the given point on to the line oj 
action of tJie force. 

The moment of a force thus defined measures the tend- 
ency of a force to turn a body about a given point as am 
And it is obvious that when the forces on a body balance 
each other, the sum of the tendencies of all forces which 
twist it in one direction must exactly balance the tendencies 
of all forces twisting it in the opposite direction (Art. 19). 

22. Def. VIII. Couple. Two forces which are equal 
in magnitude and parallel, acting in opposite directions, but 
not in the sariie straight line, are termed a couple. 

^ig» 4' It is clear that, if we take any 

point (fig. 4) in the plane of the 
forces, and from it draw a per- 
pendicular Oab to the two forces, 
the difference between their mo- 
ments about is always P . Ob 
"P.Oa^P.ah. Thus either 
p force multiplied by the perpen- 
dicular distance between the forces 
is called the moment of the couple, 
and measures the tendency of the 
couple to twist the body round. 
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From this it follows, that no single force can luilance 
a couple. For if possible suppose it to be balanced by 
any force. Then choosing a point in the line of the force, 
its moment about vanishes, and there remains the moment 
I^.ab imbalanced (Art 19). 

23. Remembering that the action of an agent is pro- 
portional to the work done by the agent during a given 
displacement Newton's principle shows that work done on 
a system of bodies has its equivalent in work done against 
gravity as in raising a weight, against molecular forces 
as in compressing a spring or against friction, if there be 
no acceleration: but if there be acceleration Kome of the 
work done may be done against the resistance of the body 
to acceleration. To measure this latter part, let us assume 
that a particle of mass m when displaced through a s|)ace 
8 receives an acceleration whose measure is/, the displace- 
' ment being assumed resolved in the direction of/. Then 
'-'i the resistance must be measured by mfs. Now if V be the 
-? velocity at the beginning and v at the end of the space «, 
resolved along the direction of the acceleration, we have 
shown (Art. 5) 

.*. i m'l^ = i^ mV* + mfs, 

If the motion be not in the direction of the acceleration 
the velocity will have at each end a component u at right 
angles to the direction of motion. The total velocities will 

then be V F* + 1^* at first and Jo'' + w" at last and 

:^m{v' + u*)-im{V'+u')=^mv''-'^mV'^mf8, 

This proves that if we compute at each successive point 
in the body's motion the product of one half the mass 
into the square of velocity, the work done against accele- 
ration from point to point is measured by the change in 
this product. The name given to this physical quantity is 
Kinetic Energjr^ 
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24. Def. IX, Kinetic Energy is defined as half ik 
product oftlie mass into the square of the velocity of a body. 

If a body of mass m be raised against gravity to a height 
h an amount of work whose measure is mgs has been ex- 
pended on the body. If the stone be allowed to fall freely 
back again it will on returning to its initial position have an 
amount of kinetic energy which the equation ^mv'^mgk 
proves to be numerically equal to the work expended in 
raising the body. The body in the higher position had 
therefore in virtue of the work expended upon it an ad- 
vautage in respect of energy over the same body at the lower 
level, in that it had a capacity for acquiring kinetic energy 
by simply allowing gravity to act upon it. This kind of 
energy is called Potential Energy. 

25. Taking the case of a ball projected upwards with 
velocity F. If the velocity be v when the ball has risen 
through a space s, we have by Art. 23, 

^mV^—^ mv^ = mgs ; 
or ^mV^=\ mv^ + mgs. 

Here we see that at the moment of projection the body had 
kinetic energy measured by JwF*, and that throughout the 
whole subsequent motion the kinetic energy [^mv^) is less 
than that at the beginning of the motion by mgs or the 
weight of the body multiplied by the space through which it 
is raised; but this is the work done in raising the body 
through space s, and is the measure of the potential energy 
of the body. Hence the above equation is a statement of the 
fact that the sum of the Potential and Kinetic Energy of the 
body remains the same during the whole motion. As the 
body rises it is losing kinetic and gaining potential energy, 
when it has reached its highest point its whole energy is 
converted into potential energy, when it begins to descend 
again, it gains during descent, kinetic at the expense of its 
potential energy, until on its return to the point of projection 
it has the same kinetic energy as at starting, though its 
velocity is in the opposite direction. 

26. In the case of a pendulum the same principle 
holds good. The original impact by which the pendulum 



i-HYSICAL UNITS. 17 

s Btarted commimicates to it kiaetic eaergy, and the bob 
lomes to rest when the potential energy due to its rise is 
Mjuivalent to the kinetic energy imparted. 

Tlius, if a penduhim bob of mass vt be started with a 
lelocity V at A, and if on reaching B the 
wlocity ia destroyed, then, if through B a 
IiiibBiV be drawn horizontally, the bob has 
ieen lifted through AN. 

.: mgAN = JmF', 
•bere g denotes the acceleration due to the 
attraction of the earth on the hob. 
But AN=l{l-cose) 

= M sm o , 
lere i = length of pendulum; 

.■, m(72ZBin*^ = JmV; 

Hence with a given pendulum the momentum at starting 
is proportional to the sine of \ of the whole angle of swing, 
« to the chord of half the arc of swing. 

But mV measures the blow by which the pendulum was 
started. Hence in any case of an instantaneous force ap- 
ilied to a pendulum, we shall assume the blow is proportional 
the sine of half the angle of deflection. This ia called the 
jriuciple of the ballistic pendulum. 

The same principle will be applied further on to (i 
magnet swinging in a uniform field, 

27. Other instances of Potential energy are a compressed 
^ring where work has been done against molecular forces in 
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compression, such that on rebound the spring acquires ti 
fmme amount of enei^ of the kinetic kind, as was espende 
in compressing it, Wlien work is expended in heating I 
body it was considered by Newton and long after his t' 
that Work was absolutely lost, as in the case of friction. 
Joule'a experiments have now shown that there is a al 
equivalence between the amount of work expended and tM 
amount of lieat gained, and that wliere heat is used to M 
mechanical work there is the same equivalence between t9 
heat put out of existence and the mechanical work giuneq 
Thus we are now compelled to regard heat as itself a form i 
energy olieyiug the same laws as other kinds of energy. M 
it is probable that Heat is to be regarded as a kind of motia 
amongst the molecules of the body it is a variety of Kinen 
eneigy. In chemical dissociation we have also an instance d 
Potential energy as in the elements of gunpowder, or dyi 
mite, or in the fuel of a fire and the oxygen of the air, in 
of which a large amount of energy may be obtained by a 
expenditure of an indefinitely small amount as in loosening 
the detent of the trigger in a gun or putting a match to the 
fuel in the fire. Electrical separations and electrical currents 
we shall afterwards see to be also illustrations of potential 
energy obeying the same laws. 

28. Def. X. Energy. Energy is defined to he capacitg] 
for doing work, and may be either (1) Kinetic, when the bodyi 
is in absolute motion, or (2) Potential, when the body in virtM 
of work done upon it, has acquired u position of advantage, so 
mat work can at any time be recovered from ■it, by the return 
ofilie body to its old position. 

Taking these views we now state Newton's scholium :— 
Where work is done on a system of bodies it has its equiva 
lent either in Kinetic energy of the system or in work doffl 
either (1) against gravity as in raising a weight, (2) againsi 
molecular forces aa in compressing a spring, performing 1 
chemical dissociation, making an electrical separation or ai 
electrical current, (3) against I'riction in which we obtain aj 
equivalent amount of heat— itself a form of Kinetic energy. 

If no work is done on the system, there can be no gaiB 
or loss of energy in the system, the forces between different 
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^^^#ttrt8 of the ^stem merely developiDg Kinetic mt the expen^-e 
'-MffPoteotial energy or vice versa. 

f Thus in any material system acted on by no extomal f* »rres 
f9^ have two absolute constants, its amount of matter and its 
lount of energy, neither of whicii can be increase*! or dimi- 
Led. The matter of the system may by chemical acti<>n 
chanc^ed into other kinds of matter* but alwav?( of the 
%une total amount, and the energy may be conTerte 1 into all 
ftrms of which energy is susceptible, but aLo without alter- 
ing the total amount. 

This is the principle of Conservation of Energy of which 

the foundation was laid by Newton, but his remark wa.s 

passed by unnoticed till attention was called to it in Thomson 

and Tait's Treatise on Xatural Philosophy fpublisheil in 

;* 1867), to which the reader is referred for a fuller treatment 

i of the subject. 

f 

Examples on Chap. I. 

The following relations may be assumed : 

1 iiieire= 39-3706 inches. 

1 poond AToiidiipois= 493*59 gnunmes. 

1 cubic foot of water weighs 1000 oz. At. 

The aeedfiratlon of gnLTit7=32'3 when ft. and sec are fondamental 
units. 

The ahbreTiation cm. is used for centimetre. 



gm. gramme. 

sec second. 

sq square. 

coh. cobic. 

den. densitj. 



1. How many centimetres are there in a foot? How 
many sq. cm. are there in a sq. foot ? How many cub. cm. 
are there in a cub. foot? Ans. 304794 : 929 : 28315. 

2. Express in metrical units the velocity of sound which 
travels 1100 feet per sec. Ans. 33527*4 cm. per sec. 

3. How many yards per minute and miles per hour are 
described by a body which travels at the rate of 1000 cm. 
per sec. ? Ans. 65618 : 22 37. 

4. The acceleration of gravity is measured by 981 in 
the metrical ^stem. Find its numerical value when feet 
and seconds are \a fundamental \nu\& '^ -^ 
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5. A stone is allowed to fall from a cliff: with what 
velocity is it moving at the end of the fourth second ? 

6. A cannon-ball is shot vertically upwards and ascends 
for five seconds, then returning back again, 

(i) With what velocity was it projected ? 

(ii) What height did it reach ? 

(iii) What time elapses between leaving the gun and 
returning to earth ? 

(iv) If it was caught at the instant of turning and 
hurled down with a velocity of 1000 feet per second, what 
would be its velocity on reaching the ground ? 

(v) In the last case how long would it take during its 
fall? Ans. ^''nearly. 

7. The Moon's distance is 60 times the Earth's radius. 
Through what distance does the Earth pull the Moon every 
minute ? Assuming that the Moon moves in a circle, and 
that the radius of the Earth is 4000 miles, calculate the 
length of the lunar month. Ans. 16*1 ft.; 27*3 days. 

8. A person drops a stone down a well, and hears the 
splash after 2*86 sec. Find the depth of the well, making 
allowance for the time taken by the sound in coming up 
(see Ex. 2). Ans, 121 feet. 

9. A balloon ascends vertically and uniformly for 4*5 
sec, and a stone is then let fall wliich takes seven sec. to 
reach tlie ground. Find the velocity of the balloon and its 
height when the stone was dropped. 

Ans. 08 ft. per sec; 306 ft 

10. A stone after falling for one sec. strikes a pane oj 
glass and loses half its velocity. How far will it fall in th^ 
next second ? Ans, 32 ft 

11. What is the volume in cub. cms. of 1*5 kilogms. o: 
iron whose density is 7*25 ? Ans, 206*9 

12. What is the weight in grammes of 10,000 cub. cms 
of sea- water whose density is 1*028 ? 
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13. Two forces whose magnitudes are in the ratio of 
3 to 4 act at right angles to each other ; what is the magni- 
tude of their resultant ? 

14. Two equal forces have a resultant also equal to 
either of them; at what angle are the two components 

acting ? 

15. It is required to substitute for a given vertical force 
two forces, one horizontal and the other inclined at an angle 
of 45° to the vertical. Find the ratio of the two components 
to the original force. 

16. If a body is falling down an inclined plane, show 
how to compute the part of gravity which is actiug upon it 
in the direction of motion. 

17. A body is falling down an inclined plane without 
friction, the angle of elevation of the plane being 30**. Find 
the space it will pass over in the two first seconds from 

rest. 

18. Two weights are attached to the ends of a string 
without weight, and are slung over a smooth pulley. Give 
an expression for the acceleration acting on the system if 
it is free to move. 

19. If the weights in the preceding question be 20 and 
lOgms., how many cms. will the larger weight have fallen 
from rest at the end of 3 sees. ? Ans. 1471*5. 

20. Illustrate the meaning of the term work by giving 
a list of examples of cases in which work is done on a body, 
and also a list of cases in which work is done by a body. 

21. Discuss the principle of conservation of energy as 
applied (i) in the case of two bodies moving with mutual 
fnction ; (ii) in the case of impact between two bodies. 

22. Show how the sun's energy is employed to grind 
jom, (i) by means of a wind-mill; (ii) by means of a water- 
nill. 

' 23. Two balls Jf, M\ moving in the same line with velo- 

ities V and V'y impinge. Show that there will be a loss of 

nergy during the impact unless the whole momentum ex- 

"IMM' 
hanged be equal to nr.iLff {V— F'), 
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24. Show that the energy stored up in a reservbb of 
water standing on the ground is measured by half the pro- 
duct of its depth into its weight 

25. Show that if an additional quantity of water is to 
he added to the reservoir, it will be immaterial whether it 
is raised up and poured in from above or forced in at the 
bottom. 

26. Show also from the principle of conservation of 
energy, that if an orifice be made in the bottom of the 
reservoir and the water escape without friction, the velocity 
of the issuing stream will be that due to a fall under gravity 
from a height equal to the depth of the water. 

27. In ques. 2G what would be the velocity if the vessel 
were filled with mercury whose density is 13 times that of 
water ? 

28. Prove that the work done in lifting a body up an 
inclined plane is equal to the work done in lifting it ver- 
tically through the height of the plane. 

29. Compare the momenta of a cannon ball of 600 lbs. 
moving at the rate of 1000 feet per second, and that of an 
express train of 100 tons moving at the rate of 40 miles per 
hour. Ans, Katio of 225 to 4928. 

30. Compare also the work done in stopping the cannon 
ball and train in the preceding question. 

Ans. Ratio of 27 to 34*7 nearly. 

31. A block of wood weighing one cwt. less 4 oz. is sus- 
pended by a string, and is struck horizontally by a bullet 
weighing 4 oz., which sinks into the block and causes it to 
ascend six inches. Calculate the velocity of the bullet in feet 

per second. Ans. 1792 J2. 

32. A bullet moving at the rate of 1000 feet per second 
penetrates three inches into a fixed block of wood. Calculate 
the velocity necessary to cause it to penetrate eight inches. 

33. Compare the masses of two cylindrical bullets which 
proceeding from cannons of the same bore, with the same 
velocity, penetrate 8 and 12 inches respectively into the same 
block of timber. 
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34. A bullet weighing 240 grammes, and moving with 
a velocity of 300 metres per second, penetrates 4 cms. into 
a block of timber, the area of section being 8 sq. cms. 
Compare the retardation of the timber per sq. cm. with the 
acceleration of gravity. Ans. 14335 to 1 nearly. 

35. Find the kinetic energy of a ring which makes a 
given number of revolutions per second round an axis pass- 
ing through its centre and perpendicular to its plane. 

Let a be the radius and m the mass of the ring: also let 
it make n revolutions per second. 

Each particle of ring describes 27ran cm. per sec; 

.*. velocity of each particle = 27rna, 

and mass of ring = m. 

Hence kinetic energy = Jm . {^iniaf 

=27r*n*wa*. 

36. Find the kinetic energy of a solid disc revolving about 
an axis through its centre making n revolutions per second. 

The disc may be regarded as made up of a series of 
narrow rings. If be the centre, and OPQ be drawn 
through one of the rings, the mass of the ring = ^irp, OP.PQ, 
where p is the mass per unit of area. 

Hence energy of ring = 27rW0P' . {2irp . OP . PQ) 

= ^ir'pn' . OP' . PQ 

= 7r'pn\WP'(0Q-0P) 

= ir'pn' (OQ* - 0P% see Art. 38, 

whence adding all the successive elements, 

kinetic energy of disc = Tr'pn'a* = mass x 7r*/iV. 



CHAPTER II. 



THEORY OF POTENTIAL. 



29. OlJR knowledge of physics is a knowledge only of 
the forces exerted by matter under a variety of conditions. 
Near any material system such as the earth we find that if 
we try to move a mass of matter from one position to another 
the movement is either resisted, and work has to be done in 
moving the mass, or if we move it in the opposite direction 
a force assists the movement and would, if the mass were 
allowed to fall by frictionless constraint, generate in it energy 
during the fall. To express this condition in any space we 
use the term Field of Force. • 

Def. Field of Force is any hounded or unbounded 
region in which any two points A, B being taken work has to 
be done to move a mass of matter from A to B, while kinetic 
energy is generated if the mass be allowed to fall without 
friction from B to A. 

We shall assume that the system of force is a Conserva- 
tive System, so that the work done in carrying the matter 
from -4 to J5 is numerically equal to the Kinetic energy 
acquired by it in falling from B to A, 

30. At any point in a field of force there exists a certain 
definite direction of the resultant force at that point, along 
which a mass of matter left to itself will tend to fall. 

By choosing points near enough together such that the 
line joining each two consecutive points shows the direc- 
tion of the resultant force at a point on that line, we shall 
have a broken line through the field so that its direction 
at every point shows the direction of the resultant force near 
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that point. If the points be taken cloae enough together tliia 
broken line becomes a continuous curved line, such that the 
tangent at every point shows the direction of the resultant 
force at that point. This line is then a. Line of Force. 

Def. Line ok Force is a line in a field of force such 
iht the tangent to the line at any point shows the direction of 
ih TeiuUant force in the field at that point. 

It is clear that one line of force passes through every 
point ill the field, and that lines" of force cannot intersect, 
smee if they could there would bo at their intersection two 
directions of the resultant force, an obvious impossibility. 

31. The magnitude of the force by which a mass of 
matter at a point is urged along the line of force, depends 
(Art. 16) jointly on the field or system of force and on the 
quantity of matter. If we wish to express the variation in 
force at different points in the field, we must choose some 
definite quantity of matter as testing unit, and find the force 
it experiences when placed at the different points. The most 
Eatural quantity to choose is of course the gramme or unit 
of mass, and the term Strength of Field at a point is em- 
ployed to express the force experienced by a gramme when 
placed at that point in the field. 

Def. Strength of Field at a point is the magnitude 
«f the force experienced by a unit of mass whenplaced at that 
jwt'ni m the Field of Force. 

The Strength of Field is clearly the force per unit mass, 
and is the same numerically as the acceleration at the point. 
Thus the strength of the Earth's gi'avitational field at the 
level of the sea in latitude of Paris is 981, since a gramme 
placed tliere experiences D81 dynes, or units of force, 

32, When we know at every point in a field of force the 
(iirection of the line of force and strength of tho field our 
snoffledge of that field of force is complete. We proceed to 
Hplain a system by which these can be expressed more con- 
cisely in terms of one quantity at each point— the Potential. 

We have seen that if any two points A, B be taken in 
afield of force, and a unit of matter be carried from ^ to ,S 
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against the force in the field, a certain amoant of work iril| 
be (lone on the unit, and if the unit of mass be allowed 
pass back from B to A bj Irictionless constraint, the 
will acquire an equal amount of enei^ in its fall 
principle of conservation of energy shows that the amountii 
of work or energy will be the same, whatever path be pm* 
sued from J. to ^ or from B to A respectively. For if moie 
energy were acquired in falling along a path BOA, thai 
along another path BDA, then by allowing the particle 
constantly to fall along BGA, and to return along BDA, wi 
should have unlimited source of energy. 

Def. Difference of Potential at any two points 
18 the work done in carrying a unit of mass from one point to 
the other and depends only on the positions of the two pointi 
in the field. 

Thus the difference of potential for two places near the 
earth's surface will be expressed in foot-pounds or cm.-grms. 
respectively by 322 h or 981 A, where h is the difference in 
height above the sea-level in feet or cms., the force of gravity 
being assumed that at the sea-level about the latitude of 
London. The standard from which h is measured is plainly 
arbitrary, as we are only concerned with the difference^ 
practically though it would be the sea-level, and we might 
speak strictly of places above the sea-level as having positive, 
or below the sea-level negative potential. 

Though heat does not, as far as at present known, fall 
xmder the category of physical forces we are now considering, 
the quality called temperature is strictly analogous to potentisJ. 
When we speak of the temperature of a certain place near 
a hot body, we only give the difference between its thermal 
condition and that of ice-cold water, the ice-cold water being 
a standard arbitrarily chosen on account of its convenience of 
reproduction. Or if the measure is given in Fahrenheit 
degrees, it is referred to the standard of a mixture of salt 
and snow. Generally we are no more able to give an absolute 
measure of potential than we are able to protrude our ther- 
mometer bulbs into interstellar space to find an absolute zero 
of temperature. But no confusion will arise if we keep before 
us that we are not giving the potential at a point absolutely, 
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but only the difference between the potential at that point 
kt another we have before agreed upon. The absolute 
'j, however, at an infinite distance from all attracting 
:, just as the absolute zero of temperature is that of 
lUar space. 

Zero, Positive and Negative Potential. Zero 
is the potential at a certain point chosen as a 
of reference; any place which requires work to be 
to brififf the unit of mass from the zero point to it viiU 
img positive potential, and ani/ place which requires work to 
he done to bring the unit of mass from it to the zero point will 
hie neffative potential. 

33. We can express conveniently the component of 
foroe at a point in any directiou in terms of thu vai'iation of 
potential along this direction. 

Take any two points, AB, in the field, and call their 
difference of potential V. Then if F he the average force 
batffeen A and Ji resolved along AB, we have Fx AB= V, 

V 
or F= -jj . Hence the average force along any line will be 

given by the average rate at which potential changes along 
the line, and if the line bo made very short, wo may say 
that the force, in that direction, is the rate of change of 
potential at tliat point in the given direction. Since the 
waultaut force at tlie point ia given by the direction of the 
line of force, and the force in any other direction will be the 
eomponent in that direction of the resultant force, it follows 
tliat the potential changes most rapidly along the line of 
force, and less and less rapidly in directions more and more 
incUned to the line of force, while in a direction at right 
Mgles to the line of force the rate of change of potential 
muiji vanish. 

This may he illustrated from gravitation. At any point 
On an inclined surface the line of force will be the line of 
greatest slope, or the line along which potential changes most 
rapidly, while perpendicular to this line will be a horizontal 
liiie or line of no change of potential. 

31. If a surface be drawn through the field of force, 
*liich everywhere cuts at right angles lines of force, the rat^M 
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of change of potential along it will be zero, or the 
will be an equipotential surface, and the force resolved 
it at any point will always vanish, so that no work is done 
moving matter along such a surface. Due to the eaiflA 
gravitation the surface of the sea is an equipotential sui 
as also the surface of any plain as determined by the 
level or a plumb line. 

Def. Equifotential Surface is a surface drawn thro^ 
all points in the field at which the potential is the same, andi 
will everywhere cut lines of force at right angles. 

It is clear that diflferent equipotential surfaces cannot 
intersect, for at their intersection the potential woidd have 
two diflferent values, and lines of force would also intersect 

35. The foregoing definitions and propositions contained 
in them are applicable to any Conservative System, that is to 
any system of forces to which Newton's Laws of Motion art 
applicable. We now proceed to some special applications 
of them in the particular case of forces such as occur in 
nature. 

It is found by experiment and observation that between 
every two particles of matter in the universe there exists 
an attraction, which depends only on the massea of the 
particles and on tho distance between them. As the distance 
increases, the force of attraction diminishes according to a 
law called the law of inverse squares. Thus if the distance 

be doubled, the force is reduced in the ratio 1 to 4, or ^; if 

the distance be trebled, the force is only one-ninth or ^ of 

o 

its initial value, and so on. This is expressed by saying that 

if the masses are m and m', and the distance r, the force of 

attraction between them is „ • Thus the acceleration 

r 

7n 
produced by m on a particle at distance r is -,. We shall 

now investigate two very important cases of attraction coming 
under this law. 
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I. Prop. I. To find the strength of field dne to a thin 
ctcculax plate at a point in a lino perpendicular to it throngh its 
centre. 

Let us suppose tlie plate divided into very narrow circular 
rings, drawn about its centre A (lig. G), and let I'Q be a 
type of sucb rings. We shall consider the attraction of 
each ring separately, and compound them to find that of 
the whole plate. Let be the point at which a unit of mass 
is placod on which we are required to find the attraction of 
the plate. Join OA. The resultant attraction will be by 
^metry along OA. We shall Fia. Q, 

therefore resolve each force along 
that line, and add together the 
rEsolved parts so obtained. 

Now all parts of each ring will 
be at the same angular distance 
from OA and will also be at the 
same distance from 0. Let the 
radius AB cut one ring aa at P 
aoil Q, where P, Q are points on its inner and outer edge 
respectively. Join OB, OQ. OR 

If we take an element of the ring of mass m, its attrac- 



mass collected at P or Q respectively. )Ve shall assume the 
otUudion to be „ „ a - , -. . Again the direction of this resultant 

attraction will he between OP and OQ. We shall assume it 
(o k towards a point R in PQ such that 
OR = HOP+OQ). 
Thus the attraction of the element on the gramme at I 
OA 




■Adding together all the elements of the ring, the attract 
of the ring 

_ mass of ring OA 
OPTOQ^ ■ 'OR ■ 
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But the mass of the ring (p being the mass of a unit 
area) 

^TTpiAQ'-AP^ 

= irp {0(^ - OP') 

= 7rp{0Q+0P){0Q-0P); 

.'. the attraction of the ring 

_7rp {0Q+0P){0Q-0P) OA 

OP.OQ 'OR 

-^""P- OP.OQ-^^' 
since OR = ^{OP+OQ) 

Now suppose AB to be divided up into a very It 
number n of such rings, which cut AB in P^, P^, Pg,...^ 
To each of such rings the above formula applies, and 
attraction of the whole plate which equals the sum of 
attraction of all the separate rings 

f_l ] 

= 2'irp (1 — COS a), 

where a = half the angul^jj^meter of the plate as 
from 0. 

If tiffin plate be of very large extent or the particle { 
very near to it, a will become very nearly a right angle, 
its cosine will be so small that it may be neglected comp 
with unity. Hence the attraction of any plate on a \ 
mass at a distance from it, very small compared witl 
diameter, is always 27rp. 
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la the above process two assumptions are made which are 

italicised. 

It remains for us to show that the error in each element 
cannot on summation mount up to a significant term in the 

result. 

Both assumptions consist in assigning to a term a value 
intermediate between the extreme values, of which the geo- 
metry showed it capable. 

The error therefore in the case of any element cannot 
exceed the diflference of these extreme values. Hence the 
vhole error in estimating the attraction of the ring PQ is 
less than 

mass of ring OA mass of ring OA 

OP 0? OQ^ 'OQ' 

<7rp.0A.{0Q'^ OP') (-^--^) , 

or Kwp. OA Qps QQs ; 

or much more 

^^r. 4 (QQ' - on (OQ- OP) (OQ + OP? 

<-7rp.uyi. OP'.OQ' 

But OP and OQ are both greater than OA, 
Hence error < TrpOA (~j {OQ - 0P)\ 

Let now the n rings be chosen so that OQ — OP is the 
same for each, so that n (OQ - OP) =AB. 

Hence whole error <mrpOA [yrj) (fiQ^^OPy, 

or <^,,AB{OQ^OP). 

Now the number of the rings can be made as great as 
ye please, and therefore OQ — OP can be made in all cases 
indefinitely small, and it is clear that the whole error com- 
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mitted cannot exceed a quantity itself indefinitely 
which may therefore be neglected. The proposition is 
completely established, 

37. Note. As the method used in the above Artidfij 
will enter largely into our future investigations it maybe 
expedient to give here a general statement of the nature of] 
the process. 

We have generally to sum a series of the form 

where all we know about the successive terms is that ihfij 
are certain very small quantities each of which lies between 
very narrow limits, defined geometrically : while all we know 
about n is that it is a very large number. Our method con- 
sists in putting w„, Wj, tt^, &c. in the form 

^0 ^ ^0 ~ ^l> 

w^ = a7j — a?j„ 

Wj = ^2 — a?3, 



^n-l""^n-l ^W 



Hence on addition the sum of the series 



— CVq — ^u' 



Now in transforming u^ for instance into x^-^x^, we gene- 
rally take for u^ any value between its extreme values whick 
can easily be decomposed into the form indicated. It is 
necessary to show that no appreciable error is introduced into 

the result. Suppose t^, p A? to be the extreme values of 

which one of the terms u is susceptible. Here t. and v? arc 

fractions whose numerator and denominator difier by small 
quantities easily expressed as multiples of k, so that we can 
assume a =a+pky b' = b+qk; and k is itself a very small 
quantity. Hence the error committed in this term cannot 
exceed numerically/ 

(a ^a-^- pk\ y 
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ich we will for simplicity assume positive. The error 
reform is certainly less than 

aqk — hpk , 

aqj--bp p 
W~ ' 

Let us now choose the successive terms so that k may he 
same for each and nk = K some finite quantity. Also 

this hypothesis let —rn^ have its greatest possible value, 

appose, Avhich will certainly be finite as neither b nor 6' 
ishes. Then the whole error will certainly be less tlian 
b» or CKk. 

But by making the number of terms sufficiently great 
in be made indefinitely small, and hence the term CKk is 
indefinitely small 

This shows that the error committed can in no case rise to 
ortance in the final summation. 

The same reasoning holds good if the value assumed for 
oes not lie between its extreme values, provided the 
itest possible error be some finite multiple of ifc». 
The following applications of this method will be com- 
dy applied heresrfter ; 

(i) If k represent a small angle we shall assume that its 
, circular measure, and tangent are interchangeable. 

(ii) If k represent a small arc we shall assume that the 
xi may be substituted for the arc and vice versa. 

(iii) If A: be a small fraction we shall assume that we may 
jtitute for it any convergent algebraical series whose first 
1 is k, as for instance log (1 + A;) or — log (1 — A;). 
The student of Calculus will at once see that these sums 
in reality definite Integrals, and the terms rejected are 
as of the second order in the differential. 

8. Prop. n. A uniform spherical shell exercises no attraction 
particle placed in its interior. 

Suppose a gramme to be placed at 0, a point in the 
rior of the shell, 

a E, 
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Fig. 7. 




Then draw through a do 
cone of small vertical angle, 
intersection of the cone with 
shell cuts off two small frusta 
CD' from the cone. The attrac 
of these two small elements o 
shell, on the particle at 0, an 
erted in opposite directions, an 
resultant attraction towards A : 

mass of AB! mass of GLf 



OA' 



OC 



But since the tangents drawn to the sphere AA\ C 
equally inclined to AOC, we may consider AB" and ( 
parallel plates of equal thickness cut from a cone, a 
this case 

volume of AB' _ OA^ 

volume of (7/)'"0C 

and the volumes are proportional to the masses, sin< 
shell is homogeneous ; 

mass of AB' _ OA^ 
•'• mass of CD " OC ' 

mass of AE mass of CD' 



OA^ 



OC* 



Hence the resultant attraction of the two opposite ele 
on is nil. 

Now if the whole shell be cut up into similar p 
elements, the same reasoning will hold good for eacl 
and the whole attraction of the shell on any internal 
vanishes. 

Since there is no force within the spherical shell tl 
of change of potential is nil, or the potential is the 
throughout the interior of the shell. 

39. Prop. m. To find the work done in carrying a g 
against the attraction of any ssrstem of particles from on< 
to any other point, or to find the difference of potential hi 
two given points. 
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9t PQ be a small element of the Fig. 8. 

pursued, and let a mass of matter, ^ 

placed at 0. Join OP, OQ, and 
8 draw QR perpendicular to OP. 
len the attraction on the gramme 
lere between P and Q is repre- 

by ryp—QQ *or the reason given 

p. I. 

is attraction resolved along PQ 

m PR 
"OP.OQ'PQ' 

the work done in carrying the gramme from Qio P'o^ 

OP.OQ'PQ' ^ 

_ mPR _ m(OP'-OQ ) 
^ OP.OQ OP.OQ 

uhere be other particles in the system, it » clear that 
ce in direction PQ is equal to the sum of the .v^parat^; 
Hence work done from Q to P 

= (total force along PQ) x PQ ; 

= sum of work done against each separately. 

the work done against the attraction of a sy-ify-m of 

es TWj, m^ placed at points 0^ 0^ may be 

jed by 

the same way, dividing the whole arc into similar 
its, and performing the summation, we fmd that the 
done against any attracting system in carrying a 
e from A to B 
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This shows us that the wliole work done against any attr 
ing system in moving a body from ,^ to B along any pan 
whatever is the sum of work done along the whole paf 
against each element of the system taken separately ; and n 
see it to be independent of the path pursued from Ato£.\ 
Cob, 1. If the particle move freely from BtoA under tl 
influence of the attracting system, the law of Kinetic energ 
must hold (see Art, 28), and we have, if ii, y be the i 
and initial velocities. 



1 , 



=:MV = MXn 






where M is the mass of the particle moved, and m is, 1 
above, the mass of one of the attracting particles, 

Cor. 2. Let us suppose one of the points {B suppc 
to be at an inSnite distance or at the absolute zero of pote 
tial (see Art, 32). We then get for the absolute potential^ 
any point A ois. system of attracting particles the expresa 

2 — , This denotes that if a point be at distances r„ r., r..J 

from certain points in space at which we imagine i 
wij, nij, vi^ the sum 

^ + — ' + — ^ + &c. or 2 - 
r, r, Jg r 

denotes the work done in carrying a gramme from 1 

point to an inflnite distance or the absolute potential at ^ 

I point. 

»Fig. e. Cor. 3, It is easily seen that tfl 

B rate of change of potential in ajiy dT 
\p rection gives us the resolved stren^ 
5^ of the field in that direction. _. 
^■'''^C'^ ^ taking a single particle m at (Fig. I 



Hence the change of potential along .^ 
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_rn^_jn^ __ m (OP- OQ) 
^OQ OF" OP.OQ ' 

*^d therefore the rate of change along this line 

m OP-OQ 

"^ OP.OQ' PQ * 

^hich when P, Q are very near together becomes . p, • />/> 

>r jjp^ cos QPBy the resolved part of the force duo to (> 

iloDg PQ, and the same will be true for each element of 
«rhich the potential is made up. 

40. As a concrete illustration of these principles, sup- 
30se the field of force due to a single particle of attracting 
natter. The lines of force are straight lines emanating from 
ihis point ; the strength of a field at a distance r from the 

tttracting point m is -^ in a line towards the attracting 

)oint ; the potential at the same point is — , and the equipo- 

ential surfaces, over each of which — must be constant, will 

r 

>e surfaces for which ?* is constant or a system of spheres 

laving the attracting point for centre. 

We have already noticed that since there is no force 

jxerted by a spherical shell on a particle inside it, the 

)otential everywhere within it must be the same, and will 

herefore equal the potential at the centre of the sphere. 

5ince every particle of the shell is at the same distance 

radius) from the centre, the potential at the centre 

_ ^ m __ Sm __ mass 
r r radius ' 

vhich is therefore the value of the potential within every 
miform spherical shell. 

41. If we have a mass m^ at a point A^ distant r^ from 

on 
, certain point B^, then the potential due to A^ at B^is - « 
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This quantity is a measure of the work done in bringini 
gramme from B^ to an infinite distance from A^ or oul 
J.j*s field of force. Let there be at B^ a mass /l6^, then 
work done in moving this mass out of J./s field of force 

be — ^ , and this expression may be called the potentia 

m^ on /Aj. The symmetry of its form shows that it is also 
potential of fi^ on m^. If there be a system of points A^, i 
at which are masses m^, m^ distant r^, r^ from 

then /AjS— will represent the potential of the systen 

particles A on /li^. Let there now be another systen 
particles /^g, /^g at points B^y B^ and let the vak 

/iS — be computed for each element of -B, then the 

denoted by SftS — will give the whole potential of 

system A on the system B, or the whole work don( 
carrying the system B out of the field of force due to Ay 
this may be defined to be the potential of A on B. 
process by which this value is obtained is clearly the sam 
joining every m in J. with every ft in By measuring t 

distance r, and adding up all such terms as — . This 

may be written SS , remembering that both systems r 

be exhausted in making the summation. The form of 
latter expression, or indeed the Third Law of motion, sh 
that it must be identical with that obtained by compu 
the potential of B on A. We conclude that the potenti? 
J. on 5 is the same as that of B on -4, and its value ma; 
termed the Mutual Potential of A and B, 

Def. Potential of a system ^ on a system 
Mutual Potential. The 'potential of a system A on ano 
system B of attracting matter is the work done in carryin 
out of the field of force due to -4, and is equal to the poter 
of Bon A. This function, spoken of in reference to the syst 
A and B, may be called their Mutual Potential 
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Since lines of force exist throiij^hoiit a field of force- 
not intersect, if we draw in the field any closed curve 
lines of force through every point in it, we shall 
tubular surfatre bounded by lines of force whicli is 
a Tube of Force. 

Def. Tube op Force is any tubular surface such iJiat 
he line of force through, every point on it lies wholly in 
bt Bwjace. 
In the ease of a single attracting particle referred to above 
I tubes of force will be cones having the attracting particle 
,t their vertex. 

43. We now proceed to investigate some very important 
sperties of Tubes of Force, taking first the case of a small 
be due to a single attracting particle. 

Prop. IV. If a cona of very small vertical angle be drawn 
having a particle of attracting matter at its vertex ; if F be 
the attraction at any point within the cone computed in any 
direction, and 8 the area of the section of the cone perpen- 
dicular to the direction of T, then the product PS is constant 
throughout the cone. 

(i) Let the direction of the force be along the axis of 
the cone, the sections are then at right angles to the cone. 

Let P, Q be two points on the axis of the cone, and 
r„ f, the attractions exerted by on them; iS,, iS, the 
sections of the cone through iJQ perpendicular to the 
vas. 

Then 

F -W ■■ -^ ■ -^ 
' ' ■■ OP" ■ OQ" 

where m is the mass of the 
attracting particle at 0. 

And since S^.S^ are simi- 
lar figures, « 

S, : a, :: OP' : 0Q\, 

hence m this case F .5, = FS,. 




J 
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(ii) Let the force he inclined to the axis of the eone 
at any angie 6, the section is then oblique and incIiDed at an 
angle 6 to the right section. 

Let i-'and Aa {B) be the resultant force and right section 
at any point P: also let 
f ,, S, be the same qtiaDtities 
for an oblique section M 
through the same point 

Then we may regard Ae, 
as the orthogonal projection 
of Bh, and the inclination uf 
the two sections being 6, we have 

Bhcai6 = Aa, 
or, )S, cos = S. 
the resolved part of J" in a direction> 




Again, s 

inclined at a 



since F^ is 
■1 angle 6, 

F^ = FcoaS; 

.■.F^S^cose = FScQse. 
or,F^S, = FS, 
which proves the proposition generally. 

44: Prop. V. If the area of a closed surface be divided into 
a large number of elements <ri, a.j, tr^..., and the force of an 
attracting system outside it be computed over each elementary 
area and normal to it reckoned outwards, the sum denoted by 
the symbol STv shall vanish. 



Take one element of the attracting matter, as 0, and draw 




from a small cone 
which cuts the sur- 
face in two elementary 
areas a;<r', and let F, F" 
be the forces normal to 
the surface computed 
itwarda. Then by the 
proposition 






- jFV = + F V : 
sign — being attached because the normal components 
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at a and t/ are in opposite directions with respect i-> 0, that 
is, one tends to and the other fram 0; 
.■.F<r + F'tr' = 0; 
I and Bince the whole sur^e can be cut up into similar pairs 
i of elements we have over the whole surface ^Fer = 0. 
I Again, what is true fur each particle of the attracting 
^ mass outside, taken separately, is true when they are all taken 
t'other. Hence, if F^, F^, &e. represent the resultant force 
due to the whole external mass on each element of the surface, 
ire raiiat also have over the whole surface as before SFff = 0. 
This propositiDn, as well as substantially the proof here 
given, is due to Prof. Stokes. 

45. Prop. VI. If a tube of force, bounded as to its ends by 
two eqidpotential surfaces, have the ends divided into elements 
"ii "'ii 's, ftc, IT,', C7-/, (Tj', Sec, and the resultant force computed 
over eich element F,, F^, F,. &c., F,', F/, T;, &c. ; then 
sFo-=sFV. 
For the tube of force so hounded is a closed surface, and 
»e may apply to it the statement of the 
preceding proposition. 

How since the tube of force is bounded 
by lines of force, and since a force can pro- 
duce no effect in a direction at right angles 
to iteeif, the component of the force per- 
pendicular to the surface at every point 
on the tubular surface is zero. 

Hence we have only to consider the 
force on the ends of the tube, that is on 
tie equipotential surfaces, and we have 

XFa - tFa' = 0. 
the -sign being used because the direction of the force on 
one surface is inwards and on the other outwards, with re- 
»pect to the portion of the tube of force under consideration ; 
.■.%FrT = %F<7'. 
If the force is uniform over the ends or equipotential sur- 
nces then we may write the equation as 

FS = FS\ ■ 



Pig. 12. 
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where S is the whole area of one end or cross section and S 
of the other, and F, F' are the forces over each respectively. 
The same law can be extended, just as in Art. 43, to tiie 
case of a surface cutting the tube obliquely. For i£ F, 8 
represent the force and area of cross section when perpen- 
dicular to the tube, F^, /Sj similar things when oblique to the 
tube, we have 8=8^ cos 0, 

F^r^F coa0; 

. ' . F^8^ = F8, 

46. Prop. Vn. If a small tube of force cut throngh a thin 
plate of attracting matter perpendicular to it, the prodnet Fcrin 
passing from one side to the other changes by 4fnn, where m is 
the mass of matter included in the tube. 

For let AB be the thin plate of matter included, and let 
P and Q be two points taken very near the plate and on 
opposite sides. We will denote all the attracting matter 
outside the plate by M, the tube of force being due jointly to 
the attraction of M and the plate AB, Since the forces due 
to M and to AB are at P and Q both perpendicular to AB, 
we may by the second law of motion consider their efiFects 
separately and add them together. 

Let F be the resultant attraction of M on P or Q which 
are indefinitely near together, the direction of F' we will sup- 
pose in the figure from Q to P. The attraction of the plate 
will be 27rp (Art. 36). At P the attraction of the plate acts 
against F\ and hence the complete product Fa 

= (P' - 27rp) (7. 

At Q the attraction of the plate acts with P, and hence 
the complete product Fa = (P' + ^irp) a. 

Fig. 13. Hence the change in the product Fa on pass- 

ing from one side of the plate to the other 

= (P + 27r/))o--(P'-27rp)o- 

= 4i7rpa 

= 47rm, - i^"^ i^f>f>^^^J^J<J 




since 
the area 



where p = density per unit of area 
•ea of the plate m = par:, Q^v^u^tA' • 



and 
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} same proposition holds true if tbe mass be not a thin 
_ ste, ance we may conceive it to be made up of thin plates 
cntperpendicularlyby tubes of force with spaces between; thir ' 
above proposition is true for each plato separately, and conse- 
qtieatly it is true for any mass cut through by a small tube 

Note. It must be carefully observed that the quantity 
ienoled by F in these propositions and called the resultant 
furce at a point is not of the nature of force, but is the/orce 
piT gramme or per unit of mass attracted, and might with 
more propriety be called the strength of the field, since there 
is clearly no such thing as resultant force at a point in a field 
iif furce, unless matter be brought there. 

47. Prop. viu. If one e^uipotential snrface be known and 
tha law of distrilintioii of force over it, all other eauipoteutial 
nt&ces can be drawn by pure geometry only. 

Let the surface be mapped out into small areas such that 
tie product of each area into the force near it shall be con- 
slant. These areas will form the bases of tubes of force, and 
for each tube of force the product Fa- remains the same. 

Since the work done in carrying a gramme from one 
snriace to the next will be constant (V), the distance .c along 
snocmal from one surface to the next will be given by 

Fx=V. 
Hence, to pass from one surface to the next, wo remember 

Fj:=VD.udFtT=C; 
it follows that a; is in !i constant ratio to o-, and we have 
wund each tube of force to raise normals proportional in 
iength to the area of that tube, and the locus of the ex- 
tremities of these normals will be the next equipotential 
sutftice. Similarly, by using the projections of the tubes of 
force on the new equipotential surface, we can pass on to the 
(nrface next to it, and so on indefinitely. 

It will be observed that, in accordance with the last 
pDpoaition, when any tube of force passes through attracting 
niatter the product Fa- is changed by + iTrm, which will 
Mrrespond to increasing or di minis hing the number of tubes 
M ihe equipoteutial surface. 



i 
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48. Prop. IX. The potential value in free space is never dis- 
continuous, that is it never at a point or surface makes a sudta 
change from one value to another. 

For the difference of potential at two points AB is the 
work done on a gramme carried from A to B, hence if V be the 
potential difference, and i^ the average force along the line, 
F X AB=^V. Hence if V has a finite value when AB is zero 
(which corresponds to a discontinuity,) F must be infinite, 
which never happens in free space. 

Cor. In the same way the potential cannot be constant 
on one side of a given surface and vary on the other side 
unless the surface has attracting matter distributed over it 
For the sur&ce bounding the region of constant potential 
must be equipotential, and tubes of force must cut it at 
right angles. But on the side of the surface on which 
potential is constant J^=0, and iV = 0. Hence F<r = 
throughout the tube, and therefore i^=0 or the potential is 
constant on the opposite side of the surface also. 

49. Prop. Z. The potential never has a maximum or minimiun 
value at a point in firee space. 

For if it had the potential at a certain point would be 
rather greater or less than at all points round it, and the 
equipotential surface would degenerate to a single point. 
Tubes of force starting from that surface or point would have 
zero bases and, unless F were infinite at the point, the pro- 
duct Fcr would equal through all space; and F cannot be 
infinite at a point in free space. 

50. Prop. XI. No particle can be in stable eauilibrium under 
the attraction of a material system. 

For since the potential cannot have a maximum or 
minimum value in the position of equilibrium, the potential 
on one side will be greater and on the other less, and if a 
line be drawn through the position of equilibrium the resul- 
tant force will be on one side directed towards the point and 
on the opposite side away from it, a condition inconsistent with 
Stable equilibrium. 
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51. Prop. Zn At great distances from an attracting system 
^e eanipotential snrflMes tend to become spheres about the centre 
}f gravity of the system, the force over each sphere being nnifomu 

Suppose G the centre of gravity of the attracting system 
and A^ an element of it distant a^ from (?, and let r he the 
distant point at which we wish to calculate the {)ijtential. 
By a diistant point we mean a point such that S(|uareM 

and higher powers of the fraction j^u ^^7 ^ neglected 

compared to unity. 

Let GA^^a^, GP^B, A^P=-r,, 

and /^PGA^ = 0, and let the mass of element at A^ be ni^. 

Then potential at P due to m^ = 



But 



Fig. 14. 



r^« = JK« + a/ - 2Ra^ cos 0] 
.-. r, = 5(1 -J cos d) 

neglecting [^ ; 
to the same degree; 



m 



m. m 




r^ E M ^ 
Hence, for the whole system, 

S — = -jT + D 2ma cos V. 
r Jtc M 

But a. cos 5 = projection of GA^ on (7P, and therefore, by 
the prmciple of centre of gravity, 2ma cos ^ = 0; 



% 



V 






or the potential of the system is the same as if the whole 
system were collected at its centre of gravity. In this case 
the equipotbntip^ » s^q spheres aJoowXi \Xi^ <ifc\L\x^ '^^ 
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gravity as centre, and the force over each sphere is m\ 
form. 

Examples on Chapter II. 

1. Show that in computing the attraction of a 
sphere on a point within its mass we may neglect all of 
sphere more remote from the centre than the given poiDt. 

2. Given that the volumes of spheres are proportional to 
the cubes of their radii, show that the attractions exerted by 
a sphere on points within it are directly proportional to thrir 
distances from the centre. 

3. Show that, supposing the density of the earth to be 
unifonn and its diameter doubled, the acceleration at its sur- 
face would be double its present value. 

4. If three particles of masses m^, m^, m^ be placed at the 
angular points of a triangle, the potential at the centre of the 

circumscribing circle is —^ — ^ ^, where -B is the radius of 

the circle. 

5. If any number of particles be distributed over the 
surface of a sphere, the potential at the centre of the sphere 

is -jj- y where Xm is the sum of all the masses and R the 

radius of the sphere. 

6. At the angular points of a triangle are placed masses 
equal numerically to the lengths of the opposite sides. Show 
that the potential at the intersection of perpendiculars is 
equal to tan J. tan 5 tan (7; at the centre of the circum- 
scribed circle it is 8 cos ^ cos -^ cos -^ , and at the centre of 

the inscribed circle 

Hli( . IT -A . ir-B . 7r-(7 
— -^sm — -. — sm — -. — sm — -. — 
?* ( 4 4 4 

7r-3J . 7r-3B . 7r-3 



— sin : sin — i sm 



^' 



4 4 4 

where R and r are the radii of circumscribed and inscribed 
circles. 
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7. Calculate the potential of a circular plate on a point 
situated on a line through its centre perpendicular to its 
plane. 

Ans, 27rpl (1 — cos a); if Z be distance from edge and 
2% the angle subtended by the plate. 

8. Show that in a field of uniform force the lines of force 
are parallel straig^ht lines and the equipotential surfaces a 
system of parallel planes. 

9. Show that if the equipotential surfaces be a system 
of concentric spheres the force over each sphere is unifonn. 

10. Show that the attractions of all parallel plates of 
equal thickness cut from a right cone on a particle placed at 
the vertex are equal. 

11. Show that the last proposition is true for sections 
taken from an oblique cone. 

12. Two similar right cones of like material attract equal 
particles placed at their respective vertices. Prove that the 
attractions are proportional to the heights. 

13. Find the potential of a solid right cone on a particle 
at its vertex. 

Ans. TTpP cos a (1 — cos a); if Z be the slant height and 
a the semi-vertical angle. 

14. If particles be placed at the middle points of the 
sides of a triangle, their masses being numerically the same 
as the sides, show that the potential at the centre of the cir- 
cumscribing circle is 2 tan A . tan B . tan G. 

15. If equal particles of matter be placed round an ellipse 
at distances such that the angle subtended between any two 
successive particles at the focus is constant, show that the 

71/T)7f 

potential at the focus is -v-, where n is the number of 
particles, m the mass of each, and I the semi-latus rectum. 

Note. Using the polar equation (- = 1 — ecos^j the 
proposition foUo^ '^re. 
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16. Find the potential of a very narrow circular ann 
at its centre. 

17. Find the potential of a broad circular annulus a 
centre. 

18. Find the potential of a sector of a circle at the ce 
of the circle. 

19. If the equipotential surfaces be a system of coni 
spheroids, show that the lines of force are systems of hy 
bolas having the same foci. 



CHAPTER III. 

APPLICATION OF POTENTIAL TO STATKAL ELE-TRICITT. 

52. Before proceeding to apply the pr«:'jx?nirs ^f P.- 
tential to the investigation of Electricity, wl- must statt- 
briefly one or two of the experimental laws on which sucli 
application depends. 

Experiment I. There is no electrical furce within a 
closed electrified conductor, unless there are other electn'fitd 
bodies within it and insulated from it. 

This has been shown conclusively in numerous experi- 
ments devised by Faraday. Having tested by the proof 
plane, and Coulomb's balance, the inner surfaces of ditferent 
conductors, of every variety of shape — spheres, cylinders, ic, 
with the outer surjEsices either completely closed as with tin- 
foil, or closed only by a conducting network of wire gauze 
or of linen fibres, as in a butterfly net: he finally constructed 
a small house or room 10 or 12 feet cube, covered outside 
with tinfoil, and insulated on glass legs, so that the whole 
surface could be highly electrified by a powerful machine. 
Into this he carried gold-leaf electroscopes, and within it 
applied the most delicate tests he knew of for electrification, 
but he did not succeed in detecting any trace. Such was 
the delicacy of these tests that if there had been a ten- 
thousandth part of the electrification inside that there was 
outside he could not have failed to detect it. 

This experiment is equivalent to saying that no field of 
electrical force exists within the substance of a conductor, 
and that therefore every electrical field is bounded by 
conducting surfaces, and consists wholly of non-conductors 
or dielectrics. 

This experiment is true for surfa<;es under electrical in- 
duction as well as for those which av ' ctri&<id. 
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53. Experiment II. When a separation of electncHia 
takes place by friction or any other means, the amourUs qf | 
vitreous and resinous electricities produced are always snA 
that, on being re-united, they exactly neutralize each other. 

This is shown clearly in any form of electrical machine 
in which the opposite poles are connected. For unless it 
were true one pole would, on working the machine, stiD 
acquire a charge of electricity. 

Def. Complementary Distributions. The two ammidi^ 
which are produced when the electricities of a neutral body 
are separated, are said to be equal and of opposite sign, am 
we shall speak of them as complementary distributions. 

It is necessary in dealing with electricity to keep these 
complementary distributions in view, as we cannot in any 
problem have to deal with charges of vitreous or resinous 
electricity alone, but each charge has somewhere its comple- 
ment of the opposite kind. 

54. Experiment III. Every electrified body when placed 
in a closed vessel whose surface is conducting, calls vp by inr 
duction on the inner surface of the vessel a charge of electricit]! 
equal in quantity, but opposite in sign to its own charge. 

This is experimentally proved by Faraday's Ice-pail ex- 
periment. An electrified sphere is introduced into a hollow 
closed conductor, and the electricity induced on the insids by 
the charged body before contact of the sphere with the in- 
terior, is found on contact just to neutralize the body's 
charge. The complementary distribution on the outside, 
which is equal to the disguised or induced charge, must 
therefore be equal to the original charge of the body. 

This experiment shows that when electrical experiments 
are performed in a room the complementary electrification 
always exists distributed over the walls of the room. 

55. Experiment IV. If two bodies be electrified and 
jylaced at a constant distance, great compared with their di- 
mensions, from each other ; they exert on each oilier a force 
proportional to the products of the amounts of electricity they 
contain. This force is attractive if their electrification be 
opposite, repulsive if similar. 
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We can measure the repulsion of two charged bcKlies by 
^Joulomb's torsion balance, in which the moment of the re- 
Emulsive or attractive force is equal to the torsion of the wire 
required to keep the bodies at a fixed distance. 

The charges can be varied in the following manner: 
Provide a ball of the same size as the carrier and indicator 
balls of the torsion balance, insulated by a silk thread or 
gum-lac stem, which we shall call the discharging ball. 

Now, having a common frictional machine fitted with a 
Henley's electrometer, if we apply the carrier or discharging 
ball to a certain part of the prime conductor, when the elec- 
trometer is at a fixed reading, we carry away a certain amount 
of electricity, which may be taken as a provisional unit. 

Having charged by this means the carrier ball, it is placed 
in the balance; its charge is immediately divided equally 
with the indicator ball, and we can observe the torsion of 
the wire which keeps the two balls at any proposed distance 
apart : we have in this way a measure of the repulsive force 
between two quantities each \, We now remove the carrier 
ball, and divide its charge wdth the discharging ball, by 
which means the charge of each is reduced to \, The carrier 
ball is replaced in the balance, and the repulsion at the 
same distance observed. 

The discharging ball is now discharged, the carrier ball 
removed and touched against the discharging ball, again 
replaced, and the repulsion at the same distance again 
observed. 

By continuing this process we can observe the repulsion 
\i fixed distances between quantities whose ratios are re- 
jpectively Itol; ItoJ; ItoJ; Ito^; and so on. By 
:his means it is found that, making certain allowances for 
oss of charge, the repulsion at a constant distance closely 
ipproximates to the law above given, and on increasing the 
listance, the law is found more and more nearly true. 

By fixing a vertical wire in the balance to prevent 
;he indicator ball from flying to the carrier ball, and first 
charging the carrier ball with negative electricity, the same 
aw can be established for the attraction of oppositely electri- 
ied bodiea 
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56. Experiment V. If constant charges of eledruxiif 
be condensed in two points, and the distance between ihm 
varied, the force of aUra^ion or repulsion is found to vairj 
inversely as the square of the distance. 

This is shown by Coulomb's torsion balance also, by 
varying the distance of the conductors instead of the charges 
It might also be inferred from the following considerations: 
Let a hollow spherical shell be charged with electricity. 
From its symmetry of shape it is clear that the distribution 
of electricity over it will be uniform, and the amount on any 
element of its surface therefore proportional to its area. 

Now, referring to Art. 38, we see that if we wish to find 
the electrical force at a point within an electrified sphere 
we divide the surface up into opposite pairs of elements 
AE y CD\ and then assuming the law of inverse squares, 
prove that there is no force at that point. But if we suppose 
the law of the force unknown and call it the inverse nth power 
of the distance, the attraction exerted by the pair of opposite 
elements on (see fig. 7) will be (towards A) 

mass AB' mass CD' 



But 



0^* OG' 

mass AB' mass CD' 



= — TjT^a — = ^ suppose. 



0^* 
Hence the attraction on towards Arf .V ^? > ( t Av ^P 

If 71 > 2 and OA < DC this result will be positive, or there 
will be an attraction towards the nearer side of the sphere. 
If n< 2 or negative the result is negative, showing that there 
will be a resultant attraction towards the more distant side of 
the sphere. 

The whole attraction on the internal point can therefore 
only vanish when n exactly equals 2, i.e. for the law of the 
inverse square. The methods of detecting electrification are 
so much more delicate than any measurement by the torsion 
balance, that this constitutes the most reliable proof of the 
law, since we know as a fact that there is no electrical force 
anywhere within a closed electrified sphere. 
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57. To make our unit quantity of electricity symmetrical 
with our other units we adopt the following definitions of 
elecfcrical quantity and density. 

Def. Unit Quantity of Electricity. The unit of 
dectricity is such a quantity, that if condensed in a point it 
Ml exei't a unit of force or one dyne on another similar unit 
placed at a distance of one centimetre from it 

This is only an abstract definition since electrification is a 
property of a surface, never of a point, and no finite quantity 
of electricity can be ever condensed in a point. We shall 
notice presently a more concrete definition of one unit. 
Since electrification is the property of a surface, we need 
some mode of expressing the degree of electrification of the 
surface, and this can be done conveniently by means of 
electrical density. 

Def. Electrical Density. Electrical density is a 
tenth used to denote the quantity of electricity on a surface per 
square centimetre. 

Thus if a surface of area s be electrified uniformly with a 
charge q, and if p be the density at any point, 

P = ^or,q = ps. 

K the surface be not uniformly electrified we define density 
as the quantity which would be on a unit of area supposing 
the density uniform and of the same value as at the point 
under consideration. 



We have in these definitions carefully avoided any 
theory as to the nature of electricity. 

On a fluid hypothesis the quantity measures the whole 
amount of electric fluid, and the density the depth of the fluid 
layer at any point. 

59. It is usual to refer to the electricity which appears 
on the plate and prime conductor of an electrical machine as 
positivey while that which appears at the same time on the 
rubber or negative conductor is called negative. The pro- 
priety of these terms appears if we remember (Exp. 2) that 
the amounts developed always neutralise each other. This is 
conveniently expressed algebraically by saying that if quanti- 
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ties q and q of electricity are developed from a neutral Body 
by friction or otherwise q-\-q' = Q always. Further, we haw 
shown that if two similarly electrified particles containiM 
quantities q and q[ of electricity (both + or both — ) be placed 
at a distance r from each other, there is between them a »• 

pulsive force measured by — ^ , while if the quantities q and} 

be one positive and the other negative, there is an attractive 

force measured by ^ . Generally we may say that between 

any two quantities q and q' there is a repulsive force, remem- 
bering that when the product qq is negative the repulsion 
becomes negative, and negative repulsion is the same as 
attraction. 

60. Having established the fundamental proposition that 
between two quantities q and q of electricity condensed in 
points at a distance r from each other there is a force measured 

by ^ which is repulsive if this product be positive, and at- 
tractive if it be negative; we can apply all our propositions on 
Potential of attracting matter to Potential of an electrical 
distribution. 

We shall only have to substitute in our original definitions 
the unit quantity of electricity condensed in a point for the 
gramme. 

Our Definitions for the electrical field will then be as 
follows : — 

1. Field of Electric Force is the dielectric by which any 
positive electrification is separated from the complementary 
charge. This is clear since if the dielectric did not exist the 
Field would instantaneously be reduced to zero by conduction. 

2. Lines of Force are lines in the field such that the 
tangent at each point shows the direction in which an 
electrified particle placed there would be urged by the Electric 
Force. Since a positively and negatively electrified particle 
will be urged in opposite directions along the line of force, it 
is convenient to define the positive direction of the Line of 
Force as that direction in which a positively electrified particle 
will be urged. 
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3. Strength of Field at a point, or as it is often expressed 
Electric Force at a point, is the force on a particle charged 
with a unit of positive electricity if placed at the point. 

The particle charged with a unit of positive electricity 
will be referred to as a plus unit (written ' + unit '). 

4. Difference of potential at two points- in the field is 
measured by the work done in carrying a + unit from one 
point to the other in the field and is independent of the path 
pursued from one point to the other. 

If the electrical system consist of electrified particles at 

points -4,, J.2 holding quantities of electricity q^, q^ 

respectively, and if there be two points P, Q so that 

PA=r^,FA^ = r^ QA^^R,, QA^ = R^ then the 

difference of potential at P, Q is (Art. 39) 

If this expression be positive, P has positive potential to 
0, or work has to be done to bring a particle from Q to 
P, and if this expression be negative, P is said to have 
negative potential to Q, so that work has to be done to bring 
the particle up from P to Q, When P is positive to Q, if a 
channel of communication were opened P and Q would 
instantly be brought to the same potential. This is commonly 
expressed by saying that Electricity flows from P to Q, 
this being the direction in which + Electricity appears to move. 
If P were negative to Q the flow of electricity under the same 
circumstances would be in the opposite direction. This con- 
vention is clearly in accordance with our analogy of difference 
of level, since water would always flow from a place of higher 
to a place of lower level if a communication were opened 
for it quite independently of the absolute level of the two 
places. 

5. Absolute Potential at a point. If the point Q is so 
distant from all parts of the system that every -^ may be 

lieglected compared with every - , then we may neglect the 
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p's altogether from the expression and we have 2 ^ for the 

difference of potential between P and any point whateva 
very distant from the system. If this potential be positive, 
it will require as before work to be done to bring up the 
+ unit from infinity to the point P (the force being repulsive 
on the whole) and if it be negative work has to be done to 
carry the + unit from P to infinity or out of the field of force 
(the force being on the whole attractive). 

61. Premising these extended definitions, we proceed to 
deduce some important results. 

Prop. I. The potential over the [surface and within the man 
of an electrified conductor is constant. 

This follows from our first experiment : for since there is 
no electrical force within the charged conductor there can be 
no change of potential, or, in other words, the potential is 
constant. That the potential is constant within the mass of 
any conductor, might be taken as the definition of a conductor, 
since if a difference of potential existed between any two 
points within it, there would be a field of force within the 
conductor and it would therefore not be a conductor. 

Cor. 1. The surfaces of all electrified conductors are 
equipotential surfaces, and lines of force cut them at right 
angles. 

This is equally true, whether the distribution be free or 
induced. When free the attraction exerted by the electrical 
distribution on an imaginary electrified particle placed any- 
where within the closed electrified surface will be nil. When 
induced by other electricity external to the electrified surface, 
the force exerted on the imaginary electrified particle within 
the surface by the induced electrical distribution, will be 
exactly equal and opposite to the force exerted by the inducing 
system. If the inducing electricity be within the closed 
surface the same proposition is true with a limitation which 
is only apparent. If the enclosing vessel be insulated we 
have a charge (— Q) induced on the inner surface of the 
vessel and a charge (+ Q) on the outer surface. If now the 
conductor be put to earth there will be no electrical force 
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iroughout the mass of the vessel or the dielectric which 
irrounds it, and in this case the force on an imaginary -h unit 
lywhere outside the inner surface of the vessel will be nil, 
lat due to the induced distribution being e<iual and opposite 
) that due to the inducing electrification. If the cnvelojK; 
3 not to earth, the distribution (+ Q) on the outer surface of 
le vessel will be distributed according to the law of a fret? 
large depending only on the form of the surface and not at 
1 on the internal electrical system. The exception is nicrely 
Dparent since we have throughout neglected the cunijJe- 
lentary distribution to the original charge of the body which 
ould be distributed over the walls of the room and held to 
leir inner surface by the induction of the charge (+ Q) set 
ee on the outer surface of the vessel. We have thorcfon? two 
mplete electrical systems (each consisting of equal and oppo- 
te quantities of electricity) coexisting together, one within 
le vessel and the other without it, each separately producin^^ 
►nstant potential throughout the mass of the vessel and each 
educing uniform potential through the field of the other, but 
herwise quite independent each of the other (see Prop. IV.). 

Cor. 2. The law of density on a freely electrified con- 
ictor is the same as the law of thickness of a film of matter, 
hich exerts no attraction on an internal point. 

Cor. 3. Whenever a difiFerence of potential exists be- 
?^een two bodies, which are connected by a conductor, after 
me time, short or long, equality of potential is established, 
bis is said to take place by a flow of positive electricity 
om the place of higher to that of lower potential. Its special 
vestigation we defer till we consider electricity in motion. 

62. Prop. n. The strength of field or electrical force per 

unit just outside a conductor electrified either freely or by 

duction at a point where the density is p is 4^p, .^ 

If we take a small tube of force originating in the surface 
' the conductor, whose area of section is cr, and the force 
rer which is F, then Fa- is constant throughout the tube, 
id on passing through the electrified surface changes by 
rpa: But within the conductor jF vanishes, and hence just 
itside the conductor Fa- = iiTrpa- or ^= 47rp. >^ 

6 
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ThLs might also be proved by considering the force within 
and without, near a small element of the surface, taken near 
the point under consideration. 

Suppose AB such an element, and let P, ^ be twopointe, 
Fig. 15. one just inside, and the other just outside 

the surface. We may then consider the 
attraction of AB, and the rest of the con- 
ductor ACB, separately from each other. 

It is clear that AB exerts on a + unit* 
at P a force equal and opposite to that of ACB, and since 
AB may be treated as a fiat plate, uniformly electrified, thia 
force is 27rp inwards. 

Again, the force exerted by the part ACB on a + unit at 
Q is the same as that which it exerts on P, and the force due 
to 4fi on a + unit at Q is similarly 27rp outwards. 

Hence, the total force on a + unit at Q is lirp dueto-iB, 
and also 27rp due to ACB, both outwaids, or the whole force 
on a + unit just outside the conductor Ls 4nrp, 

Cor. The force which an electrified conductor exerts on 
any portion of its electrification is normal, and at the rate of 
2^p' per unit of area. For considering the element AB, the 
force due to ACB on a + unit at any point on ABi& 2'irp, and 
the quantity of electricity on AB is per, if o- be the area of 
the element AB, Hence the whole force on the electrification 
of -45 is 27rpV. Hence the force exerted on the electrifica- 
tion of AB is at the rate of 27rp* per unit area. 

63. Prop. m. If a tube of force cut through two oppositely 
electrified surfaces the quantities of electricity on its two ends 
are equal and of opposite sign. 

For supposing P, cr to represent the force per + unit and 
area of section at one surface, and P', a the force per + unit 
measured in same direction and section of tube at the othei 
surface, 

Pcr = PV. 

* It must bo undorBtood in tliis and other cases where we are considerin 
the Btrongth of a field the + unit is imaginary, for were it placed at th 
point it would induce a distribution of electricity over the surface in additio 
to that whose effect we are considering. 
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But F~ 4irp, if p be the density on one surface, 

F" = — 4nrp', if p be the density on the other surface ; 
■.' i-n-prr^ — iirp'a-'; 



where q, q are the quantities of electricity on tiio two surfaces 
respectively. 

64. Prop. IV. A closed conducting shell screens completely 
from each other the fields of force due to electrical separations 
nude on opposite aides of it. 

Suppose in the figure we have a hollow conducting body, 
and let there be within its Fig. lo. 

inner surface def one system 
«f elecfriGed bodies a, h, c, 
and also without its outer 
surface DBF another system 
A.B,0. ®'^ 

The system A, B, G will 
tsing the surface DEF to ii 
OOnstant potential and both 
the substance of the con- eB 

juctor and the space inside it will be at that same potential. 
Hence there is no field due \a A,B, C within the conductor. 

The system a, b, c will bring the surface def to a constant 
potential and the whole conductor and space outside it will 
« far as they are concerned be at that same potential. Also 
if the electrical a 6paration _3 be made within d e / the total 
dectrificatioii of a, b, c and the surface def will be nil, and 
ftere will be no complementary charge on DEF. Hence the 
field of force due to a, b, c will be enclosed by the surface def 
Mid will have no existence outside it. 

Hence we have two fields of force quite independent of 
Meh other ; that due to a, b, c inside the hollow conductor and 
that due ta A, B,C outside it. 

Cor. If the conducting shell be connected with the earth 
2 '' "ill he always at zero potential and the two electrical 
■"jma a, b, c and A, B, within and without will be wholly 
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screened from each otlier whether their total amounts vanish 

65. We can now explain nhy the potential of the ear^ 
both for practical and theoretical purposes maj be mo^ 
conveniently chosen as our zero of potential. Since ai(| 
electrical experiments (except those on atmospheric elec- 
tricity) are performed in rooms which are simply hollowa in! 
II large conductor (the Earth), all our fields of force will 
{ Prop. I V.) consist of the space between our instruments ano 
the walls of the room where the experiments are made, these | 
walls being conducting and being cut at right angles by tiie 
lines of force which terminate in thera. Hence no work will i 
be done by the electrical system inside the room if tlie 
+ unit be carried about outside the room, and the work dons 
in carrying it from the walls to a point inside the room ia 
exactly the same as that which would be done in carrying it I 

from infinity to the same point. The expression 2- (sfi* 

Art. CO), supposing the summation to include the comple- 
mentary distribution on the walls of the room, will be tilflj 
difference of potential between the walla of the room and &ti 
point under consideration. Making the earth our provisioniil 
zero we may therefore apply with the highest accuracy all j 
our formula! derived from the hypothesis of an absolute zero ' 
at an infinite distance from all electrification. Of couise 
Gitemal to the room there may be a field due to the earth's 
electrification, but the last proposition shows that this field 
is quite independent of that inside the room, only raising ot 
lowering the potential o^ the room and everything in it l^ a i 
certain amount, so that as far as the electrical actions inside 
the room are concerned we may treat our electrical separation 
us the only one in the universe*. 

• Ths analogy noted above between potential and teroperBtore ia yaj , 
QOtieeable In relation to electrostatic potential. Just as tempeTstuie kt * 
point expresBea a certain condition in lelation to heat, so eleetraBtatiapDta)~' 
tial at a point (iipresacs the condition at that point Id rslation to electrilalf- 
Just aa we ehould pass through oui lives without an; sansibla knowledge o^ 
temperatore if we alwa;a lived in a medium whoee tempemtnre was Hie euK 
oi Bensiblf the same as that of our own bodies, so we do pass through ovi 
Uvea without anj sensible knowledge of potential, because we and oar enC' 
ronndingB are always at the same potential as the earth. If our bodies ai* 
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66, A body will have positive or negative potential 
iccijrding as it is positive or negative relatively to the earth. 
This must be clearly distinguished from a positive or negative 
Blectrification, siuce a negatively electrified body may have 
positive potential owing to being placed in a region where 
there is, owing to other electricity, a numerically higher posi- 
tive potential than its own negative potential, and viae versa. 
A. positively or negatively electrified body is one which when 
separated to a great distance from all other conductora is 
respectively positive or negative to the earth. 

67- If we have an electric system in a room which is 
Tery large compared to the greatest dimensions of the system 
we may often neglect entirety for points near the system the 
BOlion of the complementary charge on the walls of the room, 

liy including the charge of the system 

bod^s said to be freely electrified. 




Prop. V. If one distribution of electricity make the 
Vo at a given point, and another distribution over the 
im make the potential ViVthe potential due to the two 

itiona will be Vu + V,. Or l^^o, ivAV 

For if there be quantities of electricity at a point distant 
f from the given point, g^ and q, corresponding to the poten- 
tials I^ and Vj, the term in the total potential corresponding 

Id these will be — — or — -I- ■-* , and siuce this will be true 

r r r 

far each element, it will be true for the sum, and we shall 
We the whole potential 



"wiaaiegion where there is a rapid change ot potential, we becoraa aware 
olitbythe erection of our hairs, by a tickling Becaation on our skin, and by 
(iving ofl of sparks when we approach bodies at a different potential to our 
iwn, and bj a shock through oar nervoas and rauBcnlat system (whieh often 
Molts in death) if for an instant different parts of our bodies are at a large 
iiHwmce ot potential. It is only the property that all conductors are egoi- 
potntlial throughoQt that makes the appeal to the senses less anderstood in 
■'--""■ 'than in beat. 
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Cor. If the potential of a conductor due to a cert 
quantity Q of electricity be F, the potential due to 
distributed according to the same law will be nV. 

69. Prop. VI. There cannot be two different laws of 
bution of electricity on a given conductor, 

1. For a free distribution. If possible, let there be 
such laws, then they must both produce a constant potentii 
within the conductor. Hence, if distributions according 
the two laws be superimposed on each other, the combined^ 
distribution will produce a constant potential within the 
conductor. Let now equal amounts of positive and negative; 
electricity be spread over the surface according respectively 
to the two laws of distribution referred to. At parts they 
neutralize each other, and at parts there is an excess d 
positive electricity, in others an excess of negative electricity. 
Hence a free distribution, partly positive and partly negative, 
produces a constant potential within the conductor, a result 
obviously absurd. 

2. For an induced electrification. If we reverse the sign of 
electrification in each body, distributing the positive electricity 
according to one law and the negative according to another, 
we shall have a system of bodies, the total electrification of 
each being nil, with electrifications partly positive and partly 
negative over the surface of each. This is clearly an im- 
possible distribution, since each body would instantaneously 
become neutral. 

70. We will now investigate the relation between the 
charge and potential of a conductor. To do this we first 
define capacity. 

Def. Capacity. The quantity of electricity which mil 
bring a conductor from zero to unit potential, is defined to he 
the capacity of the conductor. 

It is clear that the capacity of a conductor depends not 
only on the conductor itself, but on all surrounding electri- 
fied and unelectrified bodies. 

Prop. Vn. If C be the capacity of a conductor removed from 
all other conductors which is raised from zero to potential V by a 
charge Q of electricity, Q = C V. 
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For since tlie electrification of the conductor ciiu be only ac- 
pding to one law, it is clear that each iucrenient of tie charge 
spread over the conductor according to the same law, and 

density at each point ia altered in the sanit! ratio. Hence 

le suTn S - or the potential will be altered in the same 

;tio, or the change in Vis always proportional to the change 
Q. But when V=l,Q = C. Hence Q = GV always. 

Cor. It follows that if a conductor be in a region 
potential V^, and he brought up to potential V, the 
'by of the charge is C (V— V^), since the potential 
any free charge ia K"„. The potential of a body so 
led, examined by an electrometer entirely in the 
F^, will be V—V^, but examined by an electro- 
.■^itb one pole to earth it will be V. 

Prop. Vm. If a diatribntion of electricity gypr a closed 
produce a force at every point of the surface perpen- 
to it, this distribution will produce a constant potential 
■t every point within the surface. 

Since the resultant force at any point has no component 
abng the surface, the rate of change of potential along the 
Burfece vanishes, and the surface ia a aurface of constant 
potential. 

If the potential at every point within the surface be not 
the same, draw within it a system of equipotential surfaces 
and tubes of force. The equipotential surfaces can in no 
(ase cut the surface of the conductor, since the lines of 
force are everywhere perpendicular to it. Hence, as we 
proceed inwards, the successive surfaces must constantly 
uiminiah in area, and at last vanish. Conceive now any 
laW of force proceeding from the surface inwards. Through- 
wit it Ftr is constant, and at some point within the surface 
IT must vanish, and at this point J^must be infinite. But F 
tin only be infinite at a point indefinitely near to another 
. point, having a finite quantity of electricity, and by aup- 
jprition such a point does not exist within the surface. 

Hence we see that the distribution on the conductor ia a 
possible one, and Prop. VI. shows that it is the only one. ^h 
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.2. Prop. IX. If an equipotential surface belongiiig to 

electrical ssrstem be drawn, and a distribution of electridtj 

made over that surface such that the density at each pdnt 
p 
J-, where F is the resultant force of the system at that 

then this electrification will be in equilibrium and wUl prodi 
on all external electrified particles the same force as the gimi 
electrical ssrstem or part of the system enveloped by the sufut 

For let ABC... he a system of electrified particles, and 
Fig. 17. let PQR be an equipotential sur- 

.W face which we will Jirst suppose to 
enclose the system. 

Replace for a moment PQR 
by a conducting surface com- 
municating with the earth whid 
therefore neutralizes any distri- 

bution on the outside surfacePQii 

p The distribution on the inner sur- 

face PQR will screen an external electrified particle F 
from the attraction of ABG... (Prop. IV". Cor.). This caa 
only happen through a distribution of electricity on PQB, 
which produces on 1^ a force exactly equal and opposite to 
that produced by ABC... (Prop. I. Cor. i). We shall suppose 
W to contain a + unit of electricity. 

Let now W be close to the surface, say at P. The re- 
sultant force i^of ABC will here be perpendicular to the sur- 
face. Hence the resultant force due to the induced charge 
will also be perpendicular to the surface and will equal — -f, 
and this will be true for each point on the surface : and there- 
fore by the last proposition this induced distribution is ac- 
cording to the same law as a free distribution. But for a 
free distribution of density p the force just outside is 47rp, 

hence for the electrical force just inside 

jp 

-F^^irp, or p=--. 

This gives us the density of the induced distribution. 

If we now distribute electricity over PQR, whose density 

F 

at each point is + j— , we clearly get a distribution which 
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reduces on W a force the same in aniouut and direction as 
original distribution ABC, and this distribution is a free 

istiib\ition. 
Hence we may remove the original ayatem ABC... and 

eplace it as far as actions outside are concerned by the equi- 

jotential surface eletitrified, so that its electrical density at 

each point is y- ■ 

Next suppose the equipotential surface to pass between 
two parts of the system, and let A, B represent the two parts 
which are external and internal rcapeetively. If the surface 
be replaced by a conducting surface which is to Earth, there 
Trill be two independent distributions, that induced by B on 
inside and that induced by A on the outside. Consider the 
diatiibntion induced by B. It must neutralize the action of 
5oaa!l external electrified particles. Hence this distribution 
reversed in sign will give the same strength of field as B 
all ea^emal points. This distribution together with A 
mil therefore give the same strength of field at all external 
i]»oints as the whole system A , B, i.e. it will give a force every- 
Vbere perpendicular to the electrified surface. Hence (Art. 
7l)this distribution is equipotential and (Art, 62) the density 

F 
nt each point is measured by -j— , where F is the resultant 

force at the point on the surface measured outwards. 

- COE. 1. The total amount of electricity in the distribution 
'ill be equal to that in the part of the system enveloped by 
the surface. 

F 

Cor. 2, In the second case since the distribution -t— 

produces equal potential throughout the conductor, it must 
he the distribution induced by A on the conducting surface. 
Hence the distributions due ^'s and B's induction are at 
every point on the surface equal and opposite. 

Cor. 3. Itfollows that ifwe have any non-conducting mass 
and any system of electrified conductors distributed within it, 
resultant force on any external electricity can be repre- 
ed by a distribution of electricity, partly positive and 
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partly negative, on the bounding surface of the non-condm 
For if we for a moment conceive the bounding sun 
conducting and connected with the earth a charge will 
induced which screens the electrified bodies inside fr 
all external action. If this charge be reversed in respect 
positive and negative and spread over the surface of the no 
conductor, this distribution satisfies the condition of tl 
problem. 

73. We have shown (Art. 72) that when an eqidpotentia 
surface passes between two parts -4, 5 of a system so as U 
envelope B, a distribution of electricity whose law of densitj 

is — gives at every external point a strength of field equal 

to B, For this reason B is called the electrical image of the 
electrified surface at all external points. Similarly a distri- . 

bution whose density is — ^-— gives a force equal to A at all I 

points within the surface, and A is therefore the electrical 
image of this distribution at all internal points. 

Def. Electrical Images. An electrical image of a 
distribution of electricity on a given surface is a point of 
series of points on one side of the electrified surface^ whiA I 
if charged with certain quantities of electricity and substituUi 
for the electrified surface would produce on the other side (4 
that surface the same electHcal action as the actual eledrij^ 
cation does produce. 

If we apply this to a single electrified particle we see that 
(its equipotential surfaces being spheres) we may substitute 
for the electrified particle an equal distribution over any 
spherical surface which has the given particle for centre, and 
the action of the electrified sphere at all external points will 
be identical with that of the electrified particle. This gives 
us an indirect proof of the proposition that the attraction of a 
freely electrified sphere on any external electricity is the 
same as if the whole electrification of the sphere were 
condensed at its centre. 

We defer till next chapter the consideration of some 
)roblems in electiical images, a method due to Sir W.Thomson, 
nd which has in his hands led to the resolution of many 
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Fig. 18. 



IroLleras of the Lighest order of difficulty, (See papers on 
Electrostatics and Magnetism.) 

71 Prop. X. To determine the law of denaitjr over a freely 
jtlectrified surface. 

We have already indicated (Prop. I. Cor. 2) tho means by 
^bich this can be done, but in almost every particular case 
tiie analysis baffles us. 

The only method practically useful is indirect and depends 
on the principle of electrical images. We draw a number of 
equipotential surfaces for systems of particles with different 
relative amounts of electricity. From such surfaces we select 
one which most nearly corresponds to the conductor in quea- 
^W. Calculating the force at each point on the surface and 
U^jiig by 4™-, we get the law of density at each point of 
^^■ta electrification. 

^^|b can however lay down one general rule, that the 
■^E^ density of a free electrification is always greatest 
ft places of greatest curvature. For it appears from the 
^re that if we take a tube of force, start- 
ing from a small area, the greater the 
Rirvature in the neighbourhood the more 
i^dly will the area of the tube increase. 
Bnt since throughout a tube of force the pro- 
duct F(T is constant (Chap. II. Prop. VI.), 
*e see that if a- increases rapidly either F is very large near 
the surface or diminishes rapidly &a we recede from it. Now 
le know the latter not to be the case, since as we recede the 
foree tends to become equal at equal distances (Chap. II. 
Prop. XII.). Hence we conclude that near a place of great 
curvature i^is very great, and since F=47rp just outside the 
BorEoce it follows that p, the density, is also very great. 

Similarly at a point or an edge it follows that the density 
will be theoretically infinite. 

In this case the tube of force starts from 
irero base, and that Fa- may be constant F 
must be infinite at the point or edge, or else 
Fit must vanish at all distances. As a mat- 
f fact there ia no such thijig in nature 
as a point or an edge, the parts we call such 

'- 
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being in reality rounded off. Even if a point did exist we 
know that the density could not be infinite, since tbe.airwonlA 
under high tension, cease to be an insulatorj and would condueit 
away the electricity. This does, in fact, explain the gl( 
always soon in the dark at sharp points when electrified. 

75. We have hitherto referred to electrical actions . 
taking plaj^e in air, and assuming that the effects might h 
represented by action at a distance, have made no referenij 
to the dielectric across which these actions take place. Thj 
was the universally accepted view on the subject till Faradi 
by a series of experiments established the theoretical resB 
that all actions apparently at a distance are the outcome 
actions taking place in theinterveningdielectric, and also tl 
the nature of the dielectric influences the amount of thai 
actions. 

To explain Faraday's Theory of Inductive Action we moS 
conceive the air or other dielectric to consist of a number 
conducting molecules, separated from each other by layers 
insulating material. We may perhaps represent the media 
as consisting of a number of small metallic shot bedded! 
and kept apart from each other by shellac. If now we «l 
ceive a positively electrified conductor surrounded by such 
medium, the effect of the electrification is to separate ti 
electricities in the layer next the body, each shot acquiring 
positive and a negative pole, the negative pole being direct* 
towards the conductor. This layer of shot produces ■ 
exactly similar electrical separation in the layer next to 
and so on through the whole dielectric, the poles of the coi 
secutive molecules always being along the lines of force. ThH 
degree of electrical separation in each molecule depends ow 
the amount of the original electrification, to which the whoItR 
amount separated over any equipotential surface is equal. 

It is easily shown that the amount of electrical separation 
across any equipotential surface bounded by a given tube o» 

force is measured by + y— Fa- per unit area. For if the aur^ 

face become conducting and Q be the quantity of electricity! 
on the base of any tube of force originating in the conductoij 
— Q will be (Art. 63) separated inwards and 4 Q therefore 
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lUtwards. But if p be the density of the electrification on 
Fa 
le base of any tube of area tr, Q = po- = — (Art. 62); and 

the product -Fir is constant throughout the tube, F and 

(J be measured for any equipotential surface the tube 

" Assuming the same separation to take place in the 

*ic as in the conducting surface its amount will be 

^j— over any small area a. 

We may express this by saying that the quantity 
separated per unit of area across any equipotential aur- 

fece is ± T— , an expression we have already found (Art. 02) 

the density of a free electrification. 

medium is by this means put in a state of strain, the 
strain being the hues of force. The medium when 
tends to return to the normal state by a discharge of 
aty from molecule to molecule, and the greater or less 
ity with which this is effected constitutes better or worse 
ijanduetion. A good conductor cannot withstand a very 
ttoall strain, while a good insulator only yields to a very 
riolent strain. All bodies in nature fall between the limits 
oE a perfect conductor and a perfect insulator. 

We proceed to consider the effect of changing the dielec- 
tric on tiie electrical actions of a system. 

76. Prop. XI. In an? given system charged with a given 
vuntity of electricity, the effect of changing the dielectric is 
to alter the potential of all bodies in the system in a certain 
wOa. 

Take the simplest case, that of a conductor immersed in A 
Bwdhim and freely eleetiified. Fjg_ 20. 

Supposing the medium to extend 
to an indefinite distance round the 
Mnductor, the whole effect of the 
system of electrified molecules com- 
ptmg the medium may be repre- 
sented by a distribution of electricity 
"jver the inner surface of the die- 
iecttic (Prop. IX. Cor.). 
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Again, assuming the dielectric to be electrically hoi 
geneous (isotropic), or to have no electric polarity, we 
that a change in the dielectric cannot produce any chi 
in the form of the system of equipotential surfaces. 

The only eflFect therefore of changing the dielectric is to] 
alter, in a certain ratio, the effective electrification at eail 
point. Thus if p be the density at any point on an electri- 
fied conductor, conceived apart firom any medium, the effefr 
tive density on that point, when immersed in one mediuift 

-4, becomes ^, and when in another medium B, it becomes 

^,, where K and K' are constants depending only on 
media. 

Again, since the potential at any point is 2 - , which is 

the same as S ^ , where p is the density on a small area (r,it 

F 
is clear that the potential V when in medium A becomes «. 

and when in medium A |,. 

This proves the proposition for a conductor freely, electri- 
fied in space, and the same method of proof can clearly be 
extended to any system of electrified bodies whatever, since 
in that case the whole system of equipotential surfaces must 
remain the same, and that can only occur when the electri- 
fication is everywhere altered in the same ratio. 

77. If we have the same conductor immersed first in a 
inodium A and then in a medium B and brought from zero 
up to the same potential F, the quantities of electricity are 
in the ratio K to K\ For in the medium A the eflFective 

(juantity is ^and therefore -^= (7Fand Q= CKV, Simi- 
larly in the medium B, Q = CK' V. Hence as Q : Q' :: K : K\ 
The ratio K to K' for the two media A and B is called 
the ratio of their specific inductive capacities. Since we know 
nothing of the behaviour of a conductor removed from any 
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medium we can only compare different media. Our standard 
ni reference is air, and its specific induction is taken aa a 
Uiut and the capacities of all other media compared with it. 

Faraday has sliown experimentally that the specific induc^ 
^y.«apacity of ail gases whatever at all temperatures and 1 
I is the same, and it is this circumstance, combined J • 
excellence as an insulator, which makes air so con- 
tt as a standard. He also found that for all the solid and 
dielectrics he experimented on the specific inductive 
ty was greater than for air. 

Specific inductive capacitt o/ani/ dielectric is 
fUtio of the charge on a conductor immersed in it to tJie 
ikirge on the same conductor raised to the same potential 
in air. 

In our future investigations we shall, unless the contrary 
a stated, assume all actions to take place in air, our formulEe 
tlien being identical with those proved for action at a distance, 
mi ill any case where the dielectric is different from air we 
^sll simply have to multiply the capacity of each conductor 
bj the specific inductive capacity of tiie dielectric in question. 
76. Prop. TTTT To calculate the energy exerted ia chajging 
in; conductor. 

By definition the potential is the work done in bringing 
a+unit of electricity from zero up to the given potential, 
snd if Q units of electricity be brought up from potentig|| 
Kto to potential V, the energy exerted is Q V. This however 
k only true on the supposition that the whole amount of 
electricity at potential k is so large that the addition of the 
(juantity Q does not sensibly raise the potential. If, how- 
ever, Q represent the whole charge we should infer that the 
energy would be ^ QV, since at the beginninjr the potential 
is at zero at the end at V, and consequently the average 
potential is^ V and the whole energy exerted ^ QV. 
\~-^ We may show the same result by the graphical method 
(Art, 6, Fig. 2) representing quantities by abacissie and 
potentials by ordinates. Since the rise in potential is in a 
constant proportion to rise in quantity the estremities of the 
ordinates are on a straight Uno. If we now suppose the 
ihai^e made by successive small quantities and construct the 



72 APPLICATION OF POTENTIAL 

corresponding parallelograms, it is clear that the area of each 
parallelogram represents the amount of energy expended in 
raising the quantity represented by its base to the potential 
represented by its height. Hence the whole energy is repre- 
sented by the area of the triangle or ^ QV. 

We give still another proof of an algebraical kind of this 
very important proposition. 

Let the whole charge Q be communicated to a conductor 
of capacity (7 by n different charges each equal in amount to 



gr, so that Q = nq, ^Jj^<jl^ 



The potential pf theTfirst charge ? = -^ and energy = ^ , 

second = -^^ =-n ^ 

~ G ~C" 



....third 

and so on. 



„th _«? _n 

** ~'G "G' 



Hence the whole energy exerted in charging the con- 
ductor 

-9'. 29!. §2!. M 

~ 0^ G^ G ^"'^ G 

1 

~C'" 2 C • 2 2 G\''^ n) 



'>\^-% 



Now if the successive charges be made suflSciently small, and 

the number of them sufficiently great, - may be neglected, 

and we get as before for the whole energy expended in charg- 
ing the conductor ^QF. 

The principle of the conservation of energy shows us that 
the energy which runs down in the discharge is equal to the 
energy which is exerted in the charge, or we may prove it in- 
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ependently by assuming the discharge to take place by a 
eries of n discharges of quantity q. 

The sum of the energy which runs down in the successive 
lischarges wiU be 

-^+ --^—? + —^ ? + ... + ^ q 

= n ^- {1 + 2 + 3 + ... + («- 1)} ?i 

_Q' n{n-\) ^ 
C 2 

~C 2C{ n) 

As before, if the number of successive discharges be suffi- 
ciently great the whole energy will be 

79. If we have any system of conductors charged with 
given quantities of electricity, the energy expended in charg- 
ing the whole system is the sum of the energies exerted in 
charging the separate conductors. 

It might at first sight appear that the order in which the 
different conductors of a system are charged would affect the 
energy, since each charge alters not only the potential of the 
body in question but inductively that of all other bodies in the 
system. The conservation of energy shows however that the 
order of charge or discharge must be on the whole immaterial, 
as otherwise by continually charging a system in one order and 
discharging it in a different order there would be a gain of 
energy. The same principle shows us that if we charge a 
system of conductors, insulate them and move them about in 
any way relatively to each other, the whole work done against 
electrical forces is the excess of the energy after the move- 
ments have taken place over the energy of the system when 
first electrified. We shall illustrate the use of this principle 
hereafter. 
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aa Prop.ZIIL TomweitigtetheelBctriicatioiioftwoccn- 
dncton solyect to eack otlMi's iadncti^e iidlmei^ 

We will call the condactois A^ and A^, Let them be 
insulated and uncharged at first Suppose now A^ charged 
with a unit of positive electricity, and let its potential be 
called p^^, and let the potential of A^ by induction of A^ be 
p^. We will call p^ the coefficient of potential of A^ on 
itself and p^ the coefficient of potential of A^ on A,. If 
there be a charge Q^ on A^ the potential of A^^ =PuQi ^^ 
thatofJL, =/!„<?,. 

Next let A^ receive a chaige of one unit of positive 
electricity and let its potential be p^ and let the potential of 
A^ by induction be p^. Then if A^ have a charge Q, the 
potential of A^=p^Q^ and that of A^=p^Q^ 

If the two conductors be then at potentials F, and V^ we 
have by superposition of electrifications (Art 68), 

K=P,,Q^ + pJi,, 
which give the potentials in terms of the quantities of the 
several electrifications. 

We can now solve these equations and obtain the charge 
of each conductor in terms of the potentials. We have by 
ordinary algebra 

Q = P» Y^ Pn Y 

' P^t'Pn-Pi^'Pn' ' Pi^'P^i-Pf^'Pii' *' 

and 

Q = Pi* Y i ^" V 

' Pi2'P2i-P^'Pn \ P^'Pn-Pu'Pn' '' 

We will write these equations in the form 

Here j,j is clearly the quantity of electricity which will 
bring -4j to unit potential when A^ is at zero, and may be 
defined as the coefficient of self-induction of J. ^ or (Art. 70) 
the capacity of A^, q^ being similarly the coefficient of self- 
induction or the capacity of A^: q^^ will be the charge induced 
on A^ kept at zero potential when A. is at unit potential, 
and may be called the coefficient of induction of -4^ on A^, q^ 
being similarly the coefficient of induction o{ A^on A^, 
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SI. Prop. XIV. To find the eneig7 of the electrification of 
the STBtem of two conductoTB. 

If we have A^ charged with a quantity 9, and at potential 
Fj its energy is i<?,F,. Similarly the energy of A^ ivith 
charge Q^ and potential F, is iQ^V,. Hence the energy 
eipresaed in temis of the quantity of charge 

- J ft, Q: + i (ft, +p„) Q,Q, + i p„Q'- 

Similarly if expressed iu terms of the potential the energy 

m. Prop. XV. ToprOTS that Pi,=^Pj[ and ai]=(i)[. 

The first of these easily follows by considering the 
^energy added to the system by bringing up a small addition 
^K&^e charge of A,. 

^^KSoDg the formula of preceding proposition the energy 
^^Rthe addition of ^, to the charge 

^ -ift,(e,+«,)'+H!>„+ft,) («,+»,) e,+jp„e,'- 

Eipanding and neglecting x* and subtracting the original 
we^ we have the increment in energy 

= {?„«■+* (ft, +ft.)e,i^,- 

Bat this mnst equal the work done in bringing x^upto A, 
tt potential V^ 

On comparing these identical expressions for the increase of 
energy we see ^M 

■■p„=p,^- ^m 

And on comparing the vahies of g^ and q^^ in terms of ^s it 
» St once seen that 

?.. = ?„■ 

Interpreting these results we see that for any two con- 

liactora A,, A^: (1) the potential of A^ due to unit charge 

on A^ equals the potential of A^ due to unit charge in A, : 

(2) the charge induced in .4, kept at zero by A^ at unit^ 
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potential equals the charge induced in A^ kept at zero by 
A^ at unit potential. 

These reciprocal theorems in electrification are due to 
Sir W. Thomson and Helmholtz. 

Although we are unable without higher mathematical 
analysis to express the values of these coefficients except in 
the simplest cases, we can prove one or two properties as to 
their relative values. 

83. Prop. XVI. To prove that Pi2 is positive but less than 
either p^ or P22- 

For let -4 J be charged with a unit of electricity, J, being 
uncharged. The potential of A^ is by definition p^^ and that 
of A^ is^jjj. But since lines of force proceed from A^ to all 
points of space some fall on A^, and since along a line of force 
potential constantly decreases, the potential of A^ is less than 
that of -4 J or Pi2<Piif and because lines of force proceed 
from A^ into space, p^^ or the potential of A^ is positive. 
Similarly j9jj (which equals |)j3)<jp2j. 

84. Prop.XVn. To prove that au and 022 axe positive but that 
ai2 is always negative, and that numerically Ois is less than an 
or 022* 

Observing the values of g's in terms of p's in Prop. XIII. 
we see that the signs of g^,, g,, are determined by the sign 
^f J^u?^22"~ (l^i«)'» while that of q^^ is determined by that of 
(PiJ^""PuP22» ^^^ ^y l^st proposition the former of these is 
necessarily positive and the latter necessarily negative. This 
result might have been predicted from the general principle 
of induction. 

It will also be noticed that q^^ and q^^ have for their 
numerators p,^^ and p^^ respectively, while q^^ has p^^ for its 
numerator, the denominators being numerically the same 
throughout. Hence in virtue of the relation proved in last 
Article g^^ is less numerically than q^^ or q^. 

Cor. If we assume q^^ = — C, q^^ = (7-f C^ and q = G+ C^ , 
0, C^ and G^ being all positive, the expression for the energy 
becomes 

i {C+ G,) V* - GVJ, + J (G+ C,) TV 
= i CfiT^i* + 4 C;F.» + i (7(7, - T^^> 
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The method above adopted can clearly be extciKlcd to any 
system of conductors whatever. For this the student is 
referred to Prof. Clerk Maxwells Electricity and Magnetism, 
Chap. III., Art. 85, &c. 

85. Prop. XVm. To investigate the electriflcation of a 
condenser consisting of two snrfoces, one entirely surrounding 
the other, and brought to different potentials. 

This is a particular case of the general problem of two 
conductors solved in the last proposition. 

Suppose -4j entirely to surround A^ and apply the 
formulae 

The following are the interpretations and relations of the 
coefficients of induction in this case : 

gr2^ = charge on A^ at unit potential when A^ is at zoro 
potential = C', which is called the capacity of the 
condenser. 

y^^ = gr^^ = charge induced on A^ when ^^ is at unit poten- 
tial. This will (Art. 63) = — ^^ or - C since all the 
lines of force from A^ intersect A^, 

q^^ = charge on A^ at unit potential when A^ is at zero 
potential. T^his would be equal to q^, but for the 
induction from -4, outwards. This induction out- 
wards will be equal to the capacity of ^^ for a free 
charge. Hence 

Substituting 

Q.= C(F.-F,)+(7'F., 

The bound charge is therefore C{V^'-V^ and the free 
charge C'V^, 
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The energy of the electrification 

These two terms are respectively the energy of the bound 
and free charge. 

To find the force between the two sheets of the condenser, 
we must first find the work done in making any small 
movement. During any movement V^, Fj and (7 will be 
unaltered, if we suppose the surfaces kept at fixed potentials. 
The only variable will be C the capacity of the bound charge. 
Hence the work done in moving A^ inside A^ from a position 
in which the capacity is G to another in which it is (7^ 

if F be the force against which the movement is made and 
X the distance through which A^is moved ; 

G — C 

The term ^ depends purely on the geometry of the 

conductor, and hence for any given movement of the two 
sheets relatively to each other we see that the force helping 
or resisting the movement is proportional to the square of 
the difierence of potential. 

If the difierence of potential be maintained at unity the 
resultant force of one sheet on the other resolved in any 
given direction is measured by one-half the rate of change of 
the capacity in making the movement. 



CHAPTER IV. 



PROBLEMS IN STATICAL ELECTRICITY. 

86. We have in the preceding chapter given demon- 
strations of the most important theorems on which the 
science of Statical Electricity rests, and we now append a 
series of problems, many of which are of the greatest im- 
portance to the practical electrician, while others are intro- 
duced with a view of suggesting to the student methods by 
which other similar problems may be successfully attacked. 

87. Ftop. I To find the potential at any point within a 
sphere freely electrified with a known quantity of electricity. 

Let R be the radius of the sphere, and Q the quantity 
of electricity. Since the electrification is free, we may 
neglect all terms depending on the complementary distribu- 
tion. 

Since all parts of the electrification are at the same 

distance R from the centre, the potential 2 - becomes at the 

centre -^ = -^. But the potential at the centre is the same 

as that throughout the sphere. 

Hence if F be the potential at any point within the 

sphere F=-^. 

To find the capacity of the sphere, we have only to 
remember that if 7= 1, Q = (7; 

.'. 1 = ^ or (7 = i2. 

Hence the capacity is numerically equal to the radius. 



so 
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Fig. 21. 



We might therefore define unit capacity as the capacity 
r)f a sphere whose radius is one centimetre electrified fre^ 
to unit potential. 

88. We now give a direct proof of the above pro- 
position. Let A PB be a spherical shell freely electrified with 
a charge whose density at any point is p. 

Let be any point inside the sphere, and AOB the 

diameter. We may conceive the 
sphere as generated by the revo- 
lution of a circle APB round the 
diameter AB. 

If we take two points PQ very 
near each other on the circle, and 
draw perpendiculars PJtf, QN to 
the diameter, it is clear that PQ by 
its revolution traces out an an- 

nulus, whose radius is PM, and breadth PQ, every point on 

which will be assumed equidistant from 0. 

Join OP, OQ, CP ; draw Q8 perpendicular to OP, and 
join PQ, producing it to cut AB produced in T, Then FT 
will be the tangent at P, and will be perpendicular to CP. 

Area of annulus = 27rPQ . PM; 

PM ,PQ 

:. potential of annulus = 27rp . — tjW^ 

= 27rp . PQ sin POO = 27rp .— ^^^ . sin POO 
^ ^ ^ cos QFO 




= 27rp.PS. 



sin POO 



a 



= 2Trp.-PS, 



sin OPG 
if a = radius of sphere, and/= 0C\ 

Now since OQS is a right-angled triangle, whose vertical 
angle is exceedingly small, no appreciable error will be 
committed if we assume OQ^OS, and make PS=OP'' OQ. 

Hence the potential of the annulus 

= 27r/)^(OP-OQ). 
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If we add these successive differences for all the annuli 
of T^hicli we may suppose the sphere composed, we have for 
the potential of the whole shell 

F=27rp.^.(0B-0^) 

= 47rpo, 

which is independent of/, and therefore constant for all 
internal points. 

89. We can now deduce the area of the sphere by sum- 
ming the areas of the elementary annuli The area of the 
uinulus formed by the revolution of PQ 

= 27rPJf.PQ 

= 27rOP. sin POa.PQ 

= 27rOP. sin POg. ^^^^ 

cos QFO 

= 27r ^ OP {OP - OQ), by Art. 88. 
We may assume without error 2 OP = OP + OQ ; 

.•. area of annulus = tt ^ (OP* — OQ*). 

Adding up all the annuli, the whole area 

Hence if the electrical distribution have a uniform density 
p, the whole quantity 

Q=47ra>; 
C. R ^ 
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... v=4^ap^^, 



which agrees with the former result. 

90. Prop. n. To show that the potential of a muforml 
electrified spherical shell at any point without it is the san 
as if the whole quantity were collected at its centre. 

Making the same construction as before, rememberin 
that is now external, we have by Art. 88, 

Fig. 22. 




potential of annulus = — ^p' 

= 27rp . PQ sin POC 

= ^""P • cos OPQ 



. sin POC 



^ p^ sin POG ^ PC ^ 



__ 27rpa 



sin OPC 
(OP - OQ). 



OC 



Summing up the successive differences, we have 
potential of sphere = — ^ (OB — OA) 

_ 2irpa 



f 
47rpa' _ Q 

"7 7' 



(/+0-/-0) 



remembering that Q = 47ra*/j. 
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Hence the potential of the shell is the same as if the 
whole quantity were collected at its centre. 

Cor. It follows that the attraction of a uniformly elec- 
trified spherical shell on any external electricity is the same 
as if the whole quantity on the sphere were collected at 
its centre. For since the potentials are the same at every 
external point, the rate of change of potential in any direc- 
tion must also be the same, and this measures the electrical 
force, which is consequently the same as if the whole quantity 
of electricity were accumulated at the centre. 



r, 



91. Prop. m. The average potential over any sphere in 
space is the same as the potential at its centre, supposing all 
electricity external to the sphere. (Gkiuss.) 

By the term ' average potential,' we understand that the 
sphere's surface is cut up into a large number of equal areas ; 
the average potentials over all the areas added, and the result 
divided by the number of the areas. If the areas are not equal, 
we must multiply each potential by the area over which it is 
calculated, and divide by the sum of all the areas. We adopt 
the latter method, and with our usual notation we define the 

average potential over the sphere by -^5 — , where V is the 

potential at any point, and a the elementary area over which 
W F is taken. Consider one electrified particle and let its 
y quantity of electricity be denoted by m. 
r Then, in Fig. 22, the potential over the annulus PQ whose 
■ area is 27rPQ . PM, due to a quantity m at the point 0, may 

be taken as jyp > 

yr _ 27rPM. PQ . m 

„ PM. PQ 
= ZTrm . — . 

And by last Article, 

PM.PQ 
27rm . — jyp — ~ potential at of a distribution of density 

m over the annulus. 



Hasce sasmmiaig o^ner tftie wlhole sphoe 

OP 



and Sr = 



(RtcfiLlL}. 



2F<r R 
.-. -= — = ^ = potential at cmtre doe to qoantit 

whicfa proTCS the pitK^Mmtioii as &r as a single ( 
particle is ooncemed. In the same war the propos 
be true for any system of electrified particles taken s( 
and therefore when added together. 



O' 



92. Pk0p.IV. The polestul aaywfcoe mUiin an nn 
eondoeling sphere Is the same as tte potaitial at its c 
to the tndndng electarical ajyrtcai. 

The potential at the centre is made up of the 
of the inducing system, and of the induced distril 
the sphere. But since the sphere's electrificatioi 
induced, there must be equal amounts of positive t 
tive electricity equally distant firom the centre. I 
potential due to the induced charge is nil, and 
potential at the centre is that due to the inducin* 
But by Art. 61, in every case the potential tbroug 
dphere i« the same as at its centre. 

COU0 1. If the sphere were first raised to 
poieutial, and then introduced into the electrical sy 
potential of the sphere would be raised by the po 
m centra due to the electrical system. 

Oott. 2. It also follows that if a sphere be chai 
A rjttttntity Q, and placed near a system of external i 
parilcloH, <?oritaining quantities m^,m^.,. of electricii 
di«tttttco» /,./-.- from the centre of the sphere, the 
ivili bo givou by 

a J 
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85 



^nd supposing the sphere brought to potential V, the quantity 
c>f its electrification is given by 



Fig. 28. 




B 



-^ . ,4. 4. 4r -^ 



Cor. 3. This principle may be extended to any con- 
ductor. Let A be the charged body, and B an unelectrified 
lody near it. The force due to Bs electrification at any 
point within it, is equal and 
opposite to the force due to 
that of A. Hence the equipo- 
tential surfaces due to JB's elec- 
trification and to A% coincide 
in position, but are not of the 
same absolute value. Again, 
considering Bs electrification 
alone, its potential would clearly 
be negative near 6 and positive near c. We see therefore 
that the potential of B is intermediate between the poten- 
tials at b and c due to A, and the function of the induced 
negative charge at b is to keep the potential down, and that 
of the positive charge at c to keep the potential up to the 
mean value. 

"We cannot assume however that the potential of B 
will be negative or positive as its electrification is nega- 
tive or positive, so that the surface of zero potential of 
fi's electrification passes through the line of neutral elec- 
trification. 



93. Prop. V. To investigate the potential of a system 
consisting of a spliere and a concentric spherical shell insu- 
lated from it^ both being charged with known quantities of 
electricity. 

Let be the common centre, A the sphere charged with 
a quantity Q of electricity, B the inner and C the outer 
surface of the spherical shell, which is charged with Q' unite 
of electricity. 



86 PROBLEMS IN STEATICAL ELECTRIdTr. 

^^- 24, Now we have to consider not only 

the distribution of Q on A, and Q on 
C, but also the charge induced on B, 
which will be, by Art. 64, equal and 
opposite to Q (Le. = — Q), the distri- 
^> bution complementary to this going 
to the outer surface C and making a 
quantity Q-hQf on G. 

Then potential throughout A is 
same as potential at 0, and 

Q Q ^Q + Q' 




OA OB' OC ■ 

The potential just outside C is the same as if all the 
electricity were collected at and .*. = f^p • 

Thus we see that if V^ be the potential within A, and 
Fp the potential at 0, 

^--^''^OA~OB = It~ R' ' '"PP*"'^- 

Again, if F,-n = l,$ = C; 

^ RR 

.'. O — "7T7 



R-R' 



Thus we see that if R — R be sufficiently diminished the 
capacity becomes enormously increased. 

This is a simple form of condenser (Art. 85), and the 
capacity wo have just investigated is that of the bouud 
charge. The capacity of free charge in outer coat is OG 
or K. 

94. Prop. VI. To find the capacity of a condenser consisting 
of two parallel plates electrified to given potentials. 

Lot il, 7i bo tho two plates, of which A is at potential F^, 
and li at potential F,. 



»m X 
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Neglecting a portion of the plates near ^ig- 25. 
the edge, we see that we have three electrical A B 
systems to consider, the outer surfaces 8' and 
S^ofA and B being freely electrified, while the 
inner surfaces act on each other; these systems 8,^8, sj^s^ 
being screened from each other by the substance . 
of the conducting plates. We at present con- 
sider the bound charge only, produced by the 
action on each other of the surfaces 8^ and 8^y 
which are at potentials F^ and F,. 

Neglecting a portion round the edge, the lines of 
force which cut both surfaces at right angles are a system 
of parallel lines : the tubes of force formed by them are 
cylinders : and in virtue of the relation Fa = constant, and 
ff = a constant, i«^ must be constant everywhere between A 
and£. 

Again, the potential between A and B changes from V. 
toF,. 

V -F 

Hence the rate of change of potential = —^-7 — - , where t 

V 

is the distance between S^ and 8^, 

Hence the strength of field at any point between these 

surfaces 

F -F 

= ' ^ . (Art. 33.) 
t 

Again, if p be the density at any point on an electrified 
surface, the strength of field just outside it = 47rp ; 

F -F 
.'.^-^' = 4^p, 

and if S be the area of the surface, Q=^pS] 

•■^~ 47rt • 
Butif 7,-F, = l, Q=C; 
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Again, since tubes of force pass from 8^ to 8^ there must 
be equal quantities of electricity, of opposite signs, on the two 
surfaces. 

(V -V)S 
Hence the quantity on B = -Q ^-^^^. 

If the dielectric between 8. and 8^ be not air but glass, 
or shellac, a substance whose inductive capacity is represented 

^ K8 8 8 / A , ►,►, \ 

where ^' = -^ = thickness 'reduced to air.' 

To complete the investigation we ought to find the 
amount of the free charge on the two surfaces 8' and S,'; 
this can only be done in a few particular cases. If however 
their capacities be C^ and C^, thej quantities of the free 
charges will be C^V^ and (7jF, respectively. 

The same theory can be applied to every form of con- 
denser, provided the thickness be small and the two surfaces 
everywhere parallel. 

In the common form of Leyden jar, where the outer coat 
is connected with the earth, and the inner coat is nearly 
a closed surface, the free charge is only the charge of the 
knob and wire, which project from the inner coat and are 
used for charging it. 

95. Prop. vn. To find the attraction between the opposite 
plates of the condenser in the last Article. 

Let A he a. moveable and B a fixed plate. 

Then if p be the density at any point on A, 

and since the density on jB is — p, the force produced by B 
near an element of A is 2^p. (Art. 9' 
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liShe the area of A, and the force on Abe denoted by F, 



=2-<^)'=8&(^>^->' 



i 



Coit, The difference of potential deduced from an observed 
I force is given by 

'^ 

tie formula employed in absolute and attracted disc-electro- 
ffleters. 

Note. We have already (Art. 85) shown that the force 
between the two plates of any condenser per unit difference 
of potential is half the rate of change of capacity. It can 

easily be seen that ^-—^ is half the rate of change of the 



rapacity It— A, as t the distance is 



varied. 



96. Prop. Tin. Two fixed plates are kept at potentials V, 
tmd T, and a third moveable plate kept at potential V^ is placed 
syminetricaUy between them, to ftad the resultant force on the 
middle plate. 



« ^. t-o be greater than V and 
F„and V^>Vg 

By the last proposition for the attraction 
rXA on B, 

-F,=: g^ (7, - F,)', where 5= area of £ : 

also the force exerted by G on B, 



-Av.-yj'- 
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HeDce resoltauit force towaids C, the plate of lower 
p»<>ieni3aL 

The reasoning of Art 85 proves that i£ A^C he equal 
and srmmetricallT placed with regard to B, a similar formula 
can he employed. For moving B to one side or the other of 
the position of perfect symmetry the rates of change of 
capacity of the systems A, B, and B, C will he equal but 
of opposite sign. If this rate of variation of capacity 1)e 
denoted by /c, F^=^k{V^- J\)\ F^ = k{V^- FJ", and hence 

= 2ic^(F,-l^) 

if the potential of Tibe very high compared with T^ and J^ 
The conditions of tlus problem are satisfied by the quadiaft 
electrometer in which the needle B hangs symmetrically 
between A and (7 which are in the shape of two hollow quad- 
rants of a circle separated by a narrow sir space. 

97. Ftop. IX. To calcnlate the energy of the dischaxge of a 
Leyden Jar or condenser. 

This might be written down from the expression for the 
energy of a condenser (Art. 85). We give now a separate 
investigation. 

Referring to Prop. VI. we see that we have a quantity 

' — ^T. at potential Fj, and a quantity — ^ * *^ at 

potential F,. Hence (Art. 78) the whole energy of the bound 
charge 
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To this must be added the energy of the free charge which 
onsists of two coats of capacities 0^, C, suppose, at poteotiala 
'■, and F,. Tlie energy therefore is i (7, 7.' + i C?, K,'. 

This formula also supplies us with the heating power of 
he discharge, since when work is done in no other form hy 
m electrical discharge its energy in converted into heat To 
pve the result in absolute thermal units we must divide by 
Kiule's mechanical equivalent of heat. 

] 98, The whole energy expressed in the above formula 
^ never be obtained in practice when the dielectric is 
Eifierent from air, owing to apparent absorption by the 
pelectric of part of the charge. Although this portion of 
flie charge can be regained as the residual charge it is ob- 
rious there will be a loss of energy when the discharge takes 
place in two portions instead of all at ouce. In fact, if V be 
the potential and Q the quantity of the 6rst discharge, and v 
Ibe potential and q the quantity of the residual discharge, 
■fee energy obtained on the double discharge = ^ ( TQ + vq), 
liiile the whole energy is \ {V + v) {Q -V q). 

\ 99. Prop. Z. A Leyden jar liavins capacity for bound cliarge 

'Ob^ an inner coat whose £ree capacity is G, and an outer coat 
whose &ee capacity is C.j. The jar is charged to potential V and 
Insulated and the knob is then connected with the graund. To 
Ind the potential of the outer coat and the charge of the jar. 

Let the quantity of electricity on inner coat 

and tlie quantity on outer coat = Q, = — CV. 

When the inner coat is connected with the ground the 
clia^e of the outer coat is divided between bound and free 
charge in the ratio C : C,. 

.'. Bound charge of outer coat 

" " ^' 'ft. 



^^^ee charge 

■u 



charge of outer coat 






I9S namuDB jcs {sirimoii. iXBCiaicinr. 

= ?^ o- 

Ril 




Y 



Ussig the iKySatuMi cf tbe precediiig Aitide, and writing 

C C 

^r -^^ = ■* and jr—7r= "', we see tiiat wlien the oater coat 

IS to esaih^ the dkaige on buiin' coal k dirided in the ratio 
m:!-- m between bound and free <diaige. Also when the 
knob is to earth the chaige co oottef coat is divided in the 
ratio m' : 1 — m\ We see theiefoie 

At firgt contact with knob: 

Free diaige on outer ooat = (1 ~ ■•) QU 
Bound charge =iii'Q|, = — Btat'Q^. 

At first contact with outer coat: 

¥rfse charge on inner coat = (1 — m) Mm' Q^, 
IV^und charge =m*mQ^=^ — mmQ^ 

At second contact with knob : 

Free charge on outer coat = (1 - m*) mm'Q^ 
Br^tmd fiwii'*^j = -!»*!»'* ^^ 

By wmilar reasoning after n contacts with knob : 
iftm cliarge on outer coat = (I — w') m"^m'*~'Q^ 
W'^tmd =m"-*m'*^, = -m"m'*Cr 

ll^iKMj tho amount removed by n contacts with knob 

-g,(l-m-m'-), 
tlid quantity removed by n contacts with outer coat 



PHOBLEMS IN STATICAL ELECTRICITT. 93 

,t generally C, and (7, are very small compared with C, 

iherefore m, m' are fractions very near unity. Hence we 

' at a large fraction of the charge reniains after numerous 

;ts, and it would require an infinite number of contacts 

targe the jar.^ ^^ ^^^ 'X^v,*/ ^' 

Prop. ZII. Two Leaden jara are charged to different 
ttials and afterwards have their knobs brought into contact, 
outer coats heing kept in connection with the earth. To find 
potential of each jar after contact. 

Let C,, C, he the capacities, and F,, 7", the potentials of 

itbe jars, and let V be their common potential after contact. 

Then since the whole amount on the inner coats is unaltered 

(C,+ (7,) F=(7,F, + C',F,; 

„_^F, + C',r, 

• C'x + C^, ' 

an equation for F. 

Cos, It follows that there will always be a loss of energy 
'irheD two jars at different potentials are united. 
For energy before contact = \ {CiF,'+ O^F/). 

and energy after contact = H*^i + ^t) ( ~V*' — ~r~l ■ 

Now (C,F. V CJ^) (C^ + Cj > or < {C, F, +'(7.F,)", 
aa Cfi^ (F,' + F,=) > or < 2C,C,F,F^, 

or as (F, - F,)' > or < 0. 

The left-hand side is obviously the greater, and hence the sum 
of the enei^es of the separate jars is greater than that of 
the two combined. I 

102. It was by a particular experimental application of 
the above that Faraday determined the specific inductive 
capacity of different substances. He constructed two exactly 
similar Leyden jara, the coatings of which were bo arranged 
that the dielectric could be changed at pleasure. One of the 
jara had air for its dielectric, and the other the substance to 
be experimented upon. 

Let now K be the unknown specific inductive capacity ; 
then if G be the capacity of the jar with air, GK is the 
capacity with the other substance as dielectric. 



94 
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Let now the jar with air be raised to potential F. 
dividing the charge with the other jar, which is unchar] 
the potential V evidently becomes 

0(1 + if) l-hK' 

.-. r(i+jr) = F, 



or 



K = 



V 



Now V and F' are determined by experiment, aftei 
operations indicated, and the value of K for the substanc 
question becomes known. 

103. Prop. XTTT. To show that the whole charge in a ba' 
of similar jars charged by cascade only equals the charge 
single jar. 

Let A, By C be such a series of jars of which the fii 
brought up to potential F, and the last is to earth. 

Fig. 27. 

0( "'t P=^^: ( c(r— 



f 



rir 



CT 



Let the potential of the knob of B and of the outer 
ing of A be F^. 

Let the potential of the knob of C and of the outer 
ing of B be F^. 

And let C be the capacity of each jar. 

Then the equal quantities in the three jars are 

c{r-r,), c(F,-F,). cr„ 

Hence the whole charge in the battery 

= (7(F-F,) + (7(F,-F.)+(7F. 

= aF 

= charge of single jar charged alone to the 
potential. 
The same method applies to any number of jars. 
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104. Prop. XrV. To And the work done by a conducting plate 
eommimicating with the earth which is allowed to move up 
parallel to another equal plate which is kept at constant potential. 

The principle of Art. 78 might here be employed, since it 
is cleax the work done is stored up in the form. of electrical 
energy, and the energy obtained on discharging the con- 
denser is the equivalent of the work so stored up. 

In this case we give an independent investigation. 

Let A be the plate kept at constant potential, and B that 
connected with the earth. 



Fig. 28. 



B 



?? 



V'S 



M 



m 



^ 



By Prop. VII. the force on -^=0 "Typa* 
The average force through the element PQ is 



V'S 



Sir.OF.OQ' 
Hence the work done by the plate in coming up from 

Pto Q 

V^S.PQ 

87r.OP.OQ 

_r's op-oQ v'S/i 1 

87r • OP . OQ ~ 87r \0Q OP, 

Adding up the work done on successive elements of the 
path we see that if ^ be the ultimate distance, 

V^S 1 
whole work = ~ — . 7 = J Q F^ 

as might have been anticipated. 

105. We now give an example in which the work done 
is deduced from the change in energy of the system. 

Before proceeding to the particular problem it may be 
well to point out that an electrified body moving through 
space under electrical forces has no kinetic energy in virtue 
of its movement, since kinetic energy is proportional to the 
mass moved, and the electricity has itself no mass. When 
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work is done on an electrical system, though none of it 
converted into kinetic energy, the potential energy of t 
electrical system is increased by an amount equal to the wc 
done, owing to a redistribution of the electricity in the syste 

Prop. XY. Two plates are placed parallel to each otl 
charged as a condenser, insulated, and separated to an infii 
distance. To find the work done in the removal 

Let G be the capacity of the bound charge, and C 
capacity of free charge on the condenser. The ifree capac 
varies with every new position of the plates ; we shall h( 
ever assume here that when both sides of the plates 
electrified freely the capacity of the free charge becoi 
doubled, ie. when the plates are entirely removed from e; 
other s influence the capacity of each becomes 2 G\ 

This assumption would be correct supposing the two pla 
to begin with were indefinitely near together, since in t 
case their external surfaces would be electrified as a sin 
plate ; but after separation they would be electrified as 1 
separate plates, each of the same size as the former. We < 
therefore only assume the result as more than approximat 
true in practice when the distance of the plates is v 
small. 

After charging, the amount on the positive plate is 

{G+G')r, 

and its energy of discharge is ^V^(G+ C). 

The quantity on the negative plate is 

and its potential zero. 

Hence the energy of the whole system 

After removal the quantity on each plate is unaltered, 

the capacity, as assumed above, is 2(7'. 

04- C 
Hence potential of positive plate = ^, V, 

and the energy of its discharge = ^ -^j^ — ; 

and the energy of negative plate « ,^, . 
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ace the gain of eneigy 

_ {G+C')'V + C*V* (C+C')V* 
4>C' 2 

= ~,{(G+Cy+C*-2G'(C+C')} 

= work done in separation of plates. 

). The next two propositions will be found useful in 
3ring some cases of induced electricity. 

IF. A System of Equipotential Surfaces denotes 
em of surfaces buch that the difference of potential 
^ any two consecutive surfaces of the system is constant. 

Prop. XVI. In a system of eqnipotential snrflMes the dis- 
f consecutive surfEkces increases as the potential diminishes. 

t d be the distance of two consecutive surfaces measured 
a line of force, and F the average value of the force in 
on of a line of force. Then between each successive 
f surfaces Fd is constant, and it is clear that as F 
shes d increases; or the distance of consecutive 
3S grows greater as tiie force grows less. Now it is 
-hat force and potential increase or diminish together 
3 raw nearer to or recede further from attracting matter, 
be distance of consecutive surfaces consequently in- 
3 as the potential diminishes. 

R. There will be an induced current in any conductor 
g near an electrified system. For draw any system of 
►tential surfaces, and let a conductor move from the 
n AB to A'B\ 

Fig. 29. 

t( ituri-iA' I B 



+V /+ 




is clear that the diflference of potential between A and 
ae unit, while that between ^ , j8' ia tvio wm^ 
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as the body moves into regions of greater potential, the 
difference of potential of its ends constantly increases, and 
to equalize this increasing inequality, a flow of electricity 
follows in the direction for + electricity from J? to -4, as long 
as the movement across equipotential sur£su;es lasts. 

108. Prop. 2LVJJL To calculate the rate of motion of Im 
point on| an equipotential surface of given value as the electrifi- 
cation of the system proceeds. 

Let AB be an equipotential surface of value V when the 

charge of the system is Jf, and let A'B' be the equipotential 

surface of same value when the system has received a small 

increase q. 

Fig. 30. If 771 be an element of the electrification distant 

r from Q, the potential at the point Q 

r 
If now the charge Jf receive a small increment g, 
the density at each point alters in ratio ^ . Hence 

the potential at Q rises by -^ K 

But the potential at P is now V, 

Hence the work done on a + unit carried from P to ^ 

M ' 

and this also equals Fn, where F is the resultant force, and 
n the length PQ; 

M 
V 

MF^ 

Hence the rate of motion of the surface at P varies jointly 
as the potential and the rate of electrification, and varies 
inversely jointly as the whole charge and the force at the 
jDoint, 
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Cor. 1. Since V is represented by S - , and F by 

S %i cos <f>, where ^ is the angle between the normal to the 

V 
surface and r, it is clear that ^ or 

r 



Sjcos^ 

will on the whole increase as r on the whole increases, i.e. as 
V diminishes. Hence, on the whole, the lower equipotential 
surfaces move during electrification more rapidly than the 
surfaces at which the potential has a higher value. 

Cor. 2. It follows from the last Cor. that there will be an 
induced current in a conductor during the electrification 
of any neighbouring conductor. For in Fig. 29 the potential 
surfaces at A are moving more rapidly than those at B, 
Hence the difference of potential at A and B is constantly 
increasing, or B's potential relatively to A constantly rising, 
which determines a flow of electricity from B to A. 

109. In the next few Articles we give the investigatior 
of two cases of electrification, the first that of a thin circulai 
plate, the second that of a very thin and long cylinder, W€ 
may regard both these cases as the limiting form of a sphe- 
roid, which in the first case becomes extremely oblate, and 
in the second case extremely prolate. We require therefon 
the following preliminary proposition. 

Prop. XVm To show that the attraction of a homogeneoui 
shell boimded by two similar and similarly situated spheroids oi 
an internal point vanishes. 

Let be the internal point, and let any cone of smal 
vertical angle cut off from the bounding surfaces the element! 
Pm and Nq. 

Since any section of the shell consists of two simila; 
ellipses, the same diameter will bisect PQ and pq; .*. Pp=Qq 
and similarly Mm = Nn, 



3lM 




^F fnrT"ffl 



"MWfHF *;3i£ t^P9 smaJl firusta Pm 

V> JOBr m dw suae dikkness, and 

sni» -^aig^ loracbi aii^le k small, theii 

TirrT iD^ iPui€Mr£mal to OP* and 

1^ MoL "STiflTr :s3S]csctiHis on are 

- ■-WT ^ _ _ _ _ 

■* nxrvTasKLj iir 'las iizaoL and are there- 
in?? mniiL jQk£ zx <£fpi3SEte directions. 
Hhsr soDf s irsf ^ each pair of 

T described, 



Tiiif Tniir 2f oiEr^^L irira. Ti«mnzii:a:s.ljHi/jlica/5fai<ic9. 
I^. Kxi|^ XSX. Xr fin£4ff Itavif iiHiljMiafredyelee- 
x-j 'Liti: ]ui<^ TTTi:* jBi:dinL :^ jc&t <s£ SeasiT is the same as 
"uiiT ^LT- ic i.Trfrreag :f ii -rsirj TnS Trr^jg^I shell bounded by 

-V -. ^^? ":l^ LJjl SULliiLzij stTlU^IcC ?CCieEQDi& 

Lr^. ,^-^ re "Li!* 3ia3:r ajzs :c sjeneradz^ ellipse, and 

PP. ce t&* tLkkness of the shell 
^ ihiS: prcat P, then PPj pro- 
di-red is tLe nonnal to the 
eZfpee tkz P, Draw PX, Pfiil 
p^frpen-iKoJar to AA\ Join PQ, 

' c ^ <^ \ \ ^ *^'^ prcJnce it to T, then PQf 

t, fj J/ ^ ^^ tangent to the ellipse at 

P. and Pj. Q are corresponding 
points en the two similar ellipses. 





l'f\-P/j^'ApP,Q=-PSioc^GPX=P/i. 



A[!Jx\U 






PJ^ 
PC* 



w)i*tMj a\ y = the 8erni-major and minor axes of outer ellipse, 



M\i\ 



QM'=^-,{a*^CiP). 



Oh biilitrttctirig, since 



a' 
6" 
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.-. P,Q(P,ilf+Qif) = (6' + 6)(6'-6); 
/. PN .P.Q^b (6' - 6), 

remembering that the shell is indefinitely thin. 

Hence thickness at P= pri • 

If we substitute for the material shell an electrical distri- 
bution and if p^ represent the density at B the extremity of 
minor axis, 

density at P=^'==-j=^t= , 

where x = CM, and e = eccentricity of ellipse. 

To find the whole quantity of the electrification, the 
quantity on an element formed by revolution of PQ round 
Ae minor axis 

= 27rC7i\r. PQ . ^ = 27r6/,, . ^^^ . 
But CG = ^CN; .-. CN=^,; 
" <iuantity on elementary annulus = _ \ . — p-^ — 

= ^l . PQ sin OPN 
1— e^ ^ 

adding the successive values of this difference, 

the whole amount of electricity = ^^- - a = ^ira^p^. 

111. Prop. XX. To find the capacity of a freely electrified 
ihin circular plate. 

To deduce the electrification of a circular plate, we 
notice that a thin circular plate is the limiting form of an 
oblate spheroid whose minor axis is indefinitely short, while 
the major axis is finite and equal to a. 

In virtue of the relation 6* = a? (1 — e*), we see that in 
this case we must make e = 1. 



lii)9 f B MBjuB n: ancAxiBm. 



»M I 4 .M A 



H-fcei? ft}F nil?' (£sisitr«' aft aBiiT p^ciBit in icrms of tlie 



dttnuLHj j;j ic nW <ittiiim«'* w^* law© 






whiece (£ := i!!iJiTiSv aai£ j7 =i(£B^taimEe' (sf piBoniit firom tbe centre. 

JlIho nhte w&o&f qffnuiitintijr m^ -^nrtii^/^^ wlgieift shows that tlie 
a«v(ei!ag^ dj^otsiiiT iiS' tiwiifs nkn- i^essesirjr ak tike oaAttzeL 

11^. To (niieala.t:e xAa- pi^tsfuttnaJL a»f ai Idain cirsmlar plate 
ixeely t^liictidJi}^ we ^Ot^re qoJIt tio» gaftnufaite the potential at 
th$i c^ucre ot a JistoBnjbujii: wtiibse' Mm- i? ^iren aboTe. 

Couc^^ive ditj plajte euH up* Sato a veiijr Iwrge number of 




^t^^J^ow anaali, and let OA cut one in JF, Jl Draw ilAP, AIQ 

perperitiicular to OA, ami Qit pecpeTTrfmr.far to PJ/, and 
y^ui. OP. 

^^<^n the potential at of the ring JfiT 

WBce n(^, tr^i^j;^}^ P2^^ OPJi are sfmfTar aiwi ^ is the 
cirwU. ^^'^>M f>< tf^ angle POQ^. 

mcc(^\T ^^'^irt^ i^ the small an^es corresponding to 
' ^'*^^T4li, wfj hare clearly 



IT 



Poi^rntidl « 2irap^ , - ^^^ap. 
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But we have only yet considered one surface of the plate 
which will be electrified on both surfaces. 

Hence Potential of Plate = 2'n^ap^, 

or F-£.<2. 
when F=l, Q= C, 

Hence capacity of plate : capacity of sphere of same radius 
:: 2 : TT. 

If however the plate forms one conductor of a condenser, 
the capacity will only be - , since the free charge exists on 

one side only (see Art. 105). 

113. Prop. XXI. To find the capacity of a yery long and thin 

cylinder. 

It is clear that, neglecting the ends, the electrification of 
the cylinder will be sensibly of uniform density. We might 
see this by viewing the cylinder as the limit of a very prolate 
spheroid, whose major axis is very large compared to its 
minor axis. We shall assume the potential everywhere within 
the cylinder the same as at the middle point of its axis. 

Let be the middle of the axis, and a the radius of the 
cylinder. Taking an element PQ Fig, 34, 
round the cylinder, the quantity 
of electricity on its surface is ^ f ^^g£rf ^ 

and the potential at of this element 

_ ^trapPQ 

' OQ ' 

Draw OC perpendicular to the surface of the cylinder, 
ind P8 perpendicular to OQ. Then Q8P and Q GO are 
iimilar triangles. 

Hence QP : QS :: QO : CQ; 

... OQ. QS^CQ.PQ; 

PQ_QS_ PQ+Q8 

• 0Q~ GQ^ oq^ (Xi' 



104 PROBLEMS IN STATICAL ELECTBICITY. 

Now since when a; is a very small fraction, 

log(l-a:) = -a?, 

we shall commit no appreciable error in putting 

OQ ^*^ y- OQ + cq) 

, OP + CP 

= — • lOor 

= log (OQ + (7Q) - log (OP + CP), 
which is a form adapted to our method of summation. 

The potential of the annulus will now 

= 27rap {log (OQ + CQ) - log (OP + OP)}, 

adding all the elementary differences we have for the pote 
tial at 0, 

47ra/o {log (OP + 30)- log 00], 

and if I be the length of the cylinder, and a its radi 
I being assumed great compared to a, this reduces to 

47ra/o log - = F suppose, 

and if Q be the quantity of electricity, Q = 2'irap . I ; 

I 



2l02f 

/. r=Q.' 



°a 



I 
If F= 1, Q = O, the capacity; 



21og- 

Cor. 1. If Z be very large compared to a, log- must 

very large, and therefore the capacity of the wire is small, 
assume therefore that if two pieces of apparatus be conne< 
by a very fine wire, we may neglect the f^' * "''*ation of 
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J divided in the ratio ol 



wire, and that the charge is sii 

■ the capacities of the apparatus. 

Cor. 2. If there be another cylinder outside the one 
we are considering, separated from it by air, we have for f 
potential of the Leydeu jar so formed, 



forftB 

i 



a' being the radius of the outer cyUnder. 

If the dielectric be different from air and have a speciiic 
inductive capacity K (Art. 77), ^ 

° a 
i. formula useful in calculating the charge of a marine cable, 

114. We next proceed to illustrate by example the method 
of electrical images explained in the last chapter (Art. 73). 

Prop. XXTT, To find the diBtribution of electricity on an 
i infinite conducting plate connected with the earth and under 
\ the influence of an electrified point. 

Let,jl be the electrified point containing m units of 



i^lectricity, and DE the conducting plate, 
^^raw AF perpendicular to DE, and pro- 
■"sittoS,sothati'B= F4 =p. If we 
_ine a quantity — m of electricity at B, 
S IS clear that for the system m at J. and 
r ~m at B, DE will he a surface at zero- 
I poteutial. For the potential at any point 

^-^n — Ti-n = 0; because DB = DA. 
DA DB 

may substitute for the electri- 
Sition of the plate the charged point £ 
'■le left of DE are concerned. 



Fig. 3a. 




as far as places to 
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To find the density at any point on the plate, we haWd 
(Art. 72) only to find the resultant force due to the electriWJ 
points A and JS, and divide by 47r. 

This resultant will be normal to the plate, and consists rf! 
two components^ one repulsive along ADy and one attractifa 
along DA Hence, 

Resultant force = -rr^ cos BBQ + -r-r:^ cos E.DQ 



2m 
AD' 



Alf 



cos 



^"^^ ~ Aiy-AD" AI/' 



and is directed to the right of DE. Hence the density wiB 
be negative, and at point D 

^ 2mp _ mp 
4i7rAD' 27rAJJ^' 

or the density varies inversely as the cube of the distance 
from the electrified point. 

This method can be applied to the electrification, under 
the influence of an electrified particle, of any system of planes, 
by means of the optical principle of successive images, and 
the electrification can be represented in finite terms when- 
ever the number of such images is finite : we give a few 
cases as examples : — 

115. Example 1. Two planes at right angles to each 
other. Let OA, OB be conducting planes at right angles to 

Fig. 36. 



p^ 



I 
I 

T' 
I 



0! 



it- 
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ach other, P a point electrified with one unit of + electricity, 
le successive images of P are P, in OA, P, in OB, and P^ 
he image of both P, in OA and P, in OB, Let there be 
uantities of electricity — 1 at P, and P, and + 1 at P,. Then 
he potential at any point on either plane due to P and its 
ystem of images vanishes, and the potential at any point 
rithin the angle BOA will be that due to P combined 
rith the system of images P,, P,, P,. 

The density of the electrification at any point Q in OA 
vill be that due to the superposition of the systems (P, PJ 
md (Pj jPg). Therefore by preceding article, 






D beincr the distance of P from OA. 



"O 



116. Example 2. Three planes mutually at right angles. 
Let OAy OB be two of the intersections of these planes and 
OGy perpendicular to the plane of the paper, the third inter- 
section ; P not being now in the plane of the paper. There 
will in this case be the system of images P, P„ P, due to 
the planes COA, COB and the images of P, P^, Pg, Pj in 
the plane A OB, The density at any point Q in the plane 
A OB will be given by 

,^^P_(Jl ?_. J \\ 

^ 2Aqp' QpyQp: qp:)' 

p being the distance of P from the plane A OB, 

117. Example 3. Two parallel planes with an electrified 
point between them. In this case the number of images is 
infinite, and it will not be generally possible to represent the 
density in finite terms. In any practical case the influence 
rf all images after the first few could be neglected. The 
positions of the images are easily found. Let A, B be the 
3lates, and P the point between them distant a, b from them 
espectively, at which we will suppose a unit of electricity 
)Iaced. 

Let Pj be the image of P in -4, P^ that of P^ in ^ 
\ that of ^ ^^ A and so on. The set of vcaa^'^^ F^T 



Ids 
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to the right of A will be negative, and the set P,, P^ 
to the leh of iB will be positire, the quantity in au 
beiii^ nniir. 

Fig. 57. 



h* '# 



We have 

PP,=2<i,PP =PP,+26, PP,^PP^^2a, PP,=PP,+26,&c 
,-. PP, = 2a, PP,= 2a + », PP, = 4a + 26, PP, = 4a + 4i. 

Hence generally 

PP^=±rCa + 6^PP^, = 2a42(x-l)(a + 6), 
where x mav have anv value between 1 and x . 

If we start with the image of P in B, which we will 
call (^j, we shall have the set of images Q^, Q^,., to the 
left of B and negative, and the set Q^, Q^,., to the right 
of A and positive. Their positions being given by 

PQ^=2x(a + 6), P(?^, = 26 + 2(x-l)(a + 6). 
Hence on the w^hole we have to the right of A, 

The set of — images at distances from P 2a + 2 (a: — 1) (a + 1) 
and the set of + images „ 2a? (a + 6) 

To the left of P, 
The set of — images at distances from P 26 + 2 (a? — 1) (a + 6) 
and the set of + images „ 2x(a-\- b) 

a; in all cases being any integer from 1 to x , and the quan- 
tity of electricity in each image being ^ " 
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118. Prop. ZZm. To find the distribntion of electricity on a 
sphere at zero potential under the influence of an electrified point 
within or without it. 

We may deduce the electrical influence of a point on a 
sphere by considering two points having charges e^ and — e^ 
of electricity placed at points A, B, We shall have for the 
potential at any point distant r^ and r^ from A, B respec- 
tively 



r T 

' 1 'a 



Hence for surface of zero-potential 

- = — , or r, : r, :: e. : e^, 

' 1 ' % 

Or, the distances of any point on the surface from A and 
B are in the constant ratio e^ to e^. 

We can easily show that the locus of a point satisfying 
this condition is a sphere. 

Fig. 38. 

P 




For let Pbe a point on the locus, and e^ greater numeri- 
cally than e^. Divide AB internally and externally in C 
and D, so that 

AG : CB :: AD : DB :: e, : e^ (i). 

Hence AP : PB :: AG : CB ; r. PG bisects APB, 
and AP : PB :: AD : DB\ .-. PD bisects APB externally ; 

.'. GPD is a right angle. 

Hence the locus of P on the plane of the paper will be 
a circle whose diameter is CD : and the same property will 
be true for each point on the sphere whose diameter is CD. 



f 
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^\1}^' T** determine the position and dimensions of 
sphere we have the foUowing relationa 

From (i) we have 

AC + CB : CB::e, + e, : e,; 

^^—ABmdAC= 



••• ^^=«-:T^^^d^^=4-^^ (ii). 



Again fix)m (i) , 

AD -BE iDB :: e^-e, : «., 



«« . T> -_ J . T, ft 



•'• -05= ^^ and ^D =-^^5 (Ui). 

Hence radius of circle ——^r-^.AB (iv). 



^-^t 



^x-< ^t+«, e^'-^,' 

Similarly EA^^-^EC; 

^% 

.-. EB.EA^EC^. 

A and jB are called conjugate points with reference to the 
sphere. 

120. To find the density at any point, we have (Art. 72), 
to find the resultant force at that point on the spherical 
surface, and as before divide it by 47r. 

The forces at P are clearly —\ along AP, and — * along 
PB, and their resultant is along PE, since it is normal to 
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.e equipotential surface. Let F be the magnitude of the 
^ultant^ then completing the parallelogram EKPL, 

Kg. 89. 




L 

F : component in AP :: PE : PK, 

and because PB, KE are parallel, 

PK : BE :: AP : AB, 

substituting ; F= ^^ • ^8 = ^ • "^« ' r * ' 

if a be the radius of the sphere. 

Since this resultant is inwards, we must express the 
density by 



47re.* * n 



8 I 



and we conclude that a distribution whose density is given 
by the above law produces within the sphere a force equal 
and opposite to e, at J., and is therefore the distribution 
induced by e^ placed at A, 

Again, if the density at P be expressed by 



+ 



47re,» < ' 
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we omcliide that this distribution produces without the spliei 
a force equal and opposite to that of — e^ at B, and is then 
fore the distribution induced by — e^ at B. 

The whole quantity of the distribution being in eith 
case ±«,. 



a» 



(i) In the first case let AE =/, then BE = -^ 



«. 



and/=-a. 



^« 



a» 



/' 



Hence the law of density becomes, on substitution fo 
and reduction, 

(ii) In the second case let BE^f, then ^^= 

and /* = -%. 
Hence substituting for e^ the law of density is 

4!7rar^ 

121. We see now that we can include both cases in 
following statement : 

If there be taken on the radius of a sphere two conjuj 
points, and a quantity of electricity e be placed at on( 
them whose distance from the centre is f, it will indu< 
distribution over the sphere whose law of density is 

47rar' ' 

where r = distance from the electrified point 

and a = radius of sphere, 

and the resultant efiFect of this distribution on all point! 
the same side of the spherical surface is th^ «ame as < 
particle at the conjugate point having ■'preser 



PROBLEMS IN STATICAL ELECTRICITY. 



113 



CL 



T — :^^ ; ^he whole quantity of the distribution being, when 
le electrified point is within the sphere, — e, and when 
itliout the sphere, — ii «. 

122. The following direct geometrical proof of the pro- 
osition of the preceding article is a modification of that 
►riginally given by Sir William Thomson. 

Prop. XXIV. A distribntion of matter is made over a spherical 
mrface -^hose density at any point varies inversely as the cube 
of its distance from a fixed pointy show that the potential of the 
distribution at any point on the opposite side of the spherical 
I sorfiEtce is the same as that due to a certain quantity of matter at 
I the given fixed point. 

Suppose S the given fixed point in Fig. (a) external, and 
in Fig. (6) internal, and let P be a point, on the opposite side 
of the spherical surface, at which we shall estimate the 
potential. 



Fig. 40. 




Let in Fig. (a) the distance of S from the centre be fy 
and in Fig. (6) /. 

Join SP and produce it to T so that 

Fig. (a) SP,ST^f-a\ 
Fig. (J) SP.ST = a^''f\ 



nr smirtL si;A:TBicnT. 



EP ' 
X 



T«3 



^dnior^ ;? ' dam sbet ^Etut wupeimg the sphere 
ynn ^i xai TA; 

,\ 51: . Sr= SP. Sr m both figures ; 

,\ ^le XRia^» S£P, S7!ir aie similar. 

OnuKCf^ iii<ir iht fine MlES to iDOTe so as to trac 
SBttkil <9iii^ ^K^uiBe inaves s & and vhich cats the s^ 
soi&K^ 311 eii.iBM.iiii my araas £ aad iT. It is dear that 
K jaie c dtJwafii mSiy ^^ememt^, so that the whole sui 
«x^ias»ifi «HiliB»«£iic^f hy a sen» of dements E ano 

^^^^ ^1^ peoesiial at ike poiiit P doe to the elem 
«f ^e ^^sKz^Hiasii if bei^ vsol to denote its area). 



.\ ]K«eauilatPd»e to ^^^p"cr« • 

Ai^aia. ^tiK^ the tugent pbunes at E, fare equally inclio 

- PO^tial doe to J^^ sP.SE.SK^ ^ EP.SK^f^a^) 
also by similar tiiangks EP i SP i: TK i SK, 

..EP.SK^SP.TK, 

.\ potential doe to J?= gp/y»_^«x yg ; 

*. potential at P due to whole sphere = ^p/ jrt n • S Tp 

o/^(/ —a) ij 

But S ^»np> represents the potential at T of a uniform c 

ibution whose density is X, which by P^ '' ^^ 4irXa, sii 
^is necessarily an internal point 
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Hence the potential at P, due to the sphere = -j-zi — ttttt; 

= potential at P, due to a mass ^^ , at 8^ 

or substituting electric distribution for matter, and reversing 
the sign of the distribution on the sphere. 

Potential due to quantity ^^ , at iS+ Potential due to 

the distribution of density — -^^ = 0, at any point P on the 

opposite side of the surfEice to 8. 

And this is the condition which must be satisfied by the 
distribution induced by an electrified particle at S (Art 72). 

7r i. 47r\a . 

If we put m = 7^ 5 , we get 

Potential due to m placed at Sh- Potontial due to distribution 
of density — ^- — oW"~^» ^* ^^7 point on the opposite 
side of the surface. 

To find the whole quantity distributed over the sphere 

we see 

quantity on elemeDt ^ = sW = SE:8^ = (jrr^fSK' 
.'. quantity distributed = 7= ^ 2 ctt^ , 

\K 
and S -a^ = potential at /S of a uniform distribution of 

density \. 

In Figure (a) 8 is external, 

^ \K _ 47ra* 

and the whole amount of distribution = /. , J^^ . 



a 
J 



&— % 
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In Hgore (b) Sis internal, and 

.*. 2-ni^=X. 47ra; 

/. whole amoant of distribution = -^ — -n, 

= m, 
as has been already shown. 

By choosing conjugate points, it is easy to show t 
two distributions, one derived firom the external a 
other firom the internal point, are identical, and tl 
portion of Art 121 follows immediately. 

I23w Propk XZV. To find the quantity of the electr 
doeed on two eonoentne spherical sm&ces each at zero p( 
baTinc an ^ecirified point between them. 

This can clearly be solved by means of the prin 
successive images illustrated above in the case of pla 
faces (see Art, 117X 

Fig. 41. 




Let OAB be a common radius on which P th( 
charged suppose with a unit of electricity lies. 

The positions of the successive images beginning wi 
in the surface -4, which we will call P^, are given 
formulae 

OP,.OP = OA':OP,.OP, = Off'.^^ ^^^OA' 
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^1^ generally, 

OP^, . OP^ = OA' : OP^. OP^, = Off. 

The quantity of electricity in the successive images will 

1^6 given (Art. 121) by the formula P^ =» - jjp- . P^^, where 

R is the radius of the circle with respect to which the image 
is taken. Hence the quantity 

atP, = + -^.^ = ^; '.'OF,.OP = OA\ 

p OA.OB.OA OA OA 

^ ^"" ipP^.OP,)OF~ OB' OF' 

&c. = &c. 

p OA, OB OA 

at/-.^- XOF^.OF^ {OF,. OF,). OF 

OA' . OB'^' _ ( OAy OB 
"" OiT-* . OF " [oBJ ' OF ' 

OB.OA.OB OA _fOB\' 

^*^-- + (OP^.^.OP^J {0F,,0F)-'[0a) ' 

the images of type P^^j being negative and within -4, those 
of type P^ being positive and outside B. 

Beginning with Q, the image of P in P, and proceeding 
as above, we shall have a series of images of types, 

^ ^fOAV ^ _ fOBV OA 
^^"KOBj ''^^'^'"{OAJ 'OF' 

those of type Q^ being positive and within A, those of type 
Qj^j negative and outside P. 

The quantity of electricity induced on J 'ound 

by sumir ' luantities of all the imagefl 
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OA 
_ PB OB PB OA 

" ^^'i -2^'" OF'AB' 
^ OB 

The series for the images outside B is divergent. The 
sum however must be finite, and by Art. 54, 

__(._PB_ OA\__PA OB 
" \ AB' OPJ~ OP'AB' 

Cor. Supposing the spheres of infinite radius we get the 

induction on two parallel plates A, B due to an electrified 

PB PA 

point between them, equal to — -j^ on A and — -j^ on B, 

124. A very large and important class of electrical 
problems are solved by the method of electrical images 
combined with the principle known to mathematicians as 
that of geometrical inversion. We must therefore give first 
the fundamental properties of geometrical inversion. 

Def. Centre of Inversion. Geometrical Image op 
IMAGE BY inversion. Let be a fixed point, the centre o) 
inversion, and let A be any point in space. Join OA and n 
it take another point a such that OA . Oa = R*, then a is saic 
to be the geometrical image of A, and R is called the radius o; 
the circle of inversion. 

We see that to every curve or surface in space will corre 
spend another curve or surface which will be called its imag( 
by inversion, being the locus of the images by inversion o 
the points on the curve or surface. 

125. The following properties of inversion will be founc 
useful 
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Prop. A. If be the centre of inversion, AB any two points, 
a» b their images, then the triangles OAB, Oba are similar 

For, since 0A.0a=0B.0b = E", 

Fig. 42. 




OA : OB :: 06 : Oa, 

and the angle at is common, therefore the trianofles are 
simuar. 

OoR. AB I ab=OA : Ob = OB : Oa=OA.OB : IP 

= JS'' : Oa.Ob. 

126. Prop. B. The angle at which two curves or surfaces 
cat is unaltered by inversion. 

For let AB, AC represent the elements of two arcs 
cutting at A, supposing them both in the plane of the 
paper, the only case that occurs in our work. 

Fig. 43. 




Then 



z OAB^zOba; and zOAC=^^ Oca; 
.•. z BAC= I Oba — Oca = j^ bac. 



127. Prop. 0. Oorresponding elements of arc in a curve and 
its image are in the ratio OA^ : B^ and corresponding elements 
of snrfjEMse in the ratio OA^ : B^ 

For, by Prop. A. Cor., 

AB : ab :: OA.OB : R\ 



* 120 
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But since A^ B nearly coincide OA . 0J?= OA^ nearly; 

.-. AB I ab :: OA"" : R\ 

Again elements of surface are ultimately proportional to 
rectangles under elements of arc, and hence will be in the 
duplicate ratio of arcs or as OA*^ : -B*, or as i2* : Oa*', 

128. Prop. D. The image of a plane is a sphere passing 
through the centre of inversion. 

Let OA be the perpendicular on the plane and P any 
point on it. Then if a, p be the images of A, P, 

Fig. 44. 




/ Opa = z OAP = a right angle ; 
.•. locus of jp is a sphere on Oa as diameter. 

129. Prop. £. The image of a sphere is another sphere, the 
two spheres having the point of inversion for centre of similitude. 

Let OECE' be drawn through the centre C of the sphere, 

Fig. 45. 
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and let OAA' be any other line cutting the sphere. Then 
using in all cases small letters for the images of corresponding 
capital letters, 

OA.Oa^ IP, and OA . OA' = 0(7» - CE^ =f - a\ suppose; 
Oa E" J . I 1 Oa' B' 

- OA' =7^^» ' ^^^ ''"^'^^'^y OA ^r~^^ • 

Hence the locus of a is similar to that of j1, or the image 
is another sphere, the convex part of the image corresponding 
to the concave part of the sphere, and vice versd. 

If Oc =/' and ce = a\ we shall have 

/ a /--a«- 

130. To apply this geometry to electrical problems, we 
must define the electrical image of an electric distribution. 

Def. Electrical Image by Inversion. Let there be 
at a point B a quantity e of electricity, then the quantity e 
placed at b, the geometrical image of B, vnll be called the 

electrical image by inversion of e if - = ^^ = -p- , R being 

the radiums of the sphere of inversion. 

This of course is only an extension of the electrical images 
discussed above, Art. 121. We can now prove the following 
important proposition. 

131. Prop. XXYL Belation between the potential of any 
electrical distribntion and that of its ima^e. 

Let B (Fig. 42) be an element of an electric distribution 
^tose quantity is e; 6 its electrical image at which is a quan- 
tity e' f = — ej , and let A be any point, and a its image. 

Then if F, F' be respectively the potential, due to JS, at 
^) and the potential, due to 6, at a, we have 
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RV 

.*. V = YkZ ~ potential at a of a quantity -B F at 0. 

The same proposition will be true for each element 
any distribution. Hence by the principle of superpositio 
V be the potential at A of any electrical system JS, then 
potential of the image of B at the image of A will ec 
the potential of a quantity BV placed at the centre 
inversion. 

Cor. 1. If we place at the centre of inversion a qi 
tity of electricity, — -B F, then the potential at a of 
system 6, and of a quantity — 5 F at 0, will be zero. 1 
represent therefore any electrified conductor, and -4 a j 
inside it or on its surface, we obtain from it at once the 
tribution induced by an electrified point on the ima< 
B kept at zero potentiaL 

Cor. 2. If we have given the distribution of electi 
on any conductor B at zero potential under the influen 
an electrified particle at 0: by inverting the system relat 
to 0, the image of is at an infinite distance, and can t 
fore be neglected, while the added charge at will be 
because B is at zero potential. We have left therefon 
distribution on the image of B freely electrified. 

Cor. 3. If <r, a be corresponding elements of area 

and its image J, we have (Prop. C) — = ^ , and if e, 

e R 

quantities of electricity at B and ^> ~ = "T > hence if p, 

densities at corresponding points on an electrical distrib 
and its image we have 



o" e^tr'" Oh 



3» 



We proceed to apply the principle of inversion t 
solution of certain problems. 
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32. Prop. XXVn. To find the electrification of a sphere at 
potential nnder the infinence of an electrified particle. 

1 st. Let the particle be external. 

lake a sphere freely electrified in space to potential F, 

invert it, making any external point centre of inversion. 

>yill use the notation and figure of Prop. E. The original 

trical density was -j — at A suppose : 

.-. density on the image = ^ x ^ = ;^^. . 

If e be the quantity of electricity at centre of inversion 

.-.density on image =^j=^. 



.*. electrical density = ^ — , « , if r ( = Oa) be the 

ance of the electrified point. 

2nd. Let the influencing point be internal. 

To arrive at this, we will invert the distribution of the 

ceding case, making the electrified sphere the sphere of 

ersion. The distribution on the sphere is unchanged, 

;e the sphere is its own image; the image of the electrified 

a* 
Qt is a point distant -?f{^g') from the centre, and its 

rge is - , e ( = e'). Hence the system consisting of e' at 

Cb 

ance g' from centre, and the distribution according to 
sity law — — j-jt^ , will give zero poten^ 
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«c»xial puma Tlie ^i(al qtsu&titj rf distribution 

• f 

tinii taii iuaiacT injiuixti bv* at a distance a' from th( 
^^— . wbsfflre r is the distance firom the infl 



. r 



"faxsii^ a£ ii&je tiliMifiiii of tibe dibtribati<m, rememberi 




T» iMl tte decirieal 



distribnt 
wbic 



We $IldbII obcaia t&ubs s^st^n by the inversion 
srstiHit ^Arv 113^ ^* w\> coodocti]^ planes at right a 
^>^ich o^ISMHr. $£bc^ ^dk!h pluie inTeits into a sphere 
aBti!:le b^wi^efii ihe $ph^es wili be the same as betv 



Lh p. the electrified particle, be the centre of ii 
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and the radius of the sphere of inversion unity. The radii 
h of spheres which are the images of OA, OB will be 

f 2^(=a)aDd2^(=^), 

a, b being the distances of P from OA, OB, 

ir The distances of p^, p^yPs the images of Pj, -Pj, P^ from 

: P will be 

and the quantities of electricity will (Art. 130) be equal to 
: their distances from P {R by supposition being unity) ; the 

signs being — for p^ and p^, and + for p^ ; and this system of 

images will be equivalent to the electrified conductor at all 
, external points. Also the potential at P due to each image 
i will be numerically unity, and therefore the potential at P 

due to the whole system of images will be — 1. 

The quantity of electricity on the conductor will equal 
the sum of the quantities in the images p^^ 2\> Ps 



= -OL-fi + 



Jo." + ya" ■ 



Hence the capacity of the conductor or the quantity 
which "will keep it at unit potential 



134. IProp. XXTX. To find the electrification of a conductor 
in the form of three spheres cutting mutually at right angles. 

This will be obtained by the inversion of the system 
(Art. 116) of three conducting planes, mutually at right 
angles. 

The distances from P of the seven images in the planes 
AJB, BC, CA are easily seen to be (if a, 6, c be the distances 
of P from the planes) 



^^^l.^*"'^'^^^+^« which 






>} 



<*:»»iahe ^***al images 



a.- aj- ^. 






alljfj 
secoi 



^« 26 + 0- 



>nBspoi 




'*+>S+y 



v?+^ 
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135. Prop. XXX. To find the electrification of a system con- 
frifftiTig of two spheres touching each other. 

This problem will be the electrical inversion of the case 
(Art. 117) of two parallel planes with an electrified point 
between them, the centre of inversion being the electrified 
point. 

The images to the right of A (Fig. 37) will have their 
images within the sphere A\ which is the image by inversion 
of A; while those to the left will fall in the sphere B'; and as 
before the^ capacity of each sphere will be given by changing 
the sign of the sum of the quantities at each electric image. 

Thus if Cj^ be the capacity of A' 



2x{a-\-b) ' 2a + 2(a?-l)(a-fi)' 

the symbol Sj* denoting that the terms formed by giving x 
all values from 1 to oo are to be added ; 

• n — V* 



a + 6 ' 0? {2a + 2 (a?- 1) (a + 6)} ' 
and similarly 



a 



Os=-^aT 



a + b ' a;{26 + 2(a;-l)(a + 6)}' 
if a, yS be the radii of the two spheres a=a- , ^ = ai,> 



.:C, = ^r. 



coo 



C = ^^' ;« ^ 



a + ^ ' x{x(a + ^)-'^}' 

These summations cannot be generally effected. The two 
simplest cases are (1) where the spheres are equal, 

C7, = (?, = alT 2^ (2a; - 1) = "^^ (2^^ " 2i) 
= a(l-i+J-J + &c.) = alog.2. 
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(2) When /8 is very small compared with a. G^ apj 
to be indeterminate, but can be found thus, 

p _ ^^ yoo 1 __ tt*^ fl . yoo 1 1J 

a^ a/8 ^« 1 



neglecting /8 compared with (a; — 1) a when a; > 1. 

Hence to the same degree of approximation (7^ = a, the 
same as if the small sphere were not present. Using the 
same approximation, 

Cfi = ^Sr^ very nearly, 



a \^r + 2'^ + 3^ + ^^V a • 6' 



as is proved in Trigonometry. 

To compare the densities on the two spheres divide the 
charge of each by its area and we have 

^ g _ 1 
^* 47ra* 47ra ' 

^^ 247ra/? 24a' 

.•.£^ = ^ = 1-645 nearly. 
pa & 

We may assume therefore that when a small sphere is made 
to touch any electrified conductor it carries away an electri- 
fication whose density is equal to 1'645 times the density at 
the point of contact. 

136. By inverting the system (Art. Ill) consisting of a 
freely electrified plate Sir W. Thomson has found the electrifi- 
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eation of a spherical bowl, due to the induction of an eleetri- 

particle anywhere on its surface produced. By inverting 

electrification (Art. 123) of two concentric spherical 

ices under the influence of a point betiveen them, he 

deduced the electrification of two spherical conductors 

ter each other's induction. For these and other problenaa, 

juiring for their solution higher mathematical analysis, we 

fer the student to the writings of Sir W. Thomson or Clerk 

Maxwell. ' ""' 



i 



Examples on Chaptebs III. and IV., and on General 

Statical Electricity. 

1. Two particles are charged with quantities q^ and y 
of electricity, and another with a quantity — (q^ + gj, and 
are placed at the angular points of a triangle. Show that 
the work done £^ainst the two former equals that done by 
the latter in bringing a + unit Up to the centre of the cir- 
cumscribing circle, 

2. Three particles arc charged with equal quantities, 
two + and one — , of electricity. Show that the centre of the 
inscribed circle of the triangle, formed by the three particles, 
will be on the surface of zero potential if 

, . ir-A . -jr + B . ir + C , ^M 

4 sin —-, — . sin — 7 — . sin — -. — = I, ^H 

4 4 4 ^H 

the negatively electrified particle being at A, ^H 

3. A rhombus is constructed, two of whose angles are 
W, and a + unit of electricity is placed at each. Two — units 
are placed at one of the other angles. Show that the po- 
tential at the remaining angle is zero. 

A funnel drawn out into a capillary tube ia filled 

t Tiith sulphuric acid, and a gold leaf electroscope having a 

I gold cap is placed underneath it. A rod of sealing-wax, 

lihieh has been rubbed with gun-cotton, is now held over 

Jlia funnel ; the acid flows out on to the cap of the electro- 

'" e and the leaves diverge. Explain the electrical actions 
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which produce the flow of liquid and the divergenc 
leaves. 

5. An insulated metal lamp is placed in a 
which an electrical machine is at work. The lamj 
nected by a wire with a gold leaf electroscope 
adjoining room. 

(i) Describe the indications of the electroscc 
lighting the lamp and working the machine. 

(ii) Describe the indications of the electroscc 
the lamp is blown out and the machine stopped. 

(iii) An insulated metal cylinder completely 
the lamp, and is connected with another electrosco] 
scribe the indications of this electroscope while the 
is in action and the lamp burning, and also after t 
is blown out. 

6. A stick of sealing-wax rubbed with flannel 
over a gold leaf electroscope, and the cap touched. 

(i) What will be the state of the leaves ? 

(ii) If the stick be brought nearer the cap, \s 
be the indication ? 

(iii) If the stick be moved further away, what 
the indication ? 

(iv) What will be the effect of holding a lar 
lated plate of metal between the sealing-wax and I 
What effect will the thickness of the plate have ? 

(v) What will be the effect if the sheet of i 
uninsulated ? 

(vi) What will be the effect of substituting a 
paraffin for the metal plate ? 

7. There are two similar gold leaf electrosco 
with a» point attached to the cap. A piece of seal 
rubbed with flannel is held over each of them and i 
Describe the indications of the two electroscopes be 
after the removal of the sealing-wax. 

8. An insulated metal cylinder, positively elect 
held with its axis vertical, and a funnel whose no; 
jects along the axis of the cylinder to near its mi< 
water poured into it. 
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(i) ■ The funnel is uninsulated, determine the electrical 
late of the issuing water. 

(ii) If the funnel now "be insulated what effect will be 
)duced on the electrification of the isauiug jet at first, and 
iter a time ? 

(iii) In question (i), after the water has run through, 

e funnel is insulated and removed, what will be the nature 

its electrification ? Will it differ from that of the funnel 

question (ii) after the water is eshauated ? 

(iv) What effect will be produced on the issuing jet, 

y connecting the funnel with the cyUnder ? 

(v) In (i) the issuing stream of wat«r flows into 
bother funnel, which is contained inside a second insulated 
'Under and connected with it. What will now he the state 
' the issuing stream, and what would be the electrical state 
f the second cylinder supposed neutral at first ? 

(vi) Will the potential of the lower cylinder go on 
ncreasing without limit; or if there be a limit, on what will 
t depend ? 

(vii) Show how an arrangement depending on the 
rinciple of the preceding questions could be constructed, by 
rhich a small charge given to a Leyden jar could be aug- 
mented to a high degree. 

A positively electrified particle repels every other 
Mitively electrified particle, but two conductors charged 
rith positive electricity do not necessarily repel each other, 
^Ixplain this .'-.pparent paradox. 

Show that two equal conductors similarly placed 
irith respect to each other, both raised to the same potential, 
lod insulated, always repel each other. 

11. Show that if the potentials of the two conductors in, 
le last question difi'er ever so little, they will, at great dis- 
JUaea, repel each other, tut at very near distances (supposing 
^tark to pass) they will attract each other. 

Two very thin parallel plates are pressed closely 
together, insulated and electrified. Show that the work done 
by them during separation equals half the whole energy of 
he electrification, 

0-^ 
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13. Two thin parallel plates are electrified to the samd] 
potential, draw a rough diagram of the lines of force. 

14. The two thin plates in the preceding question mi 
electrified to slightly different positive potentials. Draw the! 
lines of force, and show that when very near together there' 
will be an attractive force, and when very far apart a repulsive 
force between them. 

Using the notation of Art. 84, the energy of the system is 

Then if 0^., GJ be the rate of change of the capacitifli 
C, C sua X the distance of the plates is increased, the force 
helping separation will be 

Now (Art. 94) C= ^, and therefore (Art. 95) C^=--^> 

The value of (7' we do not know, but it certainly increases 
with X (Art. 105). Hence for the force separating the plates 
we have 

This shows that if V^ — V^ be riot zero, the force must 
certainly be attractive if the plates are near enough. 

Again, the first term becomes as small as we please by 
increasing w and the force will then be repulsive. Also if 
Fj — Fjj be small the first term will become insignificant even 
for such moderate values of x that the assumed form of ex- 
pression for the capacity still remains true. Hence we infer 
that in bringing the plates very near there will be an attraction 
between them, and on separating them far enough apart a 
repulsion. 

15. Two spheres of radii 4 and 5 centimetres are con- 
nected by a long and fine wire, find the proportion in which 
a charge communicated to the system is divided between the 
spheres. 

16. A sphere of radius one decimetre is connected by a 
long wire, with a plate one decimetre square, which has at 
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istance one millimetre from it another parallel plato con- 
)cted with the earth. Find the ratio in which a charge 
"'1 be divided between the plate and sphere. Calculate 
> the numerical capacity of the whole sjatem. 

.!„».. to 25 ; '°<-J-^-' >. 

a7- A thin circular plate whose radius is one decimetre 

jged with a unit of electricity, and moved till distant 

illimetre from a similar plate connected with the earth, 

lare the potential of the plate before and after the move- 

t of the plate. Atis. 257r to 2 nearly. 

88. Two spheres, each one decimetre in radius, are 
aected by a wire. A third conducting sphere is con- 
pic with and envelopes one of the spheres, and is also 
acted with the earth : the distance between the surfaces 
J two milUmetres. Show in what proportion a charge 
paunicated to the system is divided. Ans. 51 to 1. 

A Leyden jar one millimetre thick, and having 
_, decimetre surface, is fully charged by 5 turns of an 
trical machine. How many turns are necessary to charge 
I ft battery of 40 square decimetres, and 6 millimetres thick ? 

Alls. 33^, 

20. With same data as ques. 19, what fraction of full 
I charge will bo communicated to a battery of 20 sq. deci- 
I metres, '5 mil. thick, by 45 turns of the machine ? Ajis. ^. 

With same data as ques. 19, a battery having 200 
\ 9\. decimetres is charged hy 500 turns of tbe machine. Find 
I the thickness. Ans. 2 m.m. 

22. Compare the energy of discharge of two batteries, 
I Me of 20 aq, decimetres, and the other of 80 sq, decimetres, 
I Iwtk of same thickness, and charged to same potential. 

23. Compare in last question the energy of discharge 
I of the two batteries, supposing one charged with 80, and the 

"^ -I cither with 150 turns of the machine, neither being supposed 
•"■^ ■ '-'ly diarged. Ans. 256 to 225. 
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24. Compare the energy of discharge in two 1 
one of 15 sq. decimetres and the other of 60 sq. de 
each charged by the same number of turns of the 
the thickness being the same in both. Ar 

25. Compare the capacities of two batteries 
40 sq. decimetres, 1 mil. thick, the other of 100 sq. d( 
1*5 mil. thick. Ai 

26. Compare the potentials of two batteries 
30 sq. decimetres surface, IJ mil. thick, the other 
decimetres surface, '8 mil. thick, charged with equal 
of electricity. A i 

27. Compare the potentials of the two batteri 
last question, supposing one charged with 10 tur 
machine, and the other with 40 turns, supposin; 
fully charged. Ai 

28. Compare the amounts of heat evolved in 
charge of the two batteries of the last question. An 

29. A battery of 20 sq. decimetres charged 
turns of the electrical machine will just puncture gl 
thick. What extent of coated surface of the same 
charged to the same potential, will pierce a sheei 
3 mil. thick ? 

30. Two parallel conducting plates are conne 
with the earth, and the other with a source of ele* 
constant potential. A positively electrified pan 
from the positive to the negative plate. Show that 

(i) The particle falls under a uniform ac 
which varies inversely as the distance of the plates. 

(ii) The time of falling is directly proportioi 
distance between the plates. 

(iii) The velocity acquired in falling is indep* 
the distance. 

31. A gold leaf electroscope is connected by a 
with various points in succession on an electrified c 
the distribution being (1) free, (2) induced. What - 
(if any) will there be in its ind' 
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32. In what respects will the indications of the pre- 
ceding question differ (1) from those obtained by touching 
the various points with a proof plane and bringing it near 
the electroscope, (2) from the results obtained by suspending 
pith balls at various points on the conductor ? 

33. The plates of a condensing electroscope are con- 
nected by a long fine wire, electrified and separated. Will 
there be any change observed in the divergence of the leaves 
during separation? 

34. How are the potentials of .the surfaces of a charged 
and insulated Leyden jar affected by letting down into it a 
conductor — 

(i) Connected with the earth ? 

(ii) Completely insulated ? 

(iii) Completely insulated, but left with one half ex- 
tending outside the jar ? 

35. Two plates, having gold leaves attached to their 
faces, are charged as a Leyden jar, and insulated. The dis- 
tance between the plates is now varied. Discuss fully the 
changes in the state of the gold leaves as the distance is 
varied. 

36. A Leyden jar is charged and placed on the cap of a 
gold leaf electroscope. A small body, neutral or electrified, 
is brought near the knob of the jar and then removed. De- 
scribe and explain all the indications of the electroscope (1) 
when the body is neutral^ (2) when positive, (3) when 
negative. 

37. What differences would there be in the preceding 
question, if the body be allowed to touch the knob of the jar ? 

38. A series of n jars, whose capacities are (7^, C^, Cg,... 
are charged by cascade and fitted up as a battery. Show that 
if we neglect the free charges, and F denote the potential of 
the source, and Q the charge of the battery. 
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39. Hoioe Amr that the duoge of a battery chargi 
hr cftBCftde is greater than that of the jar of lowest and le 
than that of the jar of highest ci^ncity, chaiged from tl 



40. Three jars are ocMmected by fine wires and chargi 
by cascade Show how to cahmlate the electrification of tl 
system, making allowance for the finee chaige. 

Ans. If Cj, C^ C, be the capacities for bound charge, 

\j ^^h^ ^^^ aqncities of chaiges on inner coats, 

o,. Op o, be free aqncities of chaiges on enter coats, 

and V be potential of sonrce, the potentials of the inner coa 
of the second and third jars are respectively 

g.(g,+ C, + t.+oJ 

c c 

41. A number of conductors of capacities C^, 0^,... a 
raised to potentials V^, V^... respectively, and afterwards co 
nected by fine wires so as to form one conductor. Show th 
the potential of the conductor is given by 

2(7 • 

42. Show that in the preceding system the energy of 1 
wliolo conductor is to the energy of the separate conduct 

lii* [t(cv)Y is to sa X s (ap). 

48. Two equal jars are charged one positively and < 
liogativoly to the same potentials. The inner and outer cc 
aro thou connoctod by wires. What will be the state of e 
jar? 

44. In the preceding question, does electricity j 
from one outer coat to the other when both are at 2 
potential ? 

45, In tlio last question but one, what would happe 
the outer coats were insulated and the inner coats connec 
by a wire ? 
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Two splieres, whose radii are r, and r,, are in regions 
ri' potentials F, and V, and are connected by a fine wire : 
(i) rind the potential of the system, 
[ii) Find the free charges, supposing the wive to be sud- 
Y cut by a pair of scissors with glass handles. 

insulated and held witliin a Leyden jar, 
connected by a wire with aii electroscope outside. 

(i) What will be the indication of the electroscope when 
Ihe jar is first charged ? 

(ii) What would be the simultaneous indication of 
inotlier electroscope entirely within the Leyden jar and 
connected with the ball ? 

(iii) If after charging the jar the ball be touched by 
the finger, what will be the indication of the outside electro- 
scope? 

(iv) How will the indication of the electroscope be 
affected if the jar gradually leak ? 

(v) If the Leyden jar he charged and insulated before 
tlie introduction of the ball, how will the introduction of 
Ibeball affect an electroscope connected with its outer sur- 
face? 

48, A plate of radius a has auotber plate of the same 
radius at a small distance T from it, 

(i) K the system be charged as a Leydeu jar, compare 
the free and bound charges. Aiis. As 4jf to ott. 

{ii} If the plates of the Leyden jar be insulated and 
wnoved to a distance (, find the potential of the plates and 
the amount of the free and bound charges. Discuss both the 
csBcs in which ( is greater and less than T. 

(iii) The plate receives a charge Q of electricity and 
is moved till it is distant T from the second plate, which ia 
coimected with the earth. Find the potential and the amounts 
tif the free and bound charges, 

Atis, Potential 



■42' 



^'^ 
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(iv) If a= 1 decimetre and 7= -01 cm. and the i 
be charged as a Leyden jar, calculate the rise in poter 
each plate when the plates are entirely separated. ] 
this applied in the condensing electroscope ? 

Ans. Ratio of 1 to 

(v) The two plates are charged as a Leyden jar a 
positive plate is removed, the negative plate being 1 
insulated. ' Find the whole work done. (See Art. 105 

49. A Leyden jar is charged in the usual manr 
insulated. The knob is now touched by the finger. Fi 
change in potential of the two coats and calculate the 
of the discharge. 

50. Two Leyden jars charged \o different potentia 
their knobs brought for an instant into contact. Calcul; 
energy of the spark which passes. 

51. A Leyden jar is charged, and the charge ( 
with another equal Leyden jar, which is uncharged, 
that one-half the whole energy of the system runs d 
the spark. 

52. Find the energy expended in charging a cor 
of known capacity to a given potential by means of 
jar, whose potential of discharge is known. Show that 
be independent of the capacity of the unit jar. 

53. A Leyden jar is charged and fitted up with 
uncharged similar jars to form a battery, show thatth^ 

energy is only - of the energy of the single jar. 

54. A plate is placed between two equal and ] 
plates, and the three are electrified to given potenti; 
middle plate being highest. Find the position of equil 
of the middle plate. 

55. If the middle plate, when in a position of equili 
be removed, find the amount of its charge. 

56. Show that the equilibrium '*" ^^'^ oreceding e: 
is unstable. 
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57. Explain the necessity of a bifilar or analogous sus- 
ipension in the needle of a quadrant electrometer. 

58. Explain the experiment of ' Mahomed's Coffin.* A 
small chip of gold leaf, pointed at one end and blunt at th(» 
other, is thrown into the air near the knob of a charged 
Xeyden jar, and is observed to remain freely suspended for 
some time. 

59. Show how to find the potential at any point between 
two parallel plates electrified to different potentials. 

60. A small sphere is insulated and placed between the 
parallel plates in the last question, show how to determine 
its potential. 

61. If a small insulated sphere be placed between two 
concentric spheres, charged as a Leyden jar, show how to 
find its potential. 

62. Show that any symmetrical conductor, placed sym- 
metrically in a uniform field of force, will have the same 
potential as that at its centre, supposing the conductor re- 
moved. 

63. A sphere of radius r is insulated in a large uncharged 
Leyden jar without contact with the walls. It is connected 
by a long wire with another sphere of radius R, insulated in a 
region of zero potential. The jar is charged, and its potential 
rises uniformly at the rate of v units per second; find the rate 
of flow of electricity through the wire. 

Arts, FT^ units per 1". 

64. Deduce the rate of flow in the preceding example, 
supposing the wire to have its distant end to earth. 

65. A soap-bubble is blown and afterwards electrified. 
Find an expression for the radius of the soap-bubble that the 
internal pressure on the soap-film may be constant as the 
electrification proceeds. 

Ans, p^ = ^\l — 3 J , where 11 is the constant pressure, 

a the initial radius, r, p the radius and electrical densitv at 
any time durin*^ ' 'fication. 
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In Hohxs Madnme or in the eiecirophorti8,Biij sjnomi 
ci ^jeiczzidij bovever snuil is nuide to produce an amount 
of ekcincil separatkm as great as we please. Can this be 
r>»c^&c£Ieii vith the principle <^ conseryation of energy ? 

67. An nnelectzified oondnctor at zero potential on being 
msa]aL;«d and introduced into a space at potential V assumes 
ii>e potential of the ^nce. Show how tlus can be reconciled 
wiiL the principle of conserration of energy. 

t-x Point oot how the same jxinciple is satisfied in the 
v:fc:«=r'-dn>ppeng appmtos described in ques. 8. 

^X Show that in a svstem of equipotential surfaces 
r:<:Li>i an el^ctzined sphere, the distances of the consecutive 
meml^is of the srstem ci equipotential sorfsuses from the 
ceniz>^ v*f the sphere form an Harmonical Progression. 

7v\ If any system of equipotential sur&ces be freely 
electrined. the capacity of any sor&ce varies inversely as its 
pxenuxL suppcusing each sor&oe to enclose the whole elec- 
tricsJ system. 

71. Show that the rate of movement of any equipo- 
tential surface as the electrification proceeds at a uniform 
raie. varies inversely as the product of the force at the point 
on the sur£iice multiplied by the capacity of the surfsu^e for a 
free electrification. 

72. Show that in the case of an electrified sphere, the 
rate of electrification is equal to the velocity of any equi- 
potential surface multiplied by its potential 

73. If a sphere be at zero potential, and have its centre 
at a distance / (> radius) from a particle having m units oi 
electricity, show that the quantity of electricity on the sphere 

is ^ , a being the radius. 

74. If the sphere be charged with Q units of electricity 
and brought near a point having m units of electricity, fin( 
the potential within the sphere. 

Ans. — + -2 • 



\ 



PBOBLEMS IN STATICAL ELECTRICITY. 141 

75. If a hollow sphere be charged with Q units of 
electricity, and have a particle charged with — q units in- 
troduced through a small aperture, find the position of the 
particle that the potential at the centre may be zero. 

Ans, Distance from centre = -^ . 

76. A sphere near an electric system is brought to zero 
potential and insulated. On being removed the potential of 
the sphere is found to be — V, Show that the sphere occupied 
such a position that the potential at its centre due to the 
given system was + F". 

77. Two spheres of unequal radii are charged to the 
same potential, insulated, and brought near to each other 
till a spark passes. Find in which direction the spark will 
pass between the spheres. 

78. To find the work done in moving a particle charged 
with a given quantity of electricity from any given point 
within a sphere to its centre. 

Let P be the position of the particle charged with m 
units of electricity and CPT a diameter, T being conjugate 
to P. Let P', T be a pair of conjugate points on the same 
diameter near to P, T, 

The force on m at P is only that due to attraction 

of — .^.m at T; 

a 
.*. £ orce = py2 ~ /^a _ f^Y • 

But if PQ, FQ' be drawn perpendicular to CPT, 

a'^-f^Cg'-GP'^PQ'; 

^ am\ CP 

.•• Force = —p^,— . 

„ r 7D7D/ ctm" CP+CP 

Hence average force over PP" = -^ • pQ^ ryQ, ; 
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/. Work done through PF" = -^ . ^ PQ* xFO^ 

_an^ CP^CP^_an^ P'Q^-PC^ 

" 2 'Por.Rcp'' 2 PQ^rq* 

_am^( 1 1_\ 

" 2 Vi"<?^ P'^y' 
Adding the whole work firom a given point K to the ceotre 

~ 2 lc^*-C^ G4V " 2a (a* -/«) ' 
supposing CK=f. 

79. A sphere is at zero potential^ find the work done in 
removing a particle charged with a given quantity of elec- 
tricity from any external point to an infinite distance. 

- am* 

Ans. 



80. A sphere is charged with a given quantity of 
electricity, find the work done in moving a particle from 
any given external point to an infinite distance. 

81. A very large insulated circular plate has a particle 
charged with 7n units of electricity very near to its centre, 
find the potential of the plate. 

Ans, — — nearly. 

82. A sphere having a charge of electricity is brought 
near an electrified particle. Find an expression for the 
density of the electrification at any given point. 

Ans, Let Q be the charge of the sphere, a its radius, q 
the charge of the electrified particle, / its distance from the 
centre ; then the density at a point distant r from the elec- 
trified particle is 

g (/' - a") , ^ "^l"" 
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83. An insulated, but unelectrified sphere, is brought 
lear an electrified particle. Find the position of the line of 
leutral electrification. 

Ans, Using the same notation as in ques. 82, the dis- 
tance from the electrified particle is 

84'. A uniformly electrified ring is placed in a diametral 
plane of a sphere at zero potential and is concentric with it, 
End the density of the charge at either pole. 

85. If a ring, having the same radius as a sphere, be placed 
in a tangent plane to the sphere, so that the point of contact 
is the centre of the ring, compare the electrical density at 
the centre of the ring and at the opposite extremity of the 
diameter, the potential of the sphere being zero. 

86. Given the amount of electrification of the ring, find 
the amount of the whole induced charge in each of the two 
last questions. 

87. If the ring be placed in a symmetrical manner in- 
side the sphere, find the density at the two poles. 

88. A closed region, whose surface is a bad conductor, 
encloses a very delicate electrometer; electrified bodies are 
moving about with great velocity outside the closed region, 
will the erectrometer give any indication ? 

89. What would be the best form of electrometer for 
conducting the above experiment, and in what manner would 
^ou fit it up to make the indications as great as possible ? 

90. If the movement were one of rotation round the 
ilosed space, so as to keep the moving bodies on the whole 
.t a constant distance, would there be any indications? How 
^ould an observer, placed outside the region, proceed to 
aake observations in this case ? 

91. If you were in a closed space, having only a small 
perture, how would you proceed to determine the electrifica- 
ion of the space ? 

92. How far does the method you employ in the preced- 
es question apply to determine the absolute electrification of 
he eai'th? 
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93. What would be the electrical state of a sky-rocket 
just before reaching the earth? 

94. A balloon is allowed to ascend from the earth carrying 
a burning match, which is kept connected with one terminal 
of a quadrant electrometer by means of a fine insulated wire, 
which is let out as the balloon ascends. During the first 
hundred yards the potential rises gradually at the rate of 1' 
per 10 yards of ascent. After this the register is constant for 
20 yards, for the next 50 yards it falls at the rate of 1** per 15 
yards, and again rises uniformly at the rate of 1* per 12 yards 
of ascent. What inferences as to atmospheric electricity would 
be drawn from these observations? 

95. Explain why in a Leyden jar the loss of charge 
appears more rapid a few minutes after first charging thsui 
it does afterwards. 

96. A Leyden jar is charged and left for a few minutes, 
when its charge is divided by instantaneous contact with 
another equal jar. State what will he the condition of the 
two jars a few minutes afterwards. 

97. A Leyden jar made of a plate of shellac, coated on 
both sides, is charged, discharged and the coats removed. 
AVhat will be the electric state of the siurface of the shellac, 
and how will it vary with time ? 

98. If two spheres, placed in oil of turpentine, be charged 
to given potentials, will the force between them be greater or 
less than in air? 

99. If two spheres be charged with given quantities of 
electricity and placed in oil of turpentine, will the force be- 
tween them be greater or less than in air? 

100. A metal sheet is placed between two plates of non- 
conducting matter, whoso inductive capacities are JTand K\ 
and their thicknesses t and t\ and two other metal sheets 
are placed outside the plates. The inner sheet is kept at 
potential F, while the outer sheets are at zero. Compare the 
charges on the outer sheets on being insulated and removed. 

101. Faraday constructed a room coated externally with 
tinfoil and furnished with an anerture or window. The whole 
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om was insulated on glass legs, and could be powerfully 
larged by a large frictional machine. 

(i) On charging the room, what effect would be pro* 
iced on electrometers placed inside it? 

(ii) How would a person inside proceed to determine 
e external electrification of the room? 

(iii) If a frictional machine be carried inside the room 
id worked, the rubber being connected with the walls of the 
om, how will a gold leaf electroscope, placed outside in con- 
ct with the external surface, be affected ? 

(iv) If a ball be charged inside the room, insulated and 
ixried out, what effect will be produced on the electroscope? 

(v) A number of conductors are charged from the 
lachine within the room, and suspended by silk threads 
ithin the room, how will these affect the external electro** 
jope? 

102. A ball is electrified and held above a metal plate, 
hich is then touched by the finger, what indications would 
e obtained by testing the plate at various points above and 
>elow with a proof plane ? 

103. A metallic ball is lifted by a silk fibre on to the top 
f a rod of sealing-wax, the lower part of which has been 
ubbed with a silk handkerchief, what indications would be 
btained by touching it at various points with a proof plane? 

104. What differences would there be in the last ques- 
Lon if the ball had been placed on the sealing-wax by hand ? 

105. Two large spaces are constructed, which are kept 
t constant potential, one A at potential Fj, the other B at 
potential K^, supposing V^ > F,. Two spheres of equal radii 
,re placed in these regions insulated from them, and con- 
lected by a fine wire also insulated. 

(i) What will be the potential and the amount of charge 
)n each sphere? 

(ii) What would be the indication of an electroscope 
)laced in space A, and connected with its sphere? 

(iii) What would be the indication c^ roscope 

daced in sjn ~ d connected with its 

a BL \ 
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(iv) A burning metal lamp Is place<i on the sphere in 
region A, how will the indications of the two electrosc^qpes 
he affected? . , - - 

* ■ ^ • 

(v) If a burning metal lamp be„ placed on each sphere, 
how will the indications be affected? 

(vi) What will be the effect on the indications of the 
electroscopes if the wire be at some point to earth? 

^ 106. A sphere of radius one centimetre is charged with 
a unit of electricity and placed in a space at potential 10, 
what will be the pdtential of the sphere ? 

107. A sphere of radius unity is ii^troduced into a place 
at potential 5, and then connected with the earth. What 
will be its free charge on being insulated and removed ? 

• 108. -A conductor whose capacity is 4, is introduced into 
a room whose potential is 4, and the conductor is then 
brought to potential 3, insulated, and rcE^ved. What will 
be the amount of the electrification ? 

109. A conductor whose capacity is 6, is charged with 
12 units of— electricity, and placed in a region at potential 
3. What will be the potential of the conductor ? 

110. A conductor at zero potential is in a space at po- 
tential 8 ; on being insulated and removed it has 24 units 
of — electricity. What is its capacity ? 

111. A conductor of capacity C is charged with Q units 
of electricity, and put in a space at potential V, What will 
be the potential of the conductor ? 

112. A conductor is brought to zero potential in a space 
at potential V. On being insulated and removed it is found 
to have — Q units of electricity. What is its capacity ? 

113. A conductor of capacity C is placed in a region at 
potential V, and brought to potential V\ Find its charge. 

114. If the prime and negative conductors of an elec- 
trical machine have equal capacities, show that the effective 
working of the machine is at first diminished by one half, 
when the negative conductor i** ' ' "^d. 



PROBLEMS IN STATICAL ELECTRICITY. 147 

115. If the capacities in the last question are in the 
ratio (7, to C^, find the ratio in wliich the effective working 
is at first diminished by insulating the negative conductor. 

116. If an electrical machine be placed in the open air 
at a height h from the earth, and worked (with rubber unin- 
sulated) till the prime conductor hag a charge e of electricity, 
>lien the earth connection is broken ; show that negative 
electricity ia spread oVer the earth with a density at any 

point represented by „ — -j,, where r is the distance of the 

poiot from the machine. 

117. Show also that the change produced in the po- 
tential of the earth is to the potential of the conductor 

-AC to ff, where C is the capacity of the conductor and 
the radius of the earth, 

118. By inverting the electrification of a circular disc 
wtli respect to its centre, find the electrification of an in- 
finite plate connected with the earth, having a circular 
(parture, under the influence of an electrified particle at the 
wntre of the aperture, 

Ans. If e be the quantity of electricity at the point, 
•tid a the radius of the aperture, the density at a distance r 
from the centre 

1 ae 



119, By inverting the electrification of a circular disc 
ifitli respect to any point in a line perpendicular to it 
iirough its centre, fiud the electrification of a bowl in the 
tape of a spherical segment, having an influencing particle 
" its opposite pole. 

Ans. If e he the quantity of electricity at 0, the in- 
ktencing point, P the point on the bowl, A, A' the points in 
'hich a diametral section through OP cuts the rim, then 
je density at P 

1 e OA 
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137. We have stated that when two conductors broagnt 
by means of an electrical machine to diiFerent potentials are 
joined by a conducting bridge, an equalization of potential 
takes place through the bridge, which we may represent aa 
a flow of electricity from the place of higher to that of lower 
potential, or briefly as a cuiTent of electricity. We have, 
moreover, calculated the mechanical equivalent of such a 
discharge, the energy being converted into heat in the bridge, 
or into work external to the bridge in a variety of ways. 
The phenomena belonging to the bridge while the current is 
passing form the special subject for consideration in Voltnic 
Electricity or Galvanism. 

The current obtained by means of the common form of 
machine is a single instantaneous discbarge, or a rapid suc- 
cession of such instantaneous discharges, and therefore ill 
adapted for the production of the class of phenomena W 
which we have alluded. They can be observed to perfeetiw 
by means of the galvanic battery, in which the electricsi 
separation takes place with such rapidity, that the successive 
discharges, if they exiat, cannot be separated by the most 
dehcatc testa. We must bear in mind, however, that the 
differences of potential with which we are concerned are 
extremely minute compared with those obtained in tha 
machine, while the quantity of electricity in motion is incom- 
parably greater. To return tJD our old hydrostatical analogy, 
the machine current is a tiny stream tumbling down a pre- 
cipitous hill-side, the galvanic current is a vast lake flowing 
tlurough an almost level valley. 
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138. Before proceeding to the phenomena themselves, 
fe shall cooaider the connection between the two modes of 
jenerating electricity, 

In all forms of electrical machine the source of electricity 
is ultimately the friction of two bodies of different sub- 
stances, which, when rubbed together, appear to exercise an 
unequal attraction for the opposite electricities, which were 
at first neutral in both bodies. The result of this unequal 
attraction is the production of a difference of potential be- 
tween the bodies, this difference, while they are in contact, 
depending on the nature of the rubbing surfaces, and on the 
amoQnt of rubbing. 

I _ The energy represented by this difference of potential 
is derived from the mechanical rubbing, as also are the heat 
ttd change in character of the two surfaces which accora- 
pinj it 

for the development of the galvanic current, it appears 
necessary that there should be at least three heterogeneous 
bodies arranged in a circuit, one of such bodies, at least, capable 
nnder some conditions of being decomposed and forming a 
I diemical compound with one of the other two. 
I 139. Suppose A, B, C to be three such bodies, of which 
, i,B exercise a chemical affinity for each other. The deve- 
, lopment of the current has heen attributed to one of two 
caoses: — 

(i) To the differences of potential produced at the three 
places of contact, A with B, B with C, and with A. This 
ilToIta'a or the Contact Theory. 

(ii) To the chemical attraction between A and B, which 
Birowa the circuit into a state of polarization ; the resulting 
I tlieinical action being accompanied by an electrical discharge 
, round the circuit; the galvanic current being the result of 
» rapid succession of such alternate polarizations and dis- 
da^es. This is Faraday's or the Chemical Theory. 

These two theories of the action of the cell have been 
warmly debated among physicists, our countrymen for the 
most part siding with the more recent theory of Faraday, 
while continental physicists have for the most part accepted 
tie older theory of Volta, though somewhat modi6ed. The 
point of dispute amounts briefly to this : Volta recognized 
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that one of the three substances, in the circuit must be a 
fluid; Faraday, however, seeing that the chemicdl com- 
position of this fluid was, in all cases, altered by the passage 
of the current, attributed the current solely to this chemiaJ 
action. As a crucial experiment he constructed a Cell in 
which were two metals and one fluid, the fluid being (for 
fluids) a good conductor, but not capable of a<;ting chemically 
on either of the metals. 'He showed, by the most delicate 
tests, that in this case there was no current in the cell. This, 
in his opinion, entirely overthrew Volta's Theory. More re- 
cently, however, the perception of the law of Conservation of 
Energy, first put forth by Helmholtz, has shown that in tiie 
crucial experiment relied on by Faraday the existence of a 
current would have been an independent creation of energy. 
This has again opened the question, and experimenters have 
diligently set themselves to work to put the theory of Volta 
again to the test of exact experiment. 

So great, however, is the intrinsic difficulty of these ex- 
periments, that it is hardly too much to say that at present 
in no single instance has a difierence of potential been 
directly shown between two bodies, independent of the 
gaseous medium between them, of the pressure with which 
they are brought together, and of the friction with which 
they are separated ; the existence of such a difierence of 
potential in every case lying at the very foundation of 
Volta's theory. 

140. Nearly all the experiments hitherto made on the 
difference of potential caused by contact of two different sub- 
stances, depend on the principle of the condenser with air as 
dielectric between the condenser plates. Thus to find the 
difference of potential in absolute measure between zinc and 
copper, plates of these metals ground quite true are placed at 
a measured distance apart, and connected with the terminals 
of a quadrant electrometer. After connecting the two plates 
outside the condenser for a moment, the condenser plates are 
separated and the deflection of the electrometer observed, 
thus giving a direct measure of the difference of potential in 
question. Experimenting on this principle, the differences 
of potential at the successive heterogeneous contacts both 
in a zinc-copper and a Daniell*s cell have been given in 
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sabsolute measure. 'A little consideration however will stow 
"that in these experiments what is really measured is not the 
<iiffererice of potential between zinc and copper, but that 
"between air in contact with ainc and air in contact with 
copper, the zinc and copper being in contact ; and it has there- 
fore .been assumed that a metal is at the same potential as 
the air in contact with it. That this is not a necessary 
property x)f gases is proved by Mr J. Brown (Phil. Mag. Aug. 
1878), who has shown that' copper is negative with respect 
to iron in air, but is positive with respect to iron in hydrogen- 
sulphide. The only method depending on any other principle 
-than* that of the condenser plate is thus explained by Prof. 
Clerk Maxwell. {The Electrician, April 26, 1879.) 

"If we cause an electric current to pass from copper to 
zinc, the heat generated in the conductor per unit of elec- 
tricity is a measure of the work done by the cunent per unit 
of electricity, for no chemical or other change is efifected. 
Part of this heat arises from the work done in overcoming 
ordinary resistance within the copper and the zinc. This 
part may be diminished indefinitely by letting the electricity 
pass very slowly. The remainder of the heat arises from the 
work done in overcominsf the electromotive force from the 
zinc to the copper, and the amount of this heat per unit of 
electricity is a measure of this electromotive force. Now, it 
is found by thermoelectric experiments that this electro- 
motive force is exceedingly small at ordinary temperature*, 
being less than a microvolt, and that it is from zinc to cop- 
per." The microvolt here alluded to means the millionth 
part of a volt. Experiments conducted with great care by 
Profs. Ayrton and Perry give for the same potential difference 
when estimated on the condenser principle, three-quarters of 
a volt. These latter experiments are of. interest, since they 
show that the sum of all the potential differences estimated 
by this method of the different heterogeneous contacts equals 
the total potential difference between the terminals. 

141. To understand how the contact of two substances 
may produce a difference of potential, we must make some 
assumptions with respect to the molecular physics of bodies. 
The assump^^-^-" 'usually made is that all bodies ' "^^eir 

molecules \nt statQ of vibration, whi) 
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tudes and periods of vibration are different in different 
bodies. 

Thus when the molecules of two different bodies impinge 
on each other, as at the surface of contact^ they cannot 
accommodate themselves to each other's motion, but constiaiii 
each other, this constraint producing a loss of energy. If 
however, the two substances are of the same kind and at th( 
same temperature, the molecules on each side of the surface 
of contact are swinging in exactly the same manner, and cai 
easily accommodate themselves to each other's motion with 
out more constraint than exists in the interior of either bod; 
It is this loss of energy owing to the unsymmetrical swing 
ing of the molecules at the surface of contact which reappean 
as difference of potential between the two bodies, or as th( 
energy of electrical separation. 

The opposed electricities so separated will, for the mosl 
part, be heaped up on either side of the plane of separatioi 
by a Leyden jar action. 

Let A be the area in contact in any particular instance, 
Q the quantity of electricity separated, 
V the difference of potential produced. 

Then the energy of electrical separation is (Art. 78) \QV, 

The molecular energy abstracted will be proportional 
to the area in contact, and may be written mA, where m is a 
constant depending on the nature of the two surfsu^es. 

Hence mA = \Q F. 

Again, in a Leyden jar of given substance and thicknes 
(Art. 94), the quantity of the accumulation is proportiona 
jointly to the difference of potential and to the area of th 
surface of the jar. Hence we may write 

Q=^nA.V, 

where n is another constant, depending only on the nature « 
the two bodies. Hence we have 

mA = \ nA . F", 

or F^ = — . 
n 
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Sence V or the difference of potential produced by contact 
s independent of the shape of the bodies and of the area in 
K>ntact, depending only on the substances concerned. 

We have neglected here the small portion of the electri- 
ication which will distribute itself over the two bodies ac- 
X)rding to electrostatic laws, maintaining the two bodies at a 
constant potential throughout their mass. This will in all 
»ses be exceedingly small, corresponding to the free charge 
n a Leyden jar. 

142. Suppose now two bodies AB, BC to be joined at 
one end B. In virtue of the contact one of them, suppose 

Fig. 47. 




AB, acquires a higher potential than the other, BC. If now 
We could join A and by a body which behaved only as a 
conductor, a flow of electricity would take place between A 
and C tending to equalize their potentials ; the contact at B 
Would develope a fresh difference of potential, and we should 
have a continuous current through AC. This current would 
be a source of energy, and we should, in this case, have an 
Unfailing source of energy. The law of conservation of 
energy shows this to be impossible. Thus we learn that the 
contact of (7, with A on one side and with B on the other, 
nust produce differences of potential whose aggregate effect 
s to counteract the difference at the junction B. Or calling 
r, F, Z the three bodies, and denoting by F | X the dif- 
erence of potential between X and F, assuming X to be at 
ligher potential than F; we have 

^^Y\Z+Z[X. 
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If we regard X | F as symbolically equal to — F | J 
may write this relation «^^_ 

Y\ Z'\-Z\X+X\ F=0, W 

which must be regarded as a fundamental relation in ill ^ — 
case of all bodies whose molecular condition remains unaltenlB^' 
by contact. It expresses the fact that if any number of sue 
bodies be in continuous circuit the diflference of potenti 
between the extreme pair is the same as if these two wei 
in direct contact. This was proved experimentally by Vot 
by means of his condensiog electroscope for all metals. 

143. In the typical voltaic cell we have two solids, say zii 
and platinum, immersed in a liquid say hydrogen chloride 
which is capable of entering into chemical combination withl 
the zinc. The relation noted above will not therefore hold,] 
since there will be an alteration in the molecular condition 
two of the substances involved. 

On dipping the zinc plate into the fluid, a diiference o(l 
potential Zn | HCl is established between them, and in' 
dipping the platinum plate in, a difference Pt | HCl is 
established. The fluid being a conductor, a distribution of 
electricity over its surfaces takes place instantaneously, and 
establishes equality of potential throughout the fluid mass. 
The zinc and platinum plates are therefore at different po- 
tentials, the amount of difference being 

Zn I HCl + HCl I Pt. 

This difference could be tested by a quadrant electrometer, 
provided the alternate pairs of quadrants were of zinc and 
platinum respectively. 

Suppose now a zinc wire laid across from the zinc to the 
platinum plate. At the point of contact with the platinum 
a new difference of potential is introduced represented by 
Pt I Zn. 

The whole difference of potential between the zinc plate 
and the other end of the zinc wire then becomes 

Zn I HCl + HCl I Pt+Pt I Zn. 

If the three substances followed Volta's law, this would 
necessarily vanish. Since however hydrogen chloride has 
chemical affinity for the zinc, it will not vanish, and the 
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of the wire being now at diflferent potentials, a flow of 
icity takes place through ike wire from the platinum 
ds the zinc plate, tending to equalize their potentials. 

t4. In consequence of this, the fluid in contact with 
inc acquires a higher potential than that in contact with 

Fig. 48. 
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)latinura. The molecules of the fluid become polarized, 
ig their positive ends turned towards the platinum, 
their negative ends towards the zinc. Hydrogen chlo- 
being a compound body, we assume that the elements 
Dgen (H) and chlorine (CI) exercise their own electrical 
ties, the hydrogen being the electro-positive, and chlo- 
the electro-negative component. The arrangement of 
ompound molecules might be shown thus (fig. 48a). 
'he chemical aflSnity of the zinc and chlorine now comes 
play, causing the Zn to combine with the chlorine 
s next to it, so as to form zinc chloride (Zn Gl^, two 
s of chlorine combining with each atom of zinc). The 
3gen of this molecule combines with the chlorine of the 

and so on along the whole row of molecules, leaving 
lydrogen free at the platinum plate, the molecules at 
ame time each becoming neutral. This arrangement is 
n in 6, fig. 48. In this way the discharge of electricity has 
lied round the whole circuit. The platinum plate is 
I brought to a higher potential than the zinc, and the 

process is repeated, the successive discharges following 
other with so great rapidity that their ^^^'c^+once can 
be inf ^ " m theoretical considerat" 
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We find, however, apart firom all theory, after the pa- IJ* 
sage of the current for any len^^h of time, that sine ii 
consumed, zinc chloride is formed in the cell, and hydioga 
bubbles up at the platinum plate. So &r our proYisiiNttl 
theory accounts for the facts observed. 

We find moreover, that during the passage of the current, 
heat is developed in all parts of the circuit, and that the 
conductor is capable of performing work external to itself (as 
the movement of a magnetic pole, for instance). We are in 
consequence compelled to look for a source of energy in the 
circuit. This source we find in the combination of zinc and 
chlorine. Whenever zinc chloride is formed, heat is evolved 
in the process, and it is found by actual experiment that 
the whole heat evolved (supposing no other work done) 
during the passage of the current is the same as that whicli 
would be given out by dissolving in Hydrogen chloride 
the amount of zinc that has combmed with chlorine in the 
cell. 

145. The electro-chemical property of decomposable 
fluids noted above has been explained by saying that a 
metal in contact with a fluid exercises not only a rrms 
attraction, but also an atomic attraction. The difierence 
of potential between zinc and hydrogen chloride may he 
resolved into Zn | HCl the mass attraction, and [Zn | HCl] 
or [Zn I H + Zn I CI] due to the attraction of the zinc for 
the separate atoms, the latter being denoted by being in- 
cluded in brackets. We might then write the whole differ- 
ence of potential 

Zn I HCl4-[Zn | HCl] + HCl | Pt + [HC1 [ Pt] + PtZn. 

We may now assume that, as far as the mass attractions 
are concerned, the substances obey Volta's law, so that 

Zn I HCl + HCl I Pt + Pt I Zn = 0, 

and the unbalanced difiference of potential which originate 
the current is 

[Zn I HCl] + [HCl I PtJ 

due only to the atomic attraction of the metals on th 
elements of the fluid 
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146. We must dow define three terms of constant use in 
<erence to a voltaic celL 

Def. Electromotive force is used to denote the sum 
all the differences of potential effective in a voltaic circuit 

The term electromotive force is convenient, as we apply 
to all cases in which a current is originated, even when we 
Qnot strictly say that there is a difference of potential It 
mid also be noted that it is not a force in Newton's sense 
the word, but Potential energy per unit of electricity. 

Def. Electrodes. The metal plates which dip into the 
id are called electrodes, that to which the external current 
vs being the zincode, and that from which it flows the 
tinode. The term is also extended to any two terminals 
m and to which electricity flows. 

Def. Poles. The term pole is used of the extremities of 
conductor external to the fluid, that in connection with the 

Mnode being the positive pole, that in connection with the 

code the negative pole. 

The direction of the current will therefore be in the fluid 
m the zincode to the platinode, and external to the fluid 
m the positive to the negative pole. 

147. It is sometimes convenient to represent graphically 
3 changes of potential in the course of a circuit. When 
3 circuit is open this can easily be done provided we know 

absolute measure the value of the successive differences 
it occur. 

Fig. 49. 
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Thus, in the typical cell, let Z be the zinc plate, P the 
,tinum plate, and K the junction of tbf* * '^'re and 
.tinum ^ ' 
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We assume the dififerences of potential to be 
at Zy Zn I HCI, which shall be positive, and may be rep 

sented by ZA ; 
at P, HCI I Pt, which shall be negative and less than ZAy 

it be 52) ; 
at K, Pt I Zn, which shall be positive and equal to EF. 

The broken line ABDEFH gives \i8 the law of chai 
of potential throughout the circuit. The w:bole electroD 
tive force of the cell is represented by 

ZA - BD -{-EF^ZG suppose, 

and this would be the difference of potential of the t 
terminals or poles, as measured by a quadrant electromete 

148. We say nothing here about the potential at a 
part of the circuit, which, if the cell be insulated, will 
positive at one terminal and negative at the other, 
practice, one part of the circuit is generally put to earth, a 
thus brought to zero potential. If the zinc plate be put 
earth, then the ordinates in the figure represent the potentij 
and ZG is the potential at the other end of the open circu 

If the platinum plate were put to earth the potentials woi 
be shown by ordinates drawn to a horizontal line through L 
that at Z being equal to — DP or — EK, and that at 
to EF, the whole difference being in all cases equal to ZG. 

149. The electromotive force of any cell can now 
calculated d priori^ if we know the differences of potent 
produced at the various contacts. The experimental diffic 
ties render these determinations very unreliable, and we c( 
sequently content ourselves with knowing the whole elect 
motive force active in the cell, which is the only thing t 
practically concerns us. Having determined this for c 
cell in absolute measure, we can compare the electromot 
forces of different cells with it, by methods to be explaii 
further on. 

150. It is well known that metals possess a remarka 
power of condensing gases on their surface, and the electri 
influence of these gases is seen in a variety of ways. 

If two platinum plates be placed in hydrogen and oxy^ 
gas respectively for some time, and be afterwards dipped 
water (slightly acidulated to iir^-'^"'" 'conduction),. and tl 
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|oined by a wire, a current is found to pass from the oxygen 
fco the hydrogen plate. Since there is no contact of hetero- 
geneous substances except platinum and water (which oc- 
curring twice, the diflferences should neutralize each other), 
fche electromotive force must be due to a diflFerence in beha- 
^our towards water of a plate charged with oxygen and one 
barged with hydrogen. In this cell the electromotive force 
OBnay be represented by 

PtH|H,0+H,0(Pto, 

^^ivhere Ptg and Pto denote respectively that the plate is 
oharged with hydrogen and oxygen. The passage of the 
current is accompanied by the disappearance of the free 
gases, which recombine to form water, and the cell is therefore 
jujtive only for a short time. The energy of the cell was ab- 
stracted from the kinetic energy of the gases, and is equal to 
the energy of chemical separation of oxygen and hydrogen. 

The same effect arises in all cells in which gas is 
liberated at the positive plate, unless the gas be soluble in the 
liquid round the plate. The liberated gas causes a backwards 
electromotive force which diminishes the effective electro- 
motive force in the cell, and weakens the cell as soon as it 
is in action. This eflFect is commonly known as polarization. 

151. To avoid this, a variety of cells have been con- 
structed, in which the substance liberated at the positive 
plate is not gaseous, or if so, a gas which is soluble in the 
liquid which surrounds it. 

In Daniell's cell there are two compartments divided by 
a membrane or a porous diaphragm, through which trans- 
mission of fluid and chemical action takes place. In one 
compartment is placed a zinc rod, immersed in dilute sul- 
phuric acid (HjjSO^), and in the other a rod of copper 
immersed in copper sulphate (CuSO^). In this cell the 
radical SO^ (sulphion) takes the place of chlorine in the 
former cell, zinc sulphate being formed at the zinc plate, 
hydrogen sulphate at the diaphragm, while pure copper is 
deposited on the copper plate. The molecular arranger^ ^v-^c 
during polarization and after discharge are shown (F 
the rows of t a,b respectively, . - 
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The result of the action of the cell is that zinc w ion K 
away, zinc sulphate being formed in the acid cell, while tie "^ 

Fig. 50. 
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copper sulphate is partly replaced by hydrogen sulphate in 
the salt cell, and copper is deposited on the copper plate or 
rod. 

The electromotive force is represented by 

Zn I H,SO, + H,SO, | CuSO, + CuSO, | Cu + Cu | Za 

Groves' and Bunsen's cells illustrate the same principle. In 
them the nitrous fumes given off at the carbon or platinum 
plate being very soluble in nitric acid do not polarize the 
plate. These cells have a superior electromotive force to 
DanielPs cell, but are not so cleanly in working nor sc 
durable. 

152. The cells last alluded to are called constant, sinc( 
the only limit to the working of the cell is apparently tb 
exhaustion of some of the materials which compose it. Ther 
is another obstacle called local action. It is well knowi 
that commercial zinc contains impurities, and also that it 
density in different parts is very different, while the produc 
tion of pure and homogeneous zinc would be expensive, 
not impossible. The consequence of this want of uniformii 
is to make the difference of potential between the zinc an 
fluid different at different parts of their common surface, aB 
galvanic circuits are set r" ♦^'^ugh the zinc itself, whic 
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jonsume it, and interfere entirely with the action of 

To avoid this, the zinc plate used is rubbed over with 

, which forms a pasty amalgam with the zinc, gives 

jr a uniform surtace for the action of the acid, and 

the local circuits. The mercury itself is not at- 

►y the acid, but seems to improve the action of the 

aising the difference of potential at the zinc plate. 

his means and the employment of various contriv- 

: ejecting the reduced zinc and supplying the other 

OS, batteries of the constant class can be kept in 

order (as for telegraph purposes) for months without 

care than the occasional filling up with acidulated 



The power of a galvanic cell may be increased to 
Qited extent by increasing the number of cells and 
g them in various combinations or batteries: the 
tion most suitable being determined by the cir- 
ces of each particular case. It will be right here 
der the electromotive force in two arrangements, 
mounding which all others are produced. These ar- 
nts are the simple and compound circuit, 
le compound circuit all the cells are arranged so that 
[node of one cell is joined to the zincode of the next, 
lit being completed by joining the zincode of the first 
le platinode of the last. 

arrangement with three cells. A, B, C, can be 
3d thus. 

Fig. 61. 



z 
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A B c 

be the fluid and the zincode of A be to earth, the 
1 at the ziTipnrle of 5 is 

^\F+P\ZoxE. 
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The rise of potential between tlie zincodes of B and 
will be again E, making a total rise of 2E, 

Similarly, if there be n cells in compound circuit, 
rise of potential in all the cells is nE, On this princ 
batteries have been constructed from which, without] 
ing the terminals, sparks have been produced, Leyden 
charged, attraction and repulsion illustrated, and in fac 
the phenomena of statical electricity exhibited. For 1 
purposes several thousand cells must be joined in cii 
and each cell carefully insulated. For an account of 
experiments consult Mr Gassiot's Memoir in Phil. T 
for 1844. 

154. An illustration of the compound circuit is se 
Volta*s crown of cups and in his pile. The last illust 
(Fig. 51) is precisely his crown of cups. 

In Volta's pile, a series of zinc and copper plat( 
arranged in the following order — 

ZnSCuZnSCuZnSCu Cu, 

S denoting the fluid part of the circuit, which consi 
pieces of flannel soaked in the fluid, generally acid 
water. The contiguous CuZn are soldered together t 
vent the fluid soaking in between them. The theory • 
pile is precisely the same as that of the compound c 
the difterence of potential of the terminals being s 
proportional to the number of metal pairs. 

To the same class belong the so-called dri/ pile 
best known of which is Zamboni's, used in the Be 
berger Electroscope. This pile consists of one to two 
sand couples consisting of paper tinned on one side a 
the opposite coated with manganese binoxide. In 
piles there is an appearance of an electromotive force w 
a decomposable body. The fact seems to be that sc 
the elements of the pile (sheets of paper, for instanc 
very hygroscopic, and perform the function of the 
These piles are found to suspend their action when thorc 
dried and to regain it when left exposed to the damp 
air. In others glass or shellac seems to take the pi 
the fluid. With them the action of the pile impro^ 
warming, and the reason see'^ ' ' ^^ that these subs 
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^hen warm are decomposed by the circuit. That glass 

fceJoQgs to this class of conductors is shown by the tact 

that when a current is passed through two platinum plates 

immersed in molten glass, after the current has passed 

for some time, the plates are polarized, and this can only 

liappen, as far as is known, when the substance interposed is 

decomposed by the current. The glass, however, need not 

be molten to produce this effect If a test tube of glass be 

filled with jnercury and dipped in another vessel containing 

mercury, and if the mercury within and without the tube be 

connected with a battery enclosing also a galvanometer, no 

current will pass as long as the glass is cold; but if the 

mercury be gradually heated at a temperature even below 

100* C. a current begins to pass through the glass. K after 

the current has passed a short time the battery be thrown 

out of circuit, leaving the galvanometer still in the circuit, a 

current due to the polarization of the glass will pass in an 

opposite direction to the battery current. Thus proving that 

glass even while in a solid state is decomposed by the 

current. 

155. In the simple circuit all the zincodes are joined to 
one terminal and all the platinodes to another, the circuit 
being completed by joining these terminals. The arrange- 
ment with these cells will be as follows : 



Fig. 52. 




u 



all the zincodes being connected with a terminal D, and 
all the platinodes with a terminal E, 

W— ^ 
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In this case all the ziDcodes are at the same potential, 
and all the platinodes at the same potential. The con- 
sequence is that the difference of potential between D ancl£ 
will be only that due to a single cell, or will be simply 

Z\ S-i-SlP + PlZ. 

This arrangement is in fact electrically identical with a 
single cell containing plates of three times the area, which 
of course in no way affects the electromotive force. 




We have explained above in connection with Fara- 
day's Theory of Induction, the state of a medium acted on by 
electrical forces (Art. 75), We then established 
I (i) That in each molecule there was a separation of 
electricity along the line of force through the molecule, the 
quantity separated across any equipotential surface being 

F 
measured by ± t— per unit of area, where F is the resultant 

force at the point. 

(ii) That this electrical separation produces or is pro- 
duced by a strain in the medium along the lines of force, 
from which strained state the medium tends to return to 
a neutral state by a discharge from molecule to molecule 
through the medium, 

(iii) That this discharge constitutes conduction resulting 
in a transfer of the positive electricity separated to the 
place of lower, and of the negative electricity separated to 
'lie place of higher potential, the lines of flow being the lines 
of force, and the quantity of electricity neutralized along a 

tulie of force being ± j— Fa-. 

The chief difference between the case there considered 
and our present problem is that here we have two parts of 
tile conductor kept at constant potentials, so that as soon 
"Mfflae diaoharRe baa taken place, the strained state retai 
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again owing to a new separation of electricities, and we get 
so rapid a series of discharges, that it cannot be distinguished 
from a continuous current. 

157. We may still assume that the strain at any point 
in the conductor is measured by -t- F, when jP is the re- 
sultant force at the point, and since good or bad conduction 
consists only in easy or diflScult transmission of electricity, 
the rate of flow at any point in a given body is propor- 
tional to the force at that point. But experiment shows 
us that diflferent bodies transihit the cuiTent in very dif- 
ferent degi'ees, and consequently in different bodies the rate 
at which the series of charges and discharges sucK^eed each 
other will be different. We shall assume therefore that the 
rate of flow at any point is measured by the product c,F, 
where c depends on the body, and F measures the force of 
electrical separation at the point. The quantity c depends 
on the substance and condition of the body, changing when 
its temperature or molecular condition varies. 

Now to measure the rate of flow of a stream of water 
we should take a unit of area perpendicular to the stream- 
lines, and compute the quantity transmitted through it in a 
certain time. The same method is applied in electricity, and 
we will suppose c so chosen, that cF measures the quantity 
transmitted per second across a unit of area of an equi- 
potential surface over which the average force is F. If then 
a small tube of force be taken whose area is <r, the quantity 
transmitted per second across any section of the tube will he 
cFa; and since Fa- is constant throughout the tube, the 
quantity transmitted per second, at whatever point in the 
tube it be measured, will be the same. 

The quantity c depends entirely on the substance of the 
conductor, and is called its * specific conductivity.' 

Def. Specific conductivity of a substance may be 
measured by the quantity of electricity transmitted per second 
across a unit of area of an equipotential surface, at which the 
electric force has unit value. 

158. Again, if the conductor be bounded by a tube of 
force, the quantity transmitted along it per second will be 
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measured by ^cFa, and this quantity is called the * strength 
of the current ' in the tube. 

Def. Strength of current in any tube of force is 
measured hy the quantity of electricity transmitted per second 
along the tube offeree. 

The principle shown above, that the strength of the 
current in all parts of a tube of force is the same, is often 
expressed by the phrase 'homogeneity of the circuit.' Since 
however this strength depends on c the current will not be 
homogeneous unless the substance and temperature of the 
conductor are the same throughout. 

159. Since there is a transfer of the opposite electricities 
in opposite directions along the tube, it is impossible to speak 
strictly of the direction of the current, but as most of the 
phenomena depend on the directions assumed by the op- 
posite currents, it is convenient to define the direction of flow 
of positive electricity as the direction of the current. 

160. Prop. I. To find the strength of current in a conductor 
on which two surfaces bounded by closed curves are kept at con- 
stant potentials. 

Firsty let the conductor be a cylinder whose two ends are 
at potentials V^ and F^. 

Fig. 63. 




Let the end A (Fig. 53) be at V^ the higher potential, 
and the end 5 at V^: also let I be the length, s the section, 
and c the specific conductivity of the cylinder. 

Let / denote the quantity transmitted per second across 
any section PQ, or the strength of the current. When 
the diflference of potential is first established, some of the 
lines of force will cut the surface of the cylinder, and a flow 
of electricity will take place along them, producing a i 
ficial distribution, which combined with the constaixt i 
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(ication of the ends, will make the lines of force parallel tfl 
the length of the cylinder. The tubes of force will then lie 
cylindrical, the rate of change of potential along them 
constant, and the flow of electricity will be steady. Tbe 
rate of change of potential or the electric force along the 
cyUnder will be equal to 

V,-V, 
I ■ 
Hence the quantity transmitted per second across any ela- 
uient of the section of the tube whose area is c will be 

V ~V 
cFa = c . — - -J — ^ . a. 

Hence the whole quantity transmitted across a complete 
section will be 

I.c-'-j--s--^(V,-\,). 

The quantity y, which depends only on the suhslance 

and dimensions of the cylinder, is called its conductivity, and 
measures the quantity transmitted per second when the ends 
are at unit difference of potential. 

Secondly. If the conductor be of any form. 

The same reasoning may be extended to this case, as the 
first instantaneous eifect of the flow of electricity ia ^ 
produce a distribution on the surface such that every tuba 
of force shall proceed from one to the other of the give" 
surfaces, after which we have a steady flow of electiicity 
along the tubes of force. 

The amount transmitted through any tube is measured, 
as we have shown, by cFtr. 

If the Burfaces be A^, A^, and at potentials Fj, F,, 't 
follows (from Art. So) that, neglecting all induction except 
between A^ and A^, the quantity of electricity on these 
surfaces is ± C ( F, — K,), where is the capacity of the 
system A , A^. or —q.^ according to the notation of that 
Article. Hence the whole quantity is proportional only W 
the difference of jxitential between the surfaces. Agai" 
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t. 69) the law of distribution of electricity over A^ and A^ 
determinate, and therefore the density at each point is 
X^T-oportional simply to the difference of potential. And 
force just outside A^ is equal to 4nr times the density, 
is therefore also proportional to ( Fj — K,) ; and therefore 
tilie value of Fa- through any tube of force passing from A^ 
tx> A^ is proportional to V^ — F,. Let now t\<r be the value 
of Ja when the difference of potential between A^ and A^ is 
vinity, and we shall have generally for every sucli tube of 
ibrce 

Fa ^ F,a (V,- V^. 

Hence the quantity of electricity transmitted by that tube 
of force per second 

Taking all such tubes of force and adding together the 
corresponding current strengths we shall have the whole 
current strength between A^ and A^or 

/=2cF.<r(F.-F.) 
= ctF,<r.(V,-V,). 

The coeflScient cXF^o" depends only on the geometry and 
substance of the conductor and will be defined as its conduc- 
tivity. 

Def. Conductivity of a conductor is the quantity of 
fkctHdty which flows per second between two given surfaces 
071 it which are kept at unit difference of potential. 

The numerical value of the conductivity is cSi^jO*, where 
F^ is the force over the area a on an equipotential surface, 
and c the specific conductivity. When the conductor is 

cylindrical, it is represented by -y, where s is the area of 

^ section, and I the length. 

161. In practice we always use the resistance instead of 
the conductivity. 

Def. Resistance of a given conductor is v 

egitaJ '^rocal of its conductivity. 
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For any coDdactx>r its value is given by 

1 

and for a cylindrical conductor by 



1 length 

c area of section ' 

where c is the specific conductivity. 

The quantity - is often termed the specific resistXLncn 

c 

of the conductor. 

162. The preceding proposition can be now put in this 
form: if two parts of a' conductor be kept at potentials F^and 
F,, and if R be the resistance of the conductor, and ithe 
strength of the current, 

To represent this formula graphically in case of a cylin- 
drical conductor let the abscissa AB represent the resistance 
of the conductor, and at A, B set up ordinates AG and BD 
representing the potentials at those two points, and join CD. 

Fig. 54. 







At a point P in AB, draw an ordinate PQ. Then since 
/fi = Fj^ — Fg for any portion of the circuit, it is clear that 
if F be the potential at P, 

AC^V AG^BD 



J = 



AP 
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hence V= PQ, the ordinate drawn to CD, or CD sliows the 
I law of fall of potential from ^ to B referred to resistaQce. 

Bnt when the conductor ia cylindrical, the resistance la 
proportional to the length, and to each point on AB corre- 
sponds a point on the conductor dividing its length in the 
ame ratio. 

The same figure shows that we may graphically represent 

tte current strength, j^^ — , as the cotangent of the 

aDgle AGD, or as the tangent of the elevation of the line of 
potential. 

163, Prop, n. In any voltaic circuit if E be the whole 
electTomotiTc force and B, r the reaistanceB of the conducting 
¥ire and fluid in the cell respectively, then the strength of 

wtrent is given by I=D4r ■ ^^!^s Law. 

Let Z, P, K be the zincode, platinode, and junction of 
the two metals respectively, the abscissiB representing, as 
in the last Article, the resistances of tho parts of the circuit 
solid and liquid. Owing to the changes in potential at the 
different contacts, the line of potential will ho a broken line. 
The law of change we do not at present know, except at 
Fig. 55. 




the junctions, the potential at J?, being the same as at Z, 
the difference of potential at Z being denoted by ^ | S, 
There 8 denotes the fluid, that at P by 5 I P, and that at 
Sby P \Z 

Since the conductor throughout is not homogeneous, the 
''ireuit will not at first be homogeneous, but there will bp_ 
* storing up of electricity at the different jiAuctieiua. 
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scorimc xp "^^nR brmg the jimctLOiis to such potentials that tbe 
ourreuc ^^cren^ii between them is unifonn. The current then 
becomes steaay. 

Let r repres«it its strength, and let F, be the potential 
-.u :iie duid nexr die platinode, and V^ the potential in the 
inatiuode wire at its junction with the zincode 



cJ-r F-P 






4^ 



ZF PK 

S-T^^ 7 ; -P [ 5-F, + F , + p' |Z 

zp-i-p^+i:^; 

>'-c> P+Pi c 



But rite aumerator lepiresents the electromotive force £, 
.iu-( '.-.10 avuouuiuicur ^e sum. of the internal and external 
•.rsi*4.am>L's» Hence we have 

\>liicti lis '\uowu as Ohni*s law. 

U^o i'mula also shows that the line of potential is in a 
vviisiuii: d:c\vc:oDL. and its direction may be found by setting 
v'(f -IS ,ib:?v'iS5si the whole resistance in circuit as ZZ^^ and as 
.n: ;ur:o :lto wiiole eleccn^motive force as ZG. The line 
\}S.. ^'.\cs u^ the law of tall of potential in the circuit, omit- 
t;uc ^'f ovHir^' the discvmciauiries at the various junctions. 

Ulxo SiUVvO r^:k^*.^ai^g can clearly be applied to any system 
whacovcc of o.^iKiuv*tors arranged in linear series, and with 
:vi\v uiuulvr of eUvtromotive torces amono^ them. We shall 
havo ill a! I cases it K W one of the resistances, E one of the 
elcctrvHuocive foa'es. and / the current strength, 

^ :iR' 

Although the reasoning by which we have arrived at 
Ohm's law depends on molecular actions, which are assumed, 
but cannot be put to experimental test, the law itself has 
been subjected to the most rigorous experiment, and may be 
classed in point of certainty with the best ascertained physical 



ohm's law. 173 

E 

164. Ill the formula I=Ti , there are three quan- 

R-\- r ^ 

ies which require to be measured, and it will be conveuient 

TO to remind the student of the units in which we have 

sumed them measured. 

(i) Electromotive force is diflference of potential, and 
t unit is the unit difference of potential, as defined in 
aap. III. 

(ii) Current strength is the quantity of electricity trans- 
itted per second along a conductor, and its unit will be the 
rength of a current sending a unit of quantity per second. 

(iii) Resistance is a new idea, and must be measured in 
cordance with the above formula by the resistance of a 
nductor, which allows a imit of electricity to flow per 
cond through it, the two ends being kept at a unit differ- 
ice of potential. 

These are the units which we have used in theory, but 
ey would be very inconvenient in practice. The prac- 
:al units depend on electromagnetic phenomena, and we 
ust defer their precise definition till we come to that part 
' our subject. We will merely state now that 

(i) Electromotive force is measured by the volt^ which is 
)out equal to that of a DanielFs cell. 

(ii) Resistance is measured by the olim^ which is a cer- 
ija coil of wire oflFering a definite resistance. 

(iii) Current strength is measured by the ampere; the 
npere being the current in a circuit in which the electro- 
otive force is one volt, and the total resistance one ohm. 
he quantity of electricity transmitted per second in a cur- 
nt of one ampere is called a coulomb. 

We shall assume in future, unless absolute units are 
iferred to, that quantities are measured in these terms, 
or measuring them we require in practice a galvanometer, 

set of resistance coils, and a cell whose electromotive force 

known. 

165. Prop. HL To find tlie ctirrent strength when n cells each 
\ resistance r and electromotive force E are arranged ' '^ 

zcnit (see Art. 155}. 
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"We have already shown that in this case the electromo- 
tive force is unaltered, the arrangement being equivalent to Wfr 
a single cell in which the plates are n times as large, and Jt: 
since the resistance of a cylindrical conductor varies in- 
versely as area of section, if r be the internal resistance of a 

single cell that of the battery is only ~. Ohm's formula 

therefore becomes 

E nE 



/ = 



n 



Cor. When the internal resistance is small compared 

to the external, this formula is equivalent to / = p , and the 

current strength is not increased by increasing the number 
of cells. If, however, It be small compared to r, or the 
external resistance be very small, the formula is equivalent to 

/ = — , or the current strength is increased in proportion to 
the number of cells. 

166. Prop. IV. To find the current strength when n cells are 
arranged in compound circuit. (Art. 153.) 

Here we have shown that the whole electromotive force 
is nE, Each cell, however, introduces a fresh resistance, and 
the whole resistance in the battery becomes nr. 

Hence Ohm's formula gives 

j.^ nE 
nr + B' 

Cor. If r be small compared to iJ, or when the internal 
resistance is small, /=-^, or the current strength is increased 
?i-fold. But if nr be large compared to B, the formula re- 
duces to — = — , or the current is not increased by ia- 
nr r "^ 

creasing the number of cell? 
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L67. Remembering the construction for the line of 
ntial, we can illustrate graphically the two last propo- 
•ns. 

Fig. 56. 




AA^ be the internal resistance, and Afi^ the electro- 
Lve force of a single cell. If there be n cells simple cir- 

1 

sd, the internal resistance is Aa = -AA.,SLiidac=A,C,. 

n * * * 

Then if the external resistance be small compared to 
J (as AB^) the current strength is increased in ratio 
AB^c to tan ABfi^. 

But if the external resistance be several multiples of 
J as ABy the increase is only in the ratio tan ABc to 
ABG^y nearly an equality, or the simple circuit gives 
cely more than a single cell. 

168. In the case of a compound circuit, the resistances of 
successive cells are represented by Aa^y afi^y c^s^s-'-^^n-i^"* 

Fig. 67. 




^n ^n^j o^ 



a 



^i- A 



I the electromotive force is a^ C^ ■ 
itromotive force of a single cell. 



n . afi^y or n t' 
If AB be ' 



+1 



le 
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L*esistauoe, the line of potential will outside the batfery be 
i^iven by Bc^. For the law of change in the battery we 
clearly have a broken line discontinnoua at each junction, 
but if we assume the whole rise in each cell to take place at 
the zinc plate, assuming the last zinc in connection with B, 

the line will be represented by the broken line d^cl, d,. 

If a^L\ represent the electromotive force of a single cell, 
the increase in strength of current will be in the ratio tan 
*l Bt\ to tan ABc^, This is large when AB is considerable. 

If AB be very small so that A and B coincide, the line 
oi^ potential will be as in the following figure, in which. 

Fig. 58. 
Ct 




from the ot^nstruction of the figure, it is clear that the fall 
in each ooU of the battery is equal to the rise at each zinc 
plato. There is in this case no gain from using a compound 
circuit. 

IGO. Tlie corollaries to the two last propositions show 
that when the external resistance is very large there is no 

Kg. 59. 



ZP ZT* XB 




ZP SSP 
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advantage obtained by arranging tbe cells in simple circuit, 
and when very small there is uo advantage in arranging 
them in compound circuit. When the resistance is moderate 
we obtain a greater current than by either arrangement, by 
a combination of the two, which may be called mia:ed circuit, 
and is illustrated in the six ceils of Fig. 59, in which the 
vertical rows are simple circuited, and the horizontal rows 
conapound circuited; the arrangement being the same aa that 
of three cells arranged in compound circuit, each coll having 
plates twice as large as those of the given cell. 

170- Prop. V. To find the corrent-strength due to pn cells 
;ed in q homontal rows of p cells, the cells in each row 
in compound circuit and the successive rows is simple 

tnit. 

Here the electromotive force is clearly pE, and the 
resistance in the battery p x - , since the arrangement is the 

same as that of p cells whose plates are q times as large as 
the plates of each cell. 

Hence Ohm's formula gives for the current stitngth 

17L Prop. TL To &nd the best axraueement of n cells 
when the external lesistattce is given. 

Let them be arranged iu q rows of p cells each. 

Then \vc have n-/'?. ^H 

and / = -i:^. V 

'I 
"We want to find values of p iVnJ q which make / the 
current strength a maximum. ^ 

?,+ « : + ■« V 

11V 
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Hence we most make - H — as small as possible. 

q q 

^^ r R pr R 

Now-+ — s=^ + — 

i p n p 



-V'^Cv/f-Vf)' 



p 

The right-hand side is a minimum when the square : 
contains vanishes. 

Hence, URbe not too great, we make . 

\ n \ p ^ i 

or the external resistance must be made equal to the interr 
resistance. 

The greatest value of — is clearly when p=n and q = 

then R = nr. If R has this or any greater value, the coi 
pound circuit is the best. If R is less than this we must choc 
p and 3' so as to satisfy as nearly as possible the condition 
making the external and internal resistances equal. 

172. The proposition of the preceding Article may al 
be treated graphically. 

If there be n cells of electromotive force E and resistan 
R, arranged in q rows of p cells, we have for e the electr 
motive force and p the internal resistance of the battery, tl 
equations 

€==pE, 

pR 

P = ' 
? 

n=pq. 
Hence p^P^^^fff. 



e»=- 
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L equation which shows that if p be an abscissa and € 
le corresponding ordinate, the locus of its extremity is a 

xrabola whose latus rectum is — ^ . Hence in all arrange- 

lents of the battery the relation between its internal resist- 
nce and electromotive force is represented graphically by 
he abscissa and ordinate of a parabola. 

The only part of the curve practically available will be 
that between the abscissa — , when the cells are simple cir- 



n 



cuited, and nR when they are compound circuited. 

Tracing the curve we shall have the portion between 
B and (7, for instance, available. 

Fig. 60. 




If the external resistance be set off" to the right of A along 
:he axis, equal suppose to AF, the strength of the current 
svhen simple circuited is tan AFB, and when compound cir- 
cuited tan^i^'C (Art. 162). 

The greatest possible strength of current will be that 
Jorresponding to a tangent drawn from F to the parabola, 
luppose FP; then AE is the internal resistance, PR the 
ilectromotive force, and the current strength is given by 
.ajiRFP 

By a well-known property of the parabola we have 
iR = AF, or the external and internal resistances are equal. 

173. Prop. Vn. To investigate the strength of the current 
Jid the whole resistance in any divided circuit. 

Suppose the potentials at two points -4, 5 to be F and 
v. Let t-^** '•^<»istances in the various branchep \ 

iEB, & B^. . .and the current sbie;i^ 
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Then in the respective branches by Prop. I. 
r- F' = /,R, : F- F = /,i?, : F- r = /,B„ &c. 

Fig. 61. 




Hence F- F = ii = i3 = i? = 

iij ie, i«, 

1 -^2 -"'8 



But the whole current passing is clearly the sum of i 
passing in each branch. 

Hence I = I^ + 1^-\^ I^+ 

1111 
Let also m'" B '^ B '^ B '^ 

12 8 

Hence F-F' = y=/«. 

B 
But by Art. 162, when 

B ' 

B is by definition the resistance of the conductor. 

Hence for the resistance of any divided circuit we 1 
if R be the whole resistance and i?^, i?.^... the brand 
sistances, 

B'~B,'^B,'^B,'^ 

and the current in each branch is inversely proportion 
its resistance. 



OHM »S LAW. 



181 



174. Prop. Vni. To investigate the current in each branch of 
any net-work of linear conductors. (EirchhofTs Laws.) 

Any net-work may be resolved into a system of linear 
conductors, and a system of junctions at which three or more 
linear conductors meet. 

We must begin by giving arbitrary values to the poten- 
tial of each junction, except two, at which we must suppose 
the potentials given by connection with a battery or other- 
wise. 

For each linear conductor at whose extremities the poten- 
tials are V^ and T^, whose resistance is -B,, and in which the 
current is /„ we have 

r^-V, = T.R. {A), 

and similarly for each linear portion. 

For each junction we know that the same amount of 
electricity which flows to it must flow from it. Hence if 
/j, /g, /g... be the current strength flowing all to or all from 
a given junction, we have the algebraical equation 

I,+I,+I^+ =0, 

or S/ = (B). 

The systems of equations (A), (B) always give us enough 
simple simultaneous equations to find the current in each 
brancli and the potential at each junction. 

175. The equations (A) can usually be simplified by 
reo'arding the net-work as a set of closed circuits. 

Fig. 62. 
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In any closed cucoit ABC, where there is no impresded 
electromotive force, we have 

F,-F. = /./2.. 

Hence /,Bj + /^ + /,B, = 0, 

or 2ZB = 0. 

If there be in any branch an impressed electromotive 
force E, we have similarly 

tlR-^E. (0). 

The sets of equations (5), (G) will be generally sufficien 
to determine the current in each branch. 

176. Prop. IZ. To investigate the cnirent-strength in 
system consisting of six condnctors Joining four points (a qu 
drilateral and its diagonalsX fonr of the hraaches having i 
them electromotive forces. 

Let A BCD represent such a system. Let the curren 

strengths in the branches be /j, /, 7^, the electromotr 

forces E^ E^, and the totcal resistances R^ R^, as 

figure. 

Fig. 63. 




The equations for current-strengths are — 

from ABDC; E^ + E, = I^R, + I,R,^ I,R,^I,R^,..{i) 

from ABD; E^-E^ = I^R^^ I^R^ + I^R^ (ii) 

{rom ADCF; ^, « /,iJ, + /,R, + I^R^ ^V^^^ 



KC 
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= /,-/,-/. (iv)) 

= 1,-1^-1, (V) (5). 

" """ JL^ ^^ *^0 ^^ "*K •••••••••••••••••• I ' ^/ J 

six equations (5), (C) are independent and sufficient 
mine the current-strength in each of the six branches. 

mportant case arises when the current in one branch 
endent of the electromotive force and resistance in 
branch, in which case these two branches are said 
njugate to each other. 

Prop. X. To show that in the ssrstem of six condncton 
bur points the diagonals are conjugate to each other if 
lets of the resistances in the opposite sides be egnaL 

must proceed to solve the six equations of the last 
ion to find Z,. We shall adopt the method of in- 
late multipliers, multiplying the equations (ii) — (vi) 
2...^ respectively. If we add the resulting equa- 
^ether and equate separately to zero the coelB&cients 
, /,, I^, /g, we shall have five equations to determine 
and the remaining equation for /g — 

(X,i?, - \) = E, + E, + X^ (E, -E:) + \E, (vii). 

y this equation be independent of E^ if \ = 0. 

ing down the five equations for \\ with the extra 
a Xg = 0> we have 

\,+\,=o^ 

condition that these equations can be satisfied simul- 
y is found by eliminating \, \y \, \ from them, 
dt is easily seen to be 

RJt^^RJt.^O (ix). 

s) is satisfied, (viii) can be satisfied. ' ' '^'^ will 
— "'sfied with the extra condition. ^^s. 



>- (viii). 
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case Jg is independent of E^ , and since B^ enters none of 
equations (vii), (viii), I^ must be also independent of R^. 

Cor. 1. Conversely the current in -4^ will, if (ix) be 
gatisfied, be independent of the electromotive force and re- 
sistance in BD, 

Cor. 2. If /, = 0, which will happen if (ix) be satisfied 
and E^ be the only electromotive force, it is clear that ii, 
enters none of the equations {B), (G), and the currents in all 
the branches will be unaltered by making or breaking con- 
tact in BD, 

178. Prop. XI. To find the time of discharge of a given 
electrified ssrstem. 

Let the two surfaces A, B be at potentials V^ and F,, 
and let R be the resistance of the medium interposed be- 
tween them, all measured in absolute units. Let also G be 
the electrostatic capacity of the system; then the quantities 
of electricity ± G{V^'-- V^ tend to neutralize each other by 
conduction through the medium. 

Let us assume that v is the difference of potential, and 
+ q the quantities of electricity after a time t, and that v 
and ± q represent the same things after ^ + t, where t is 
a very short interval. 

By Ohm's law / = ^ , where / is quantity of flow per 
second. 

Hence the quantity which flows through in time t 

Hence ? "" 2' ~ ij • 

But q--q = C{v-vy, 

Hence t = CR . 

V 
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By Art. 37, when is very small, as will be the case 

here, we may put 

= — log - ; 

/. T = +(7iilog-, 

= CR (log V — log v). 

The same proposition will hold for any number of very 
short intervals; we shall have, if v be the diflference of poten- 
:ial after a time t from charging, 

f = CiZ {log ( F.-F.)- log i;}; 

• = locr — * • 



J 
'CR 



/. «; = (F,-F.)e 
^vhich gives the potential at any time t 

1 
If we observe in what time v = - (F — VX or the differ- 

jnce of potential falls to one n^ of its first value, 

1 _j_ 

- = € ^^ , or < = CiJ log n. 

179. Prop. Xn. If E be the specific inductive capacity, and 
} the specific resistance of a substance, and if C be the electro- 
ftatic capacity of any condenser made of that substance, and 
El its resistance to the passage of electricity; to prove that 

C?B = 2- . pK in absolute measure. 

It is assumed that lines of force proceed exclusively from 
)ne surface to the other of the body under consideration. 

To find the electrostatic capacity, we n^ ' along 

iny tube of ^r is constant, and at ^tai« 



186 ohm's law. 

surface Fa = 47r/)<r = 47rj. Hence the whole charge Q ( 
either surface is given by 

and if F^ be computed on the assumption that the opposi 
surfaces diflFer in potential by one unit (Art. 160), 

g=(7when ^^=1?;; 

.-. 47r(7 = SF,(r, 

if the dielectric be air. In the supposed case where t 
dielectric has specific inductive capacity K^ 



47r 
Bat it has already been shown (Art. 156) 

i2 = 



1 _ P 



where - = c, the specific conductivity ; 

• 47r\B* 

or RC=^pK. 

Cob. We have shown in the last Article that if t be 



time of falling to ( - 1 of charge, 



RC= * 



log,«* 
Hence we have 



47r *^ log« n ' 

180. Prop. ZnL To calculate the amount of Heat devel 
in any portion of a galvanic circuit. 

Let the potentials in absolute measure at the extren 
of the circuit be V. and K,, R the resistance of the i 
posed circuity and / the strer » current. By 
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nition of current- strength / units of electricity pass from 
potential (^ to potential F, per second, and when no external 
work is done, this amount of energy must be converted into 
heat in the circuit. 

Hence the mechanical equivalent of the heat given out 
per second is I {V,— Fj. 

Again, if J represent Joule's mechanical equivalent of 
heat, or the number of ergs imparted to a gramme of water 
which is warmed from 0°0. to 1°C., and if ^be the number 
of units of heat given out per second, then JH will also 
represent the mechanical equivalent of the heat given out 
per second, and we have 

Jlf = I{l\-V^). 
K But V~V.^ = IR. 



' Hence JH= rR = ^^J^^- . 



J 



If the conductor be a wire whose specific heat la c 
w its weight in grammes, and 6 the elevation of temperature 
per second, then H=cw8; 

.: Jcwd=PE = ^-'^^^=I(V^-V,). 

a. foiTnula giving the elevation in temperature owing to the 
passage of the current. 

COH. 1, It appears from the last formula that the eleva- 
tion in temperature is independent of the length of the wire, 
provided the strength of the current be constant, for will 

be proportional to — , which is a constant, since both nume- 
rator and denominator are proportional to the length. 

Goit. 2. If the section of the wire vary, the current re- 
maining of the same strength, it is clear that R varies in- 
versely as the area of section, and w varies directly as the 

area of section. Hence the quotient — will vary inversely 

as the square of the section, or if the section be similar 
throughont, inverse)/ as the fourth power o? One 4\Mii^\ft^, 
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ISL PkopiZIVl TaihflfwflMkim any divided drcidt in wM 
tkoe Is m dJilfilwU fla of ike c iment -gfaength in each brandi 
incndj as ill ifiitium, thae wiU be less heat given ovk 
tkan if the sane total cimenis were distiibnted ia any otiier 
waj. Principle of Least Heat. 

First, let the circnit contain onlv two branches. Then 
if /,, B^ and ^, £, be corresponding quantities for the 
two branches, and / the whole current, 

and JH = I*R^ + I'B^; 

.: JH (/?. + J?.) = I*R* + I;b; + (// + /,•) J?,i?. 

= (/./?. - 7^/ + (7. + // 5,1?. 
= (7.5. - Ifi,y + 7'5.5,. 

The right-hand side will have the least possible value when 
the first term vanishes, or when 

I fix = It^%y 

i.e. the current in each branch is inversely as the resistance. 

Hence also H or the heat given out will have its least 
possible value. 

Secondly, in any divided circuit we see that for any two 
of the branches this relation must hold, or we could re- 
distribute the current in these two so as to evolve less heat 
without disturbing the current in the other branches. Hence 
we infer, however many branches there be^ there will be least 
heat evolved when the current in each varies inversely as the 
resistance, or when the currents are distributed according to 
Ohm*s law. 




PROBLEJIS IN VOLTAIC ELECTIUC'ITY. 

182. In the following problems we siiall endeavour to 
illustrate the propositions of the preceding Chapter by laying 
before the student a number of results mostly of the bighett 
importance to the practical electrician. 

The chief instnimenta we shall assume used will be a 
galvanometer, a box of resistance coils, and a quadrant or 
other form of electrometer capable of giving absolute 
measure. The theory of the galvanometer wo do not enter 
into here aa it belongs to Magnetism. We shall assume how- 
ever that the form used is that known aa the tangent gal- 
vanometer (unless the contrary be stated), in which the 
strength of the current is proportional to the tangent of the 
deflection. 

It is not generally necessary to determine a current in 
absolute measure, our problems nearly always depending tn 
the comparison of two currents with the same galvanometer. 

183. Prop. L To investigate the electrical conditions of 
"Wheatstone's Bridge. 

Whealatone's Bridge is only a particular case of the sys- 
tem of conductors investigated in Arts. 176, 177. 

This instrument consists essentially of a double divided 
circuit, two points in the divided branches being joined by a 
coaducting wire. These divided circuits are ABC and ADC, 
and HI) is the joining wire. In the portions AB, BC, CD, DA, 
are introduced resistances, which we shall call p, q, s, r, and in 
J}D 13 a galvanometer whose resistance we call g. The cur- 
^alvanie cell enters at A and leases a.\ G. T'tia 



190 



PROBLEBIS IN VOLTAIC ELECTBIdTT. 



cell is E, and we shall denote its electromotive force by £ 
and resistance by R. 

Fig. 64. 




The current-strengths in the various branches we denote 
by J,, I^, J,, I^, I^, Jg, as shown in figure. 

Then in circuit EABGE we have 

E= BI+pI^ + ql^ (i), 

iuABD, 0=pl^ + gl,-rl^ (ii), 

iaBCD, O^ql^-sl^-gl, (iu), 

at^, I=h + h (iv)> 

ate, / = /. + /. W> 

at5, /» = /. + /. (vi). 

These six equations will be found independent, and can 
be easily solved, giving the strength of the current in each ol 
the six branches. 

By (vi). /, = /.- 4 

By (v) and (iv), /, = /-/. = /- /, + /, = /. + /.. 

Substitute in (iii), 

= 5(/,-/.)-«(/. + JO-sr7„ 
or 2A-«-^t-(3' + »+5')A = 0. 

By(u), pit-ri. 
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Hence — ; 



/. 



•'s 



r(q-^srhg) + 8g p(q + 8+g) + qg qr-ps' 



i.-L 



also = 
and 






p {9+ff)+i{r-^g) p {q+g)-^q i'^-^g) 
l,+l, I 



by (vi), 



by (v), 



(r+i?)(? + sj+5r(p + j + r + s)* (r-^p-^g){q + 8+g)-g^ 

These equations with (i) give the currents in the branches. 

The one of practical use is /g, the current in the galvano- 
meter branch, and in the general use of the instrument this 
is made to vanish. The condition for this is clearly that its 
denominator shall vanish, or that 

qr--p8=^0, 
or p : q :: r v 8, 

a relation on which the use of the bridge depends. 

184. In practice one resistance is generally known, that 
in AB suppose, while that in BC is required to be deter- 
mined. ADG generally consists of a straight wire at any 
point of which by a key the branch BD is completed. By 
moving the key we find the point D for which the current 
vanishes, and reading oflF the relation of the lengths AD : DC, 

we have AD : DC :: p : q, 

whence q becomes known. 

185. We might at once see by the graphical method that 
if this relation hold, there is no current in the galvanometer. 

Fig. 65. 
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Let the resistances ABC and ADC be represented by 
ABC^, ADC^. 

Let the differences of potential between the extremities 
of the conductor be represented by AP^ perp^idicolar to 
AC^y and AP^ equal to it perpendicular to AC^. The Kne 
PjC'j represents the fall of potential along AC^, and Pf^ 
along AC^. 

By similar triangles 

BE^ : AP^ :: C,B : C^A, 
and DE^ : AP^ :: CJ) : C^. 

Hence BE^ = DE^, 

if Cfi : C^A :: CJ) : C^, 

or Cfi : BA :: CJ) : DA, 

or C^B.DA=BA,CJ), 

the relation already found. If B and D be now joined there 
will be no current in BD, since the extremities are at the 
same potential. 

Cor. It follows that the currents in the other branches 
will remain unaltered whether the branch BD be open or 
closed. 

186. Prop. n. To find the resistance of a galvanometer coiL 

This resistance can be measured by Wheatstone's Bridge 
just as that of any other conductor. After the magnet has 
been mounted in its place, the following method, due to 
Sir W. Thomson, is found to lead to more accurate results. 

Place the galvanometer in the branch BC (Fig. 64), and in 
BD place a contact-breaker instead of a galvanometer. It 
appears by the corollary to the last Proposition that if the 
relation ps = rq be satisfied, the galvanometer deflection will 
remain the same whether contact in BD be made or broken. 

We have therefore only to adjust the other resistances 
until the galvanometer reading does not alter on making or 
breaking contact in BD, and then the resistance of the gal' 
vanometer is given by 



041 



PROBLEMS IN VOLTAIC ELECTRICITY. 



193 



187. Prop, m. To measure the internal resistance of a 
Battery. 

1st Method. If we make circuit in the battery by pieces 
of stout wire connecting its poles with the galvanometer, the 
only external resistance will be that of the galvanometer, g. 
Then if S^ be the" observed deflection, and x the unknown 
internal resistance, 

c tan o, = , 

. ' x + g' 

where c depends on the galvanometer. 

Introduce now between one pole and the galvanometer a 
measured resistance r. If S^ be the new deflection 

c tan Sg = — ; , 

^ x+r+g 

tan S^_x + r + g 

tan §2 ^-^9 * 
a simple equation for x. 

This method is open to many objections, as the observa- 
tions are taken with two different current-strengths. From 
these objections Mance's method seems free. 

188. 2nd Method (Mance's). In this method is employed 
a modification of Wheatstone's Bridge, similar to that used 



dividing 




by Sir William Thomson for measuring the galvanometer 
resistance. The cell whose resistance is to be measured is 
placed in BC, the galvanometer in A G, and a contact-breaker 
in BD. The arrangement will then be as in the figure. 



C. E. 



\'i^ 



UH 



y«iw if 1^ II linriyMH in. the haarhct sasisfj the conditloa 
:)jt = ii\ ~iitf bnioizhtis BD ami AC are conjugate, and eon- 
-stf iii^nrir -nakriig or brcftking eontact in BD will prodoce 
n*> r!fb«:r on the ;2!aLvaoi>meter hi ^C If therefore one l^ 
-ri^rTLiuv:^ be jiijnscable. we aifj^sc it until the galvanometer is 
uniTirfiieace^L b^r mukfng and bceaking^ and we ha?e 
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1 

1 

i/.:j 



K- 






laBL FtoiL IT. TiB 



fiocce of tfi 



I>r iE'^iod. Take one cell and introdoce resistance till 
^iie ril'''*inonieccr stands ac a certain deflection S^. Let r^be 
tile ^^<i^^Cinee introdaced : fj^ R those of the gialvanometer 

AM resLstanoe r^ . so that the deflection comes down to S,, 



I' ' 
1 



'. tan c^ = 



r/ + rj-.-flr-hA' 



1 r' 

.". - \ cot 8^ — cot ?,> = -ii- . 

yext, by introducing resistance into the circuit of the 
other cell bring its deflection to S^. Add resistance (suppose 
)• ') till its deflection is 8^ as before. 



Then 



-(cotS,-cotS,) = J.; 






' E ' E " r' ' r' 

or the electromotive forces are proportional to the resistances 
which must be introduced to bring the galvanometer froB^ 
one fixed reading Sj to ano*' 
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The objection to this simjde method is that the electro- 
ive forces are subject to variation from a variety of causes 
n the battery is in action, and the comparison should 
lys be made when no current is passing. 

190. 2nd Method. By Clark's Potentiometer, For this 
hod we require a battery of very constant electromotive 
3, and a length of fine wire coiled along an ebonite 
ider similar to Wheatstone*s rheostat. 

Let A be the constant battery, BC the cylinder, and 
E^ the cells to be compared. 

Fig. 67. 
A 




Connect the battery A and a variable resistance in the 
iiit ABCy and make a branch circuit BG^Efi containing 
alvanometer 0^ and the cell E^ (which is supposed to 
e greater electromotive force than E^, so placed that its 
ent in BG is opposite in direction to that of A. NoiXY 
resistance in AG till the galvanometer 0^ is at zero, 
n the difference of potential between B and G will equal 
Introduce now the second cell E^ having its negative pole 
5, with a second galvanometer G^, With the positive 
I D make contact at successive places along BG till there 
10 current in 0^. We then have E„ : E^ :: BD : BG, 
ice if a divided scale be attached to BG and graduated 
1 to 100, we can at once read off the electromotive 
e of E^ in terms oi E^, 

91. Prop. V. To find the position of a " fault." 
[n practical telegraphy faults arise from a large variety 
jauses and under a variety of circumstances, which in- 
Qce considerably the method adopted for ^ction 

the determination of their position. 
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The following include a few of the methods most co 
monlj employed. 

Ist Method. For a land-line in which the wire is c( 
pletely broken, the broken end not making earth. 

In this case the resistance will be enormously increa 
the only escape of electricity being by the insulating i 
ports, or through the gutta-percha sheath which surrounds 
wire. In this case it is clear that the resistance is inver 
proportional to the length of cable tested, and we shall 1 
the proportion, 

Resistance after fault : Besistance with distant end insul 

:: length of line : distance of fault, 

whence the distance of the fault is found. 

192. 2nd Metliod. When the wire is severed and 
broken end makes complete earth. 

Here the resistance will be diminished, since the 
tricity escapes to earth at the fault, instead of at the fui 
end. Hence the resistance will be directly proportionj 
the length, and we have 

Resistance of whole line with 

end to earth 

: : length of line : distance of fault, 

whence again the position of the fault can be found. 

193. Srd Method. When the wire is not compl 
broken, but makes partial earth. Blaviet^'s Formula, 

Let E be the resistance of the line AB when perfect, / 

Fig. G8. 

D 



Resistance of faulty 




resistance of the faulty line roftasnred from A when B 
earth, T the resistance of tl: <5 when B is insul 
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If X, y, z he the resistances of the portions AC, CB, and 
the fault at C, we have 

It = x + fj (i), 

S^x + -^ (ii), 

I/ + Z 

T=x + z (iii), 

'^ree equations for x, y, z. 

By(i), y = R-x, 

«nd by (iii), z = T — x. 

Substituting in (ii), 

(^-^KT-^) 
^"^'^ R + T^^x ' 

{E + T)S-2xS=^{R + T)x''2x^ + RT-{R^ r)a? + a?'; 
/. a?-2xS = RT-(R + T)S; 
/. (x-8)' = RT-(R + T)S-{-S* 
= {R- S)(T--8); 

/. x = S-J{R-S){T-S), 
which is Blavier's formula. 

194. These methods all have the imperfection of assuming 
that the resistance at the fault remains constant (or vanishes) 
during the measurements, and of neglecting the leakage 
through the insulating sheath or supports. This, owing to 
polarization and a variety of irregularities, is not found to be 
the case. To get rid of this difficulty, various methods have 
been devised depending on the measurement of potential 
instead of resistance. The following, due to Dr Siemens, 
seems free from objection. 

4ith Method. Siemens* Method for a submarine cable or 
land-line. 

Let AB represent the faultless cable insulated at both 
ends, AG, BE equal but variable resistances, CD, EF con- 
stant equal resistances. At D the positive pole of a battery 
is attached, and at E the negative pole of an e' "^rj', 

the orxooeate poles being to earth. 
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If LQ, FK be the potentials at D and J?, the line c 
fall of potential will cut AB in the middle, or the middle i 



Fig. 69. 



C G 




Ti' DC 



the cable will be at zero-potential. The equal differer 
DG— CH and FK—EL can be measured at the two e 
by quadrant electrometers (for instance). If now a fi 
arise at N, the potential at this point some time after 
attachment of the batteries will come to zero, so that 
dififerences DG — CH and FK—EL will no longer be 
same as before, or equal. If however we now alter 
variable resistances increasing AG hy CG\ and dirainisl 
BE by EE' when CG' = EE, it is clear that by prop 
choosing these resistances we shall get the new line of 
of potential parallel to the old one, and passing throug 
instead of if. We shall then have NG' = MG\ ND* = j 
jSE' =ME; NF' = MF, and we shall have the same di 
ences of potential at the two ends as before; in fact 

G'U-H'G'^F'K'-EL'^DG-GH. 

Tn this case the amount of resistances added at A 
subtracted at B gives the distance of the fault from 
uiiddle of the cable towards A, 

If the fault be at the middle of the cable, it is clear 
\\\0 n^sult is not affected by normal leakage, and if it b€ 
rtt U\o jniddle, allowance can easily be made for the err< 

X'^X. ISth Method, When the core of a submarine c 
if^ ^M^SH^v^^l^ while the sheath remains unbroken. 

"^^t^ ^t^l nu^nns in this case is to measure the electros 
WihSiW^lV ss*' \\\^ }mken part of f^^ ''*^ble ; then, knowiuj 
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trevious experiment the capacity per mile, a simple division 

pvea ua the distance of tbe fault. 

A large number of other methods are used in practice, 

but the principles of them all will be understood from the 

foregoing examples. For deacriptiona of these methods the 
reader is referred to Mv Latimer Clark's Electrical Measure- 
mnts. 

lOfi. In our previous examples we have assumed the con- 
ductors cylindrical, and the lines of flow everywhere parallel 
to their length. These are the cases which most frequently 
occur in practice. We shall however give now two or three 

, examples of calculating; the resistance in conductors not 

j linear in form. 

' Prop, VI. To calculate the resistance of a conductor bounded 

by two coaxial cylindrical surfaces. This will apply to the liquid 
in the circular form of Daniell's or Bunsen's cell. 

Neglecting a portion near tht' cinU, wo shall assume the 
tubas of flow everywhere perpendicular to the axis of the 
cylinder. 

Let the figure represent a section of the cylinder, and 
wnceive it made up of concentric 
thin cylinders, such as PQ. The 
tabes of flow will be everywhere 
perpendicular to this cylimlrical 
sbell, and we may assume its re- 
sistance the same as for a linear 
Mnductor, whose section is its area, 
Wd length its thickness. Hence 
the resistance of the elementary 
tjlinder 

= i ^^ 

~c'±w.op.r 

"here c is specific conJuctidty, and I the length of thg 
cylinder. 

The resistance of the whole cylinder will therefore be 

1 ^PQ 

i-n-cl "up' 
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But, as before, 

Iience resistance of annuliis PQ 

= 2^„-;2{iogog-iogOP). 

Summing all successive differences, we have for the resist- 
auce of tht) cylinder 

A (log OB -log 0^) 



■^ 2ircl 

where ?■, is the external and r, the internal radius of the 
cylinder. 

This result is a particular example of the theorem of Art j 
170, and might have been deduced from the capacity of the | 
cylinder investigated in Art. 113. I 

197. Prop. Til. To investigate the resistance of a large solid 

body of any form having two electrodes connected with the poles 
of a battery sunk in it to a considerable depth. 

This investigation of course applies to the resistance of 
the Earth treated as the return line in Telegraphy. 

We shall represent the two electrodes as two conductors 
sunk in the body, and charged with eqiial amounts of elec- 
tricity, one positive and the other negative, and on the 
principles enunciated in Chap. Ill, we shall proceed to de- 
termine the form of the equipotential surfaces and linea of 
force, ' 

The form of the electrodes will be of small importance 
except very near them, and we shall for convenience a; 
them to be spheres charged with quantities +m aud - 
electricity. 

In investigating the lines of force we must in theory take 
account of the distribution on the surface of the body. This 
produces a great complication in the theory, and wc have here 
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taken the case in which the electrodes are deeply sunk, that 
we may neglect this distribution ; in fact, the currents near the 
surface will be so weak that we may neglect them entirely. 

On these suppositions the potential at any point distant 
r,, r^ from the electrodes will be 



m 






If the mass, to l^egin with, be at zero-potential, and ± V 
the potentials at the two electrodes whose radii we will take 
to be /), then m = pV^ and the whole electromotive force 
between the electrodes is 2F. 

To find the strength of the current, we have to consider 
that the flow across an eqiiipotential surface of area <r is 
cjPV, where F is the resultant force, and c the specific con- 
ductivity : then the whole current-strength will be given by 

when the summation extends over any equipotential surface. 

Now the electrodes are themselves equipotential sur- 
faces, and we may consider the summation to take place 
over either electrode. 

Since r^ may be regarded as infinitely large (compared 
to p) for any point on the surface of the positive electrode, 

the potential over this electrode is — ; on the same hypo- 

thesis the force will be -^ ; and the area of the electrode is 

P 

.'. S-Pcr = 47r/)' . -a = 4 7rm= ^irp F, 

r 

or if E be the whole electromotive force between the two 
electrodes ^=27, and we have 

I=2TrcpE. 

But if R be the whole resistance. 
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••.iJ = 



2'rrp .c 

Hence we see that the resistance is independent of the 
distance between the electrodes but varies inversely as their 
linear dimensions. 

108. It may be interesting to notice that we might 
have deduced the same result by considering the plane 
which bisects the line joining the electrodes at right angles, 
this being the surface of zero*potentiaL 

199. The result indicated in the last Article is found to 
agree fairly with experiments. 

This investigation also shows the importance of placing 
the electrodes in moist ground whose specific resistance 
is small; otherwise the resistance offered by the first 
layers of the soil round the electrode may be much greater 
than that of the whole of the rest of the earth. When a 
badly conducting portion occurs at a distance from the elec- 
trodes, the principle of divided circuits shows us that it 
produces a very small effect indeed on the whole resistance. 

200. We have shown that the amount of electricity 
transmitted across any section of a tube of force is propor- 
tional to a quantity c which depends only on the nature 
of the substance. If the substance contained in any tube 
be not isotropic, c will vary, and we shall have different 
current-strengths in different parts. As a consequence we 
shall have a charge of electricity gradually developed at 
the surface bounding the heterotropic parts of the tube. 
We now give an example of this kind. 

Prop. Vm. A stratified plate composed of parallel isotropic 
laminse has its opposite faces kept at given potentials, to find the 
amount of the electric charge at the sorflBkce bounding two layers. 

Let there be three layers A, J8, (7, and let t^, R^, C,, />,, 
K^ be the thickness, resistance, capacity, specific resistance, 
and inductive capacity respectively of -4, and let similar letters 
with suffixes 2, 3 denote those of B, C. 

Let the potentials at the surface? ^ » • 5, C be initially 
F, and V,, and finally F/ and V^. 
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Let also the potentials at the outer surfaces be V and 0. 



Fig. 71. 



T^ 



B 







Initially, since there is no electrostatic charge on the 
surfaces A, B and By C, we shall have 



and 



- O^V- V.) + (^.(K -K) = at A, B, 
-C,(F;-n)+C.F. = 0at5. C; 



c. 



a 



V 






V 



.'. each of them = , = — suppose. 



C^C^a. 



These equations give 



Next for the current-strength in -4, J5, (7 respectively, we 

have 

F- V 
T =- -^ 

' Us' 



Hence /^ = J, = Jg only if 
V'-V V -V V V 



E, 



R. 



R, R, + R, + R, B 



V 
= "5 suppose ; 
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or substituting for F— F^ its value found above 

p r= ^« r; and similarly RJO^ = Rfi^ = Rfi^ = iJC. 

If this relation does not hold good, a gradual storiDg up 
i^f electricity will take place at the surfaces A^ B and B, C. 
The law of the development of these charges is complicated, 
but their ultimate amount we can easily see. In fact, the 
storing up will go on until the currents in the three plates 
are equal. Hence if F/ and F,' be the ultimate potentials 
at A,B: B, C respectively, 

V-V V'-V V V 

-gy—^ = -^n — * = r>* > ^^^ therefore = ^ . 
/Cj ifj ic^ It 

Under these conditions the charge bound on the plate A 
at the surface J, B 

= -C.(r-TV); 
th.it Ixnmd on plate B at surface A, B 

aiul that K>und on the plate B at surface J8, C 
;v:-vl ;hut bound on plate C at surface B, C 

= + r r' 

Honoo the whole charge on the surface A^ B 

= _ ^. f . V + ^p i'= ]^' (- R, r. + i?,c,) 

aiul tho charge on the surface B, C 
liut bv Art. 179. 
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Hence the aiiiount at surface A, B 

and the amount at surface B, ■ 

The same theory might be estended to any number of plates. 

It is to be noticed in the above results that the charges 
accumulated at the surfaces are independent of the thick- 
nesses of the plates, and depend only on the change in 
value of pA' 

If the outer surfaces be brought to zero, it is clear that 
this accumulation within the conductor will in part be con- 
ducted back again in reverse order to the exterior, until the 
whole is discharged. 

Cor. 1. If only some of the plates be conducting and 
others non-conductors, the same general effects will follow. 
Thus if 5 be a conductor, charges will be developed on the 
surfaces A, B and B, C, which will be bound across the 
dielectric to parts of the charges on A and C, which parts 
will by that means be disguised. The amounts so disguised 
the student can easdy investigate for himself. 

Cor. 2. It has nowhere in the above investigation been 
assumed that the plates are plane or bounded by plane sur- 
faces, but only that heterotropic portions of the medium are 
bounded by equipotential surfaces. This will generally be 
the case in practice since the plates (of glass for instance) are 
thin and their character will vary regularly from the surface 
towards the interior, the variation being probably due in a. 
luge measure to unequal cooling of the internal and external 
paxts. 

201. This proposition ia important, since in the opinion 
of Prof. Clerk Maxwell and M. Gaugaiu it is the best ex- 
planation yet offered of the phenomenon of 'electrical ab- 
sorption,' as observed in the residual charge of a Leyden jar. 
Faraday attributed it to a partial soaking of the electricity 
from opposite sides of the dielectric into its substance. This 
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explanation contradicts Faraday's own principle of the im- 
possibility of charging any mass of matter bodily with elec- 
tricity. The explanation furnished by the stratified medium 
shows that the accumulation takes place after the manner of 
a compound condenser on strictly electrostatic principles, 
each charge being bound across the dielectric to an equal 
amount of opposite electricity. As a minor point this ex- 
planation confirms the observed fact that with air as dielectric 
there is no residual charge. We can easily see, however, that 
whatever substance except air the dielectric be composed of, 
owing to imperfect annealing during cooling, and the 
necessary irregularity in composition, the mediam will not 
be perfectly isotropic, and where the medium is not isotropic 
the phenomenon of internal accumulation must arise. Prof. 
Clerk Maxwell justly remarks, that although this theory 
shows a possible way in which the residual charge may arise 
it is conceivable that it really points to an entirely new kind 
of polarization in the dielectric. 

202. The method of electrical images can sometimes 
be employed to solve the problem of conduction through 
heterogeneous bodies. We have showni (Art. 197) that 
the problem of conduction through a given homogene- 
ous medium resolves itself into constructing systems of 
equipotential surfaces and lines of force due to a dis- 
tribution of electricity at certain points in the medium 
treated at first as dielectric. Thus if in a homogeneous 
medium we have a single source of electricity the equi- 
potential surfaces will be spheres. Let us suppose a quan- 
tity of electricity Q at the source, then the force over 

a sphere of radius R will be ^-, and ^Fa- over this will be 

47rQ. Hence (Art. 197) if p be the specific resistance of the 

47rQ 
substance measures the quantity of electricity flowing 

from the source per second. If we have given that the flow 
of electricity from the source is / units per second or that 
the whole current-strength is / the imaginary quantity of 

electricity at the source is j- . 
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If we have two media of different conducting powers, we 
have seen (Art. 200) that there will be at first a storing of 
electricity at the common surface, and this distribution not 
being equipotential will alter the equipotential surfaces in 
the field. It is easy however to see that the potential must 
satisfy two conditions. First, at every point of the bounding 
surface the potential in the two media must be the same. 
Secondly, the quantity of electricity transmitted in one 
medium towards any area on the surface of separation must 
equal that transmitted from the same area in the other 
medium. If then we can find a system of imaginary sources 
in the media which will satisfy these conditions at every 
point, we can map out by means of them the equipotential 
surfaces throughout the whole of the two media, and solve 
directly the problem of conduction through them. 

203. Prop. IX. To investigate the conduction of electricity 
through two media of different resistance separated by a plane but 
otherwise unbounded; the source of electricity being at a given 
point in one medium. 

Take P the source of electricity in the medium A sup- 
pose, let Pj be its image in the plane of separation of A and B, 
Suppose the potential in the medium A to be that due to E 
at P and E^ at P^ and the potential in the medium B due 
to ^j at P. We must apply the criteria of the last Article 
to show whether these suppositions can be made to fulfil the 
conditions of the problem. 

First The potential at Q a point in the medium A and 

in the plane of separation is — prr^y ^^^ ^^ potential at the 

E E 

same point Q in the medium B is p-|^ = p 3^ . 

Hence E^^E + E^ (1). 

Secondly. If Pj, p^ be the specific resistances of the 
two media the quantity of electricity transmitted per second 

through an area <r, near Q in the medium Ay is — Per (Art. 

157), where F is the force perpendicular to (7. I 



m 
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11 4') F= ' 'p/y > where p is the distance of the source 
from the plane. Hence the quantity transmitted through a in 

Similarly the conduction in B = E^ -p^ ; 

Pi P« 

From (1) and (2) we have 

' Pt + Pi 

Pi + P* 
which shows the original supposition admissible and ^ves 
a complete solution of the problem of conduction. If the 
medium -A be a perfect insulator p^ is infinite, and in this 
case £'^ = — £, and E^ = 0, the ordinary electrostatic problem 
of induction in an infinite conducting plate by an electrified 
particle. 

Cor. 1. It may be proved by assuming the source a 
small spherical electrode that the flow of electricity per second 

from the source is . 

Pi 

Cor. 2. The quantity conducted per second from the 
medium A to the medium B across the plane of separation 

is found by an easy summation to be . 

Pi + />« 

Cor, 3. This gives the solution of conduction through 
two media bounded by a plane for any system of sources 
whatever, since the potential at any point will be simply that 
due to the superposition of the potentials of the sources 
and of their imaginary images as given above. 

Cor. 4. If 0^, 0^ be the inclina*- -^ the line of force 
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)site sides of the plane of separation of -4, £ to the 
to that plane, it is at once seen that 

tan^, = ^^^Kian ^ = ^tan 0^ 
^-A Pi 

/)jtan^j = p,tan^2, 

3 sometimes called the law of refraction of a line of 
>m one medium into another. 

The same method may be applied to the explana- 
Nobili's rings when the fluid stratum is very thick 
id to the distance of the electrode from the metal plate. 

se rings, as is well known, are produced when a wire 
one electrode is immersed in a fluid spread over 
plate forming the other electrode, these electrodes 
)nnected with a battery. If the fluid is an electro- 
will be decomposed, and some product of decom- 
will be laid in thin layers on the metal plate. The 
colour produced by thin plates according to their 
s will vary with the thickness of this deposit, and 
kness of the deposit will depend at each point on 
Qsity of the electrical force. 

3 the resistance of the liquid is always very great 
d with that of the metal sheet we may neglect p^ 
d with p^ and we have E^ = — E, when the problem 
to that of the ordinary electrical image investigated 
114. 

force at each point on the plate will be that due 
lectrified point combined with its electrical image, 
hown to vary inversely as the cube of the distance 

the electrode and the point on the plate. Hence 
kness of the deposit will vary also as the inverse 

the distance. The remaining part of the investi- 
aving reference to the succession of the coloured 
)duced, being an optical problem, is out of place here. 

Examples on Chapter VIL 

lowing is a table of conductivity of the commonest metals : 

100. Copper 99-9. Zhxo 

Txr " Iron 16-8. Gd 

^ Graphite 0-07. 
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TliD loUowing resulU of eipeiiment may be BSBQinad: 

Beaistance per statute mile of poie coppei wire=— ^ ohms, trhen 
d=diataetei in tboUBaudtha of an inch. 

BoHistonce of 1 knot (2029 ySn,} o{ pnie coppec wire weighing 111). bIu 
32''F. = 1091'2aolimfl. (Latimer Clarlt.) 

1. Find the length of copper wire -[■gin. in diameter I 
wtoae resistance is 1 ohm. Ans. 125^ydtl 

2. Find the length of platinum wire, of the same diameter 
as question 1, which has 1 ohm resistance. Ana. 22^ jdl 

3. Siemens' unit is defined to be the resistance of a columi 
of mercury 1 metre long, whose section is a square mm. 
Compare it with the ohm. Atis, Siemens' unit = r08 ohn. 

4. Find the resistance of a fusee of platinum wire | in. 
long, of which a yard weighs 2 grains. Given that tl» 
specific gravity of platinum is 22, and of copper 8-8. 

Ans. -133 ol 

5. Find in ohms the resistance of a hundred miles « 
iron telegraph wire, ivhose diameter is J in, Ans. 816 ohm* 

6. Find the diameter of a copper wire of which one milt 
gives 738 ohms resistance. Ans. 'OOST 

7. What must he the ratio between the diameters of 
copper and iron wire that equal lengths may give the same 

et Ans. 41 to 100 nearl' 



8. What length of German-silver wire "05 in. diamettf 
must be taken to get 1 ohm resistance? Ans. 6-173 yd'- 

9. What diameter must a silver wire have that 1 metre 
may have 1 ohm resistance ? Ans. "UOaS in- 

10. Resistance-coils are made of Gennan-silver wire. 
■005 in. in diameter. Find the length of it in a coil whose 
resistance is 1000 ohms. Ans. 61783 yds. 

11. If 100 in. of copper wire weighing 100 grs. has 
resistance '1516 ohm, find the resistance of 50 iu. weigHnS 
200 grs. Ans. -01835 ohm* 

12. Two cells, each 1 ohm internal resistance, are coO- 1 
nected in compound series with a wire whose resistance i^ i 
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If ea<;h of these, when connected singly by stout wires 
ilvaDometer* of no appreciable resistance, deflect it 
Y much will the combination deflect it? Ana. 17*^ 15'. 

A single thermo-electric couple deflects a galvano- 
)f 100 onms resistance 30', how much will a hundred 
uples in compound series deflect it? (The resistance 
;ouples themselves may be neglected.) Ans. 41^ 7'. 

The internal resistance of a cell is half an ohm; 

galvanometer of one ohm resistance is connected with 

lort thick wires it is deflected 15°: by how much will 

^fleeted if for one of the thick wires a wire of 1*5 ohms 

ice be substituted ? Ans. 7f **. 

A cell of ^ ohm resistance deflects a galvanometer of 
vn resistance 45**, the connection being made by short 
ires. If a wire of 3 ohms resistance be substituted for 
the stout wires the deflection is 30^ Find the resist- 
' the galvanometer. Ans. 3*8 ohms nearly. 

A galvanometer of no sensible resistance is deflected 
a cell connected with stout wires. When a resistance 
ms is introduced, the deflection sinks to 30** ; find the 
ice of the cell. Ans. 6*8 ohms, 

A Bunsen and a Daniell cell are placed in the same 
first with their electromotive forces in the same direc- 
id secondly in opposite directions, the deflections being 
ively 30**2 and 10°'6. Compare their electromotive 

Ans, Bunsen's cell = 1*9 of Daniell's. 

If an insulated closed voltaic circuit be connected at 

t whose potential is V with an insulated conductor 

capacity is (7, show that the potential at this point 

CV 
3S -z^ — y^,, where G is the capacity of the original 

; and that there will be a fall of potential through the 

G'V 
circuit equal to -z^ — tv 



»/ • 



e galvanometer, nnless the contrazy be i med to ba 
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19. The terminals of an insulated battery ol 
are united by 78 miles of cable which have the sa 
ance as the battery. At the extremity of the cabL 
zincode, 43 miles of cable are connected with t 
at one extremity, the whole being insulated. Sho 
potential at the zincode immediately falls in th 
to 9 nearly. 

20. A battery of seven cells has its ends joine 
whose resistance is three times that of the batter 
junction of the third and fourth cells there is conn 
the earth. Draw a diagram of the fall of potential 
cuit. How will the current in the circuit be affed 

21. Three Daniell's cells are arranged in compo 
with a resistance of ten times one cell between 
Calculate the current when the terminals are j( 
stout wire, and draw a diagram of the fall ir 
through the circuit. 

22. If the difference of potential between the 
inals of a battery be measured when the circuit is 
if the same difference of potential, measured whe 
one-half its former value, show that the external a: 
resistances are equal. 

23. If by introducing into a circuit (formerly 
short stout wire) a certain measured resistance, tl 
strength sink to one-half its former value, sho^ 
resistance introduced is equal to the internal resis 

24. Find the resistance introduced into a circi 
a galvanometer with a shunt, the resistances o 
vanometer and shunt being known. 

25. Find the resistances in a series of shunts 

111 

allow — , r-TTj , T(uxi\ y ^^' of ^^^ current to pass 

galvanometer, the resistance of the galvanometer be 

2G. To a telegraph wire is attached at two 
yards from each other, a wire of -j^th its dia 
20 yds. long, which is passed roi^^^^ « telegraph ne- 



PBOBUaCS IN YOLTAIC ELECTRICITT. 213 

rtion of the current passes in the long and short wire 

itively? 

A line joining two places -4, B, 130 miles apart, at 
les from A drops from its support and rests on another 
^hich makes earth at distances 30 and 40 miles. Find 
,tio of the current-strengths at A and B, 

Ans. If sent from J., 8 to 1, if from B, 12 to 19. 

1. In a closed circuit, two points are joined by a con- 
r of given resistance. Given the resistances, write down 
ions to determine the currents in all the branches. 

. Two cells AA^, BB^, are simple circuited by wires 
AJDB^, and the points C, D joined by a wire. Given 
sistances and electromotive forces, find the current in 

'. Find the current in the preceding question, sup- 
j the two cells arranged in a compound circuit. 

. Show in the last question if the current in CD 
I, and E^y E^ be the electromotive forces in AA^, BB^ 
;tively, then 

: E^:: resistance in CAAJ) : resistance in CBB^D. 

:. Four cells, the resistance in each being 3 ohms, are 
with external resistance 10 ohms; will it be better to 
lem in a simple or compound circuit? 

Ans. Compound circuit. 

. Find the smallest external resistance in the preced- 
iiestion with whicli it will be an advantage to use a 
)und circuit. Ans. S ohms. 

I. When the poles of 100 cells in compound circuit 
ined by a thick wire, a galvanometer deflects 60® ; when 
tms are inserted the deflection sinks to 30^ Find the 
al resistance of one cell. Ans. '5 ohm. 

'. Of two cells one is short circuited and gives 60** 
tion, and on introducing 6 ohms the deflection be- 
i 45°: another, when short circuited, gives 45*^, and on 
iucing 6 ohms sinks to 30. Find the ratio of their 
omotive forces. J f^- to 1, 
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36. The zincode of a battery of 100 cells is to earth, an 
the other end communicates with the end ^ of a line L 
whose distant end £ is to earth. The resistance of the Hi 
AB is ten times that of the battery. If now a secoi 
battery of 50 cells having also its zincode to earth have i 
other end (as well as that of the former battery) to the end 
of the telegraph, find the change in the current in the line. 

Arts. Current is |^ of former vali 

37. A battery of 20 ohms resistance sends a cum 
through a galvanometer of 15 ohms resistance to a line of 
ohms resistance, and at the other end is a galvanometer of 
ohms resistance. What eflfect is produced on each galvai 
meter if there be a fault whose resistance is 20 ohms in t 
middle of the line? 

Ans, Current in battery galvanometer is altered in ra 
84 to 59, that in line galvanometer in ratio 24 to 

38. A telegraph wire having a battery and galva 
meter at the sending, and a galvanometer at the receiv 
end, when in good insulation transmits a current /. Afte 
fault has arisen in the line, the current at the sending • 
rises to 7j, and at the receiving end sinks to I - show t 
the fault divides the whole resistance in the circuit in 
ratio / — /g to /j — /. 

39. In a compound arrangement with 3 cells and 
external resistance except a galvanometer the deflection 
observed to. be 60^ Using one cell only and the same ex 
nal conditions the deflection was 44**. On introducing i 
the latter arrangement 20 ohms additional resistance 
deflection sank to 25**. Find the resistance of the galv£ 
meter and of each cell of the battery. 

Ans, Internal resistance 6 oh 
Galvanometer „ 12*5 oh 

40. One hundred cells each of internal resistanc- 
ohms are to be used with 25 ohms external resistance. F 
the arrangement which will give the strongest current ; 
the strength of this current.. 

Ans. 4 rows of 25 cells, ^nrrent-strength 
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41. What is the best arrangement of 6 cells each of f ohm 
^ resistance against an external resistance of 2 ohms? 

--^ Arts. 6 cells in compound circuit, or 2 rows of 3 cells. 

42. What is the best arrangement of 20 cells each of 
8 ohms resistance against an external resistance of 4 ohms? 

Alls. 4 rows each of 5 cells. 

,. 43. A battery of three cells is arranged in a mixed 

l\ circuit so that there are two rows containing 1 and 2 cells 
L xespectively, and the terminals are connected by a wire of 
resistance jB. Find the current-strength. 

4^ 

-^^- *,n . a i where E is the electromotive force and 
SIC + 2r 

r the resistance in each cell. 

44. A battery of six cells is arranged in mixed circuit 
so that there are three rows containing respectively 1, 2 and 
3 cells. Find the current-strength in a conductor joining 
the terminals. 

^^^- eTTiLB- 

45. A battery is arranged in mixed circuit consisting of 

n rows containing respectively 1, 2, 3 n cells. Show 

that the current-strength in a wire joining the terminals 
is given by 

nE 



r + HS' 

, '-111 1 

where £f=l + - + - + - + +-. 

2 3 4 n 

46. In Wheatstone's bridge as commonly used (Fig. 64), 
show that when the branch BD is open the difiference of 
potential between B and B is given by 

E(ps — rq) 
It{p + q-\-r + s) + (p + q)(r + s)* 

47. Find also the electromotive force in BB when this 
branch is closed. . 



216 PROBLEMS IN TOLTAIC ELECTRICITY. 

48. If p = 16, g = 4, r = 4-1, 8 = 1-03 and iZ = 4. 
and the galvanometer resistance is very great, find the part 
of the whole electromotive force which acts in the bridge- 
piece. 

^^' 2539* 

« 

49. A polarized voltameter and a galvanometer are 
included in the bridge of Wheatstone's bridge and the resist- 
ances arranged so that there is no current in the bridge; 
show how to determine the electromotive force of polari- 
zation. 

50. A voltameter or polarizable cell is included' with a 
commutator in the branch AB suppose of the bridge, show 
what measurements you would make to determine the eflfect 
(if any) produced by the polarization in the resistance. 

51. If the resistances in the preceding question were so 
arranged that no current was passing in the bridge £J), and 
if on turning the commutator no current still was passing, 
what inference would you draw ? 

52. ABC is a triangle formed by straight and uniform 
conductors, and OA, OB, 00 are similar conductors joining 
to the angular points ; find the condition that OA may be 
conjugate to BG, 

53. Show that in the preceding question if be a point 
such that OA and BO are always conjugate, the locus of 
is a circle. 

54. Show also that there is one and only one point such 
that OA is conjugate to BG, 00 to AB and OB to AC. 

55. In a wire joining the poles of a galvanic cell of 
small resistance the wire is more heated if it be of copper 
than if it be of platinum of the same dimensions, but if 
the internal i-esistance be large, the platinum wire will be 
more heated than the copper. Explain this, and reconcile it 
with the statement that the heat evolved is equal to the 
energy which runs down in the discharge. - 
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56. Show in the previous question that the heat given 
out in the two wires would be equal, if the internal resist- 
ance of the cell be a geometric mean between the resistances 
of the copper and platinum wires. 

57. If a chain made of alternate links of platinum and 
silver have a strong current sent through it the platinum be- 
comes red hot while the silver remains cold and black. Ex- 
plain this. 

58. If part of a loop of wire which is rendered red hot 
by the passage of a current be held in a spirit flame, the 
part outside the flame becomes black, but if the same part 
be dipped in water the part outside immediately glows with 
a redder light. Explain this. 

59. A copper wire carrying a voltaic current is dipped 
in copper sulphate or dilute acid, describe the effect produced 
on the current and on the liquid. 

60. In a zinc-copper cell the zinc and copper plates are 
united by a copper wire immersed in the liquid, what will be 
the effect on the current in the circuit ? 

61. A series of plates of platinum foil separated by 
paper damped with acidulated water are connected for a few 
minutes with a battery. After removal the terminals are 
united with a galvanometer, which immediately indicates a 
current. Explain this, and show the direction of the current 
in relation to the battery current. Will this current be per- 
manent ? How far may the arrangement here described be 
compared to a Leyden battery ? 

62. An electrode is sunk in the centre of a spherical 
mass of matter whose specific resistance is A?j, which is sur- 
rounded by an infinite mass of specific resistance k^ Find 
the potential at any point in the mass. Discuss the effect 
on the current when k^ is very large compared with k^ and 
apply it to show the effect of a ' bad earth ' in Telegi^aphy. 

63. Show that in a circuit in which the galvanometer 
resistance is very large compared to all other resistance the 
galvanometer reading will not be diminis! oducing 
a shunt. 
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205. We have here a new class of phenomena to con- 
sider, Tlii>y arc exhibited most strongly ia the varieties of 
iron, though probably in some degree in almost all bodies- 
We shall place before_^ the reader a brief sketch of the plie- 
nomena with which* we assume he is already familiar, and 
develop as far as possible step by step the theory deduced 
from them. 

Experiment 1. A piece of ma^etic iron or a bar of 
steel magnetized is found to exercise a peculiar force on 
pieces of iron. This force vanishes near the middle of the 
bar, and increases in magnitude very rapidly towards the 
ends. The force is often spoken of as resident in the ends 
of the magnet, which are therefore called its poles. 

As in electricity the force is often attributed to au ima- 
ginary distribution of magnetic fluid over the poles, Tiis 
must of course be treated as only an image representing to 
our minds the existing force. 

206. Experiment 2. If the two poles of any magnet j1 
be brought in succession into the neighbourhood of a pole 
of a second magnet B, one will suffer an attractive and the 
other a repulsive force. If another magnet C be taken, and 
the poles of ^ and C, which are both attracted or both repelled 
by one pole of B, be made to act on each other, there will 1» 
a repulsive force between them. If again two poles be taken, 
one of which ia attracted and the other repelled by either 
pole of £, there wilt be an attractive force. 

We infer from these experiments that every magnet fcw 
two dissimilar poles, and that like poles repel each otiier, in' 
unlike poles attract each other. 
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e nomenclature of these poles is derived from the 
our of the magnet when suspended about its centre of 
r. Each magnet, if free from other magnetic influence, 
loints in this country nearly due N. and S. The end 
loints northwards is called the north pole, and that 
points southwards the south pole, 
i shall however speak of the magnetism distributed 
he north pole of a magnet as positive ^ and that over 
ith pole as negative magnetism. 

^ Experiment 3. The forces exerted by the two poles 
ignet on any third pole are always equal in magnitude, 
I opposite in direction. This will be convenieutly ex- 
l by saying that if the strength of one pole bo + w, 
' the other is — m. 

8 strength of a pole can be expressed by the force it 
on another pole, and the unit in terms of which it is 
:ed can be defined thus : 

F. A UNIT Magnetic Pole is a pole which exerts a 
^ force (or a dyne) at unit distance on another equal 

in statical electricity, we here define Magnetic Density. 

F. Magnetic Density at any point on the surface of 
letized mass is the quantity of magnetism per sq, cm, of 
J separated at that point 

J add here the definition of the Moment of a Magnet, 
we shall have often occasion to employ. 

F. Moment of a Magnet is the product of the strefigih 
T pole by the distance between the poles. 

! shall assume that in a compound magnet, where the 
• all the elementary magnets are in the same direction, 
ment of the whole magnet is the sum of the moments 
elements. This will appear true when we come to the 
il meaning of Magnetic Moment. 

\. Experiment 4. The force between two magnetic 
J found to vary as the product of their strengths when 
same distancje, and inversely as the square of their 
« when the distances are varied* 



r^ns^ X -vf UTif TV9 ikAcS whose intensities are m andni' 
K & iifiCuiA* <* f?jfXL eicit todfeer , the force between tnem is 

- .- "aiu Sirx aeag repalaTe when the numeratoi is 



-awsir^H. «rtir ^i^rsirtirx? w^«3l dte nmnerator is negative. 

Tlbis €S3*sc3iiaLi sii:"*? zhax round every distribution of 
nairK^iiisn. & :&rii£ -:£ sa^gaeoe force exists whose genenil 
A^ ^i 3« Siaicaral whn. tbose of graTitational force dis- | 
rjae^i ir '■r^ixKiCcr IL. T^»* otil^r change required will be to 
^^ai. irt.-r mucaixar ccir -^ poracie diarged with unit ot 
i*istr^*i ssacssfGsoi^ f:r li* xoifi of ma^ there employed to 
Tisc :nte ittiL J^ir Satziiijcs will then stand thus: 

• y^suL /r JfisrnBtfffW' Fsmf is the medium surrounding 
irturne^iiiaei. "icciiiS wnirr w^ich work has to be done to 
TUi^t i THJiTUfCir ^'L»f^ W^ iT* noc at liberty to assume as 
n. ^tjcvtmnCT lOiii* ^i* 5eii oc &fce doi^ not extend witliin 
riii ^'.tLCitfCiai^i iXiK^ rsecL srjce there is no experiment to 
^«x»v "uac wrUTT :& TTiitc^fcjihKd ma;s the magnetic force 

i I.Nftr tr TiT'X »r^ lEr-rS in the field such that tt 
:jjiC:cl* i* r'yiA TcczLi >i?:T5 ii~ direction in which a mag 
i»:^^^>£ Tu»rD:ltx ruio^i tier^? wjcild be ur^ed. Since 
7«^?eT^'\cr i2j£ z?£Ci'i~tC7 ms^-riixei particle will be urgf 
-X :iTCv>!vrcf £jrxv:c:':i::;s jL^rcii: li- liije of force, it is conveniei 
T-r :ijiirnif :j.«£ r«:$;.r:T-~ ;^z'fc<i5:si cc tLe line of force as that 
tp 1.3^^1 A voscri -ifx T.:jci?^:£iec rsinicle would be unred. 

A >^-Y«i*.Ti ,r tWCj ^ J Lxir^t cr JJ^fjnetic Force at 
p h tc. ^ r2ii vex: viiii wti.^i a urii magnetic pole would 

4. JiLfJt-tji^^ ixuifruii^ :st a iK-isi is the work wh 
-v cj,^ ^c icor ii: ^rin^niT a ^mii magnetic pole to il 
'.vc ..: fr:c:: j^. jifrite di^cstsice oc out of the field of magnc 
t.rc^c. 1: :i- cv K- a dis^bution of magnetism consistim 
c.^ir.::::i^ 715^. v»ij,.. ai dis»«ices r^, r,.., fiom the given po 
^^*o£ :v.'C.A:?.«rt" of tiie Hiagiietic potential at the point will hi 

r, r, r 
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It is usual in dealing with the magnetic field to 
a convention with reference to the liues and tubes of 

Suppose one equipotential surface in the field so 

out that the number of lines of force arising from any 

area on it shall be proportional to the product of the 

' the average force over it, so that the force at any 
that fiurfatie is proportional to the number of lines 

per unit area of surface near that point. It will be 

it we do not here limit the number of lines of force, 
liut only the closeness of their distribution. Thus a certain 
density of distribution representing unit force, a distribution 
of twice as many per unit area or twice the density repre- 
BflDts a force whose numerical measure is two units, and 
80 oa It is usual to make the further convention that the 
denaity or closeness of lines of force where the force is unity 
sliall itself be represented by one unit, so that the force at 
any point is measured by the number of lines of force per 
unit area near that point. With the above limitations F<y 
measures the number of lines of force which intersect an 
element tr of the equipotential surface, over which the force 
IS J', and the same number must intersect all elements of 
d equipotential surfaces made by the same tube of force. 
Since Ftj is constant throughout the tube it follows that the 
force at a point on any other equipotential surface will be 
meiBured by. the number of lines of force per unit area near 
tliat point; The reasoning of Art. 43 can be applied to prove 
that for any small area whatever not on an equipotential 
surface, the number of lines of force per unit area is the 
numerical measure of the force resolved perpendicular to 
that area. 

It is proved, Art. 40, that if the lines of force pass through 
1 dietribution of attracting matter, the product F<j changes 
M 4irp<r, where p is the density of the distribution. This 
on the new convention will be equivalent to saying that if the 
tube of force intercept a magnetic distribution whose density 
|3 Pi the number of lines of force per unit area must be 
increased by 47rp, and similarly if it intercept a magnetic 
'^rihution whose density is — p, the number of lines of force 
must he diminished by lirp per unit area. 
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±I«>. E^perinent ^ If m stn^lit bar magnet AB, such 
jfi wafi rerec^ to in precediiig experiments* be broken in 
half IS x: C, w^ do not get two bus^ one AG charged entirely 
wita aorta magnetic Aoid. and .BC7 entifely witb south mag- 
zuetic ttiid: bat at C two new poles are developed on oj^Msite 
>iiie> -:c the piaae of derision, so that we get two magnets 
coLes of the aune intenatr as the <»iginal magnet 
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If AC be broken at 2>, we find again two new poles 
•SfTVrlorei a: the place of firactaie, and this operation may 
be HrpeaScd indefinitely^ eadi fragment broken off still being 
iiLi^trdxed sEmilarlT to the given magnet. 

This kd»is us to the conception of a magnet as made np 
of iiio'.cCTiIes^ each of which is a magnet, the resultant magnet 
V^ri-jr due to the combined action of all the elementary 
ni3cuTr^s vf which it is composed. If these small magnets 
Lave, when removed ftom the magnetized mass, all the same 
:..:^c:iii:o demsirv on their poles, it is clear that the north 
arid sc^tb pc«Iar magnetisms of contiguous elements just 
neutrsilize each other, and there can consequently be no free 
magnetism in a uniformly magnetized body, the whole mag- 
netic efiect being due to the imaginary surface distribution 
i>f free magnetism. 

Suppose one of these small magnets of length s and sec- 
tion a to have a distribution over its end whose density is p, 
the strength of its poles is therefore ± pa, and its magnetic 
moment (Art 207) is p2S. But as is the volume of the small 
magnet, and therefore p may be defined by the quotient of 
tlio magnetic moment of the magnet by its volume. This 
quotient within the mass (where there is no free magnetism) is 
called the intensity of magnetization. K the magnet be not 
uniformly mngiwtized, we may stifl a\. a toiVIy^xvW ^>^^^ 
ccmputo tho timgneiio moment per ^«^* ««^ ^ ^' 
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this to be the intensity of magnetization at the point in the 



Def. The Intensity of Magnetization at any point 
m a magnetic mass is measured by the magnetic moment 
fer unit volume of a mass of the magnetized matter very near 
to^e point. 

211. If a small rectangular parallelepiped having its length 
in the direction of magnetization were removed from the mass 
without disturbing its magnetism, the intensity of magnetiza- 
tion at the point is the same as the density of free magnetism 
on the faces perpendicular to the direction of m^netization. 
If the parallelepiped cut out of the mass were not rect- 
ingiiJar, but had the normal to its magnetized face inclined 
at an angle to the direction of magnetization, the area of 
its face would be increased in the ratio cos 6 to 1, and there- 
fore the density of free magnetism would be diminished in 
the ratio 1 to cos 0. Hence at a point in the surface of a 
uniformly magnetized magnet of intensity fi, at which the 
normal to the surface makes an angle 8 with the direction of 
magnetization, the density of free magnetism will be fi. cos 0, 

This leads us to a convenient mental representation of 
> uniformly magnetized mass of any form. Suppose the mass 
Jf everywhere permeated by two imaginary fluids, one having 
liensity p and the other — p. In the neutraJ state of the body 
these fluids are exactly superimposed and coincide, filling the 
Hole body. In the magnetized body we may assume 
that the positive fluid has been moved en masse by simple 
translation through some very small space s relatively to 
the negative fluid. The action of the magnetized mass will 
■n every respect agree with that of the equal masses + M, 
^ui~M, the direction of displacement being the direction 
of magnetization and the amount of displacement determined 
hy the formula ps = /j., the intensity of magnetization. For 
tnese two fluids neutralize each other throughout the body, 
leaving only a surface distribution whose depth is s cos 6 at a 
Pwnt where the normal to the surface makes an angle 
With the direction of displacement. The quantity per unit 
■Ka of this fluid will be therefore ps cos $ = fi cos 6; which 
"fit represents the density of free magnetism on a uniformly 
JBagnetized mass. 
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212. Experiment 6. A magnetic pole induces in apiece Ir 
of soft iron near it a separation of the magnetic fluids; (A |:;^ 
the parts nearest to it inducing a distribution of magnetr |f^ 
ism of opposite sign, and on the parts more remote a & 
tribution of magnetism of like sign with itsel£ 

This induction takes place whether bodies be alieadj 
magnetized or not, but its amount depends very much on 
nature of the body. Thus a piece of soft iron placed in 
magnetic field, becomes temporarily a strong magnet, while a 
piece of hardened, or cast iron, or hardened steel will notle 
so powerfully magnetized. 

On removing the soft iron from the magnetic field, it is 
found at once to become very nearly neutral, retaining to a 
ver}' slight extent the magnetism it had acquired under the 
influence of the magnetic field. It is in consequence when 
in the field said to be a temporary magnet. 

On removing from the field the hardened iron or steel, it 
is found to retain to a much greater extent the magnetism 
induced in it, though its temporary magnetic properties were 
much weaker than those of the iron similarly placed. Thus 
the steel under magnetic induction becomes a permanent 
xnagnet. The amount of magnetism which becomes per- 
manent in the magnet, can be very much increased by setting 
it in a state of violent vibration when in the field. 

This behaviour of hardened iron and steel is explained 
"by the existence in them of a coercitive force which is absent 
in the soft iron — a force causing the molecules of the body 
not to yield so readily to magnetic forces, and therefore not 
to acquire magnetism so easily, but having once acquired 
it to retain it for ever. 

It is generally assumed that the magnetism induced in a 
thin rod of iron or steel is proportional to the strength of 
the magnetic field: this is true only within certain limits, 
since all known magnets reach a point of saturation after 
which they are unable to take up more magnetism. The 
law of direct proportionality only holds until the magnetism 
has reached about one-half the saturation charge. 

The only bodies except th^ — -^ties of iron which ex- 
hibit magnetic properties w i^ «• ^^^^ magnetic 
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ie!d are nickel and cobalt, though it has been found by 
Faraday, that all bodies become magnetic when placed in a 
field of sufficient strength. He found also in the course of 
ttiese experiments that a class of bodies of which bismuth is 
the type have magQetic properties exactly the reverse of iron, 
Rpparentiy acquiring under magnetic induction a pole of 
■the same name next the inducing pole. To these bodies he 
^gave the name diamagnetics, calling bodies which resemble 
iron in their properties paramagnetics, 

} 213. If there be in the magnetic field a small filament of 
whose length is along a line of Porce at a point where 
the strength of the field is F, the quantity of free magnetism 
en its ends maybe represented by +k.I'''.a where a is the 
stea of section of the filament, and Ic a constant depending 
en the nature of the iron, being greatest for soft iron and 
feast for steel, k is then called the coefficient of magnetiza- 
tion, and is large for iron and moderate for nickel and 
tobalt, but only a very small fraction for all other para- 
DUignetics, and a very small negative fraction for ail dia- 
kinetics. 

Def. The Coefficient of Magnetization for a given 
WKi of iron is measured by the density of Tnagnetism on the 
•si* of a prism of tlie iron placed along the lines of force in 
^Jim of unit strength. 

214, "When the body under induction consists of a solid 
fiiitfl mass, the problem of magnetization becomes compli- 
'Sted, since the magnetization at each point will be due not 
*"Jy to the external magnetic force but to the induced mag- 
Detasm through the rest of the body. Where k is very small 
*< ia the case in all diamagnetics and in all paramagnetics 
cicept iron, nickel, and cobalt, probably the influence of 
I toe magnetization of the surrounding mass maybe neglected, 
jsnd we may suppose each element of the mass magnetized 
iaiwig jines of force, the strength of magnetization being 
'.pKo. by the above formula. 

The exact meaning of the Magnetic Force inside a mag- 
netized mass presents some ambiguity. To introduce a 
Magnetic pole we must suppose a cavity of some shape made 
in the mass, and then on the surface of this cavity there will 
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be an induced charge of free magnetism whose influence on 
the magnetic force must be taken into account. Suppose for ' 
instance the cavity to be a cylinder of small dimeDsions 
whose axis is along the lines of force and whose lei^li is 
many multiples of its diameter, there will be no free mag- 
netism except at its ends, where there will be at the 
positive end relatively to the line of force a distribution of 
density — kF, and at the opposite end of + kF, The force 
due to these distributions on a pole at the centre of the 
cylinder will be by Art. 36 47rii^ (1 — cos '^), where -^ is 
half the angle subtended by either end of the cylinder. 
But in the case supposed -^ is very small and therefore the 
term vanishes. Hence in a long thin cylinder the magnetic 
force will be that due to the ordinary magnetic forces only, 
including of course both the internal and the surface dis- 
tributions of free magnetism. Next suppose the cavity a 
small wafer-shaped hollow whose thickness is along lines of 
force and very small compared to its diameter: we shall 
again have a distribution on the ends of density +if, 
and the force due to these distributions on a point very 
near to them and between them will (Art. 36) be 47riF, 
since here cos y^ vanishes. The whole force therefore within 
such a cavity will be 

4iirkF + F = (1 -{■ 4^Trh) F. 

This is frequently defined to be the magnetic induction in a 
body under induced magnetization ; the coefficient (1 -f- 47ri) 
being called that of magnetic induction within the magne- 
tized mass. It is often denoted by the symbol fi, 

Def. Coefficient of Magnetic Induction within a 
magnetized mass is the ratio between tlie magnetic induction, 
and the magnetic force at any point within it 

The coefficient of induction in free space is unity since 
k vanishes, and in all paramagnetics it is greater than 
unity, in all diamagnetics positive and less than unity, since 
no diamagnetic is known whose coefficient of induced mag- 
netization is numerically as great as — . 

215. The conception (explained Art. 75) of a dielectric 
medium under electric f^ "U apply equally in ex- 
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plaining tbe phenomena of magnetism as taking place in a 
magnetic medium under magnetic forces. We conceive the 
whole medium as consisting of magnetic molecules distri- 
buted through a non-magnetic medium, this medium being 
absolutely impervious to magnetism, since there is nothing 
in magnetism corresponding to conduction in electricity. In 
a medium under magnetic forces we shall have systems of 
tubes of force and equipotential surfaces, the quantity of 
magnetism separated across any equipotential surface being 
± kFa where k is the coeflBcient of magnetization as ex- 
plained above, F the magnetic force due to external mag- 
netism or superficial magnetism of the medium itself, and 
<r the area of the tube. Since F<r is constant throughout 
the tube, it follows that the magnetic induction throughout 
the tube must be constant. It is easy to see that the mag- 
netic induction on opposite sides of the surface bounding 
two different media A, B is the same. For let F^ be the 
force measured in air in the medium A and F^ that in 
the medium 5, at a point indefinitely near the first point, 
and suppose F^, F^ both measured from the surface. The 
density of magnetic separation will be in A, k^F^y and in 
B, kf,F^ ; and therefore the density of free magnetization is 
k„F^ -f Aj^g = p. But by Art. 46 the difference in the measure 
of force at two points on opposite sides of a distribution of 
density p is 4<7rp = 47r {KF^ + kf,F^), and the change in the 
force measured is by supposition — {F^^ + F^) ; and therefore 

F,+F, + 4^7r{kJ, + k^,) = 0, 
or {l + i7rk,)F,+ (l+4^irh)F^=0, 

or /^i^i + /^2^2 = 0, 

where fi , fi^ are the coefficients of magnetic induction in the 
two media. 

Hence we see that through any tube of force the mag- 
netic induction is unaltered, and also that it is unaltered in 
passing through a free magnetization which separates two 
different media. 

It is remarkable that altering magnetic induction into 
electrical conduction, these are the same laws which deter- 
mine the conduction of electricity thiowgh. okj ^^ 
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the formulae proved above for magnetic induction through 
any medium or through the surfiwje separating two media 
are identical with those for electrical conduction, in Art. 202. 
Hence to every problem in magnetic induction corresponds 
one in electrical conduction and vice versa. 

216. It is assumed in the above explanation that air and 
all other media possess magnetic properties, and since our ex- 
periments are all performed in air or some other medium, 
the magnetic actions we observe are due, not to the magnets 
alone, but to the difference in behaviour towards magnetic 
force of the magnets and the medium which surrounds them. 
In this way can be explained the anomalous action of dia- 
magnetics spoken of above, for if the induction called out by 
magnetic force, at say the nominally north end of a bar, be 
less than that of opposite name called out in the medium in 
contact with it, the resultant free magnetism at the north 
end of the bar will be south polar, and the bar will appear to 
have its magnetism reversed. We can therefore explain the 
action of every diamagnetic by assuming that it is really 
paramagnetic, but that its coefficient of magnetic induction 
is less than that of the medium in which it is placed. 

217. We give some cases of magnetization worth special 
notice. 

Prop. I. To investigate the potential at any point of a 
straight thin cylindrical bar placed in a uniform magnetic field 
with its length parallel to the lines of force. 

In this case the whole bar is a tube of force, and the 
intensity of magnetic separation is the same everywhere along 
it. We may conceive it made up of rows of molecules in 
which the magnetic separation is represented thus : 

Fig. 73. 
A B C JD 
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The potential at an external point is represented by 

f2 L4.J LjlJl La. ^ ^ 

^WA OB'^OB OC^OG OD'^ ^ OP) ' 

where m is the amount of fluid separated in each molecule. 
Hence the potential of this row of molecules is 



m 
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The same will be true for all the rows of molecules, and 
NQ have for the potential of the bar on any external point 
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If the bar be long and very thin, r^, r^ will be sensibly 
jonstant over the respective ends, and we have 

Nh&re M is the strength of the pole. 

This distribution of magnetism is approached practically 
n the bar magnet. In all bar magnets there is a certain 
jmall force at a distance irom the poles which is traceable to 
:he falling off in strength of the magnetic separation in the 
nolecules as we go towards the ends. 

Cor. If a solenoidal magnet be bent i*ound so that it 
ibrms any closed curve, the potential on any external point 
iranishes ; for then we have r^ = r^, and the expression above 
5 zero. 

218. Prop. n. To find the potential at any external point of 
i thin magnetic shell in which the magnetization is everywhere 
lormal to its surface. This is called a lameUar distribution of 
nagnetism. 

Such a shell may be conceived as made up of an infinite 
lumber of thin short magnets, placed side by side. Let the 
igure represent such an element, AB being the normal, 
r the area of each pole, A being the north and B the south 
pole of the small magnet. Let be the external point, at 
yhich we F '" ^ose a quantity of magne\Asai m 
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1." Tie. Q^3srx or -utt -rmgnaa; ifioi taiL JL and £ be + p* 
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The area P is the projection by a cone of the edge of the 
elementary shell on a sphere of unit radius, and this may be 
defined as the spherical measure of the solid angle subtended 
at by the shell-element We will denote this solid angle by 
®. If the product p . AB is constant over the whole shell, 
of which AB is an element, the shell is said to be a simple 
magnetic shell, and this product is defined to be its strength* 
We shall denote it by the symbol j. The potential of the 
whole shell may then be written Sjco, or if the magnetic shell 
be simple, this reduces to j^'So), and the solid angles sub- 
tended by the elements can be simply added, and will give 
on summation the solid angle subtended by the whole shell. 

Hence the potential of a simple magnetic shell of strfetigth 
j on an external point will be + jflt, where j is the strength 
of the shell, ft the solid angle subtended by its edge, the 
positive sign being given when faces the positive surface 
of the shell. 

219. Prop. nL To find the potential of a magnetic field on a 
given simple magnetic shell placed anywhere in it. 

The expression (Art. 218) 

pAB . 7j jjCOS e. <r 

gives the potential of a quantity of magnetism m placed at 
on the element AB of the shell. 

The factor jrj^ is the force at A due to a pole m placed 

at 0, and ^s-ri cos e is this same force resolved along AB, the 
OA* 

normal to the shell. 



Hence -ptt;: cos e is the number of lines of force per unit 
OA^ 



area passing through the shell-element : and jjji co&e.<r 

is the absolute number of lines of force due to m which pass 
through the shell-element. 

Now any distribution of magnetism may ^ nted as 

a d- of magnetic poles, and the af von be 



applied. The poteutial of any magnetic distribution becomes 

AD "C "^ 

p . AB . aX tj-t; cos e, 

and each term in the summation denotes the number of lines 
of force per wnit area due to that element of the distribution. 



will be the number of lines of force due to the whole distri- 
bution, which pass through the element of the shell. If we 
call this number n, the potential of any magnetic distribution 
on AB may be represented by p . AB . n. 

If the shell be a simple shell, p.AB=j a coDstant, and 
the potential of any mamietic distribution on the magnetic 
shell is equal to J2.n =fN, where N is the whole number of 
lines of force due to the given system intercepted by the shell. 

Giving the direction of the hues of magnetic force their 
proper signs (Art. 208) we see that in the figure the lines of 
force pass from the positive to the negative side of the shell, 
and conversely if they pass from the negjitive to the positive 
side the potential of the field on the shell would have been 
negative. Hence generally the potential of any magnetic 
system on a simple magnetic shell is measured by ±JN where 
j is the strength of the shell, N the number of lines of force 
due to the given system enclosed by its edge, the plus s^ 
being used when the lines of force pass from the positive to 
the negative side of the shell. This potential when positive 
of course measures the work which would be done in bringing 
up the magnetic shell from an infinite distance to the given 
position in the field, and when negative the amount of work 
which would be done by the shell if allowed to pa&s bv 
frictionless constraint firom aa infinite distance to the giveu 
position (see Art. 41). 

The foregoing proposition might he treated as a particular 
case of this, since the solid angle there defined is clearly the 
number of lines of force from a unit pole which would M 
intercepted by the shell. 



-lX 
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220. The following six Articles, 221—226, which may be 
reated as corollaries to propositions II. and III. proved above, 
.Te of great importance. 

221. In estimating the potential of any magnetic shell 
n a point, we must remember that if some of the ele- 
oentary cones cut the shell twice, the potentials of these 
lements will be equal and of opposite sign, and may therefore 
^e neglected in the general summation. It is evident, on 
nspecting the figure, that in this case we have only to take 
.ccount of the free edge, which will here be an internal edge. 

Fig. 75. 





222. The potential of a closed shell on any internal point 
juals + 4i7ij, and on any external point vanishes. 

The sum of all the solid angles subtended by elements of 
le shell at any internal point will clearly be the whole 
)here, and this solid angle is measured by 47r, hence the 
otential is ± 47r/. For any external point we notice that all 
le elementary cones cut the shell twice, and the whole 
3tential therefore vanishes. 

223. In the case of a shell in the form of a plane lamina 
le potential anywhere on the positive side is 27r;, and on the 
3gative side — 27r/, for the solid angle subtended by a plane 
i any point on the plane is clearly a hemisphere. We see 
so that the work done in bringing a unit pole from the 
3gative round to the positive side of the shell is 47r;, and is 
idependent of the path taken. 

224f, The potential of the plane \a\xAxtf c^J^Ssjl 



I k zero. The solid 




J(J.-A-J; 



I ft poaitioit m wlusfa tke nGd an^ sobteaded is H tu a 
f paaititm is vUck It Vrii— tp 0^ tbe voik done will be 

If O; be less tkm IL tW v«fc done is negative, or tbe 
pole can do week doniBf tke mtmenteskt. 

Mofe gettenHj if a magBolic di^ be moved about ia 

the magnetic fi^ froot a foatitm in whidi the number 

m-ti Koes a( force eockeed is JT, to aooUier in which the 

MHtali^ of lii^a becomes JT^. the mrk done in the moye- 

^' 

here also the work diwie is negative if J , < A'^, or the force 
acting OQ tbe shell helps the motion. 

S26. It appears &om the last result that a magaetic 
sheU free to move about ia a magnetic field will place its^ 
in a position where its potential is as low as possible, or in 
tbe position which includes the greatest number of negative 
lines of force, 

227. Prop. IV. To find the strength of field, resolved perpen- 
dleidar to its jflaae, of anr uniform thin plate of attracting matter. 

Let AB be the trace on the plane of the paper of the 
plate, and P a point in it round which an element ab of the 
plate is taken. Let be the attracted particle (at which we 
assume unit mass], ON, the perpendicular ou the plane of 
the plate, and let OPN be the plane of the paper. Let a'b' 
be the projection of oA on a plane perpendicular to OP, 

Tbe attraction of the element a& ou J 

= -£' I 

OP" \ 

where a is the area and p the density of AB, 



MAGNETISM. 235 

Hence component along ON 

_ pa- cos PON 

Fig. 76. 




But since ON is perpendicular to a&, and OP to a'h\ the 
angle PON= the angle between ab and a'b\ Hence 

a cos PON — cr\ the area of a'b\ 

Hence component along ON 

But (Art. 218) jrp^ is the area cut ofiF a unit sphere whose 

centre is by a cone which has for its vertex and ab for 
its base, or the spherical measure of the solid angle subtended 
by ab. If this be denoted by cd the attraction along ON of 
the element ab is pto. 

The same will be true for each element of AB, and we 
shall have for the whole attraction along ON, 

Spfl) = /oSo), since the plate is uniform, 
where H is the spherical measure of the solid angle subtended 
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by AB. It is obvious that Art. 36 is only a particular case 
of this general proposition. 

Cor. This proposition can be at once applied to eveiy 
cylindrical bar magnet, since it consists only of a distribution 
of magnetism of density + p over one end and — p over the 
other. Hence if fl^, fl, be the solid angles subtended at any 
point by its ends, the strength of the magnetic field paralld 
to its length will be p (fl, ± il^)fplib$ if the attracted particle 
lie between the planes formed by the ends produced and 
minus if outside these planes. 

228. Experiment 7. A small closed voltaic circuit 
placed in the magnetic field is acted on by forces propor- 
tional to the forces which would be experienced by a thin 
magnetic shell whose edge coincides with the circuit, the 
strength of the current bearing a certain proportion to the 
strength of the shell, the direction of the current being 
such that an observer looking down on the north side 
of the shell sees the current following a direction opposite 
to the hands of a watch. 

229. This experimental law can be extended to a 
voltaic circuit of any size and shape whatever. For con- 
ceive the voltaic circuit filled up by a surface, and this 

Fig. 77. 




surface divided into a number of closed curves by lines 
cutting each other at right angles, whose distances are 
small compared with the curvature of the surface. Conceive 
currents oi the same strei Tvx\a\fe TovmA. ^««^ <2kl 
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^hese closed curves, as shown in the figure, all in the same 
iirection. 

Each closed curve may be regarded as a plane circuit, 
jnd for it by the above experiment may be substituted 
i small magnetic shell whose strength is in a certain ratio 
io the current-strength, and similarly for all the other 
jlementary circuits; and the magnetic shell-elements sub- 
itituted for each will all have the same strength. 

But these shell-elements will make up a simple magnetic 
hell whose edge coincides with the original closed circuit. 

Again, in the figure it is evident that along each side 
•f the elementary closed circuit will be two currents of 
qual strength in opposite directions, which will therefore 
leutralize each other; the only parts not neutralized in 
his way being the elements which compose the original 
oltaic circuit. 

Hence we see that as far as actions in the mag- 
et^c field are concerned we may substitute for any voltaic 
ircuit a magnetic shell whose edge coincides with the 
ircuit carrying the current, and whose strength bears a 
ertain ratio to the current strength. 

230. We may define the positive direction of the 
urrent in the circuit in the following way: 

Def. Direction of Current. The positive direction 
f the current is related to the positive direction of the lines 
f force in the same way as the direction of rotation to that 
f propulsion in a right-handed screw. 

This direction can be conveniently remembered by the 
wist in the muscles of the wrist in driving in a corkscrew, 
'he opposite direction will be referred to as a left-handed 
3rew, and the set of directions indicated above will be 
sferred to as right- and left-handed cyclical order, 

231. The experiment and deductions given above form 
lie basis of the science of Electro-Magnetism. 

It is usual here so to change our Electrosi* " ^^'ts that 
lie "carrying a unit current, and f etic 
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shell, shall be identical in their electromagnetic actions. 
Onr former units of electromotive force, resistance, &c. 
will all have to be altered; but we shall assume at present 
that they are altered in such proportion that Ohm*s formula 
remains unchanged, as also the formula for energy expended 
in the circuit 

The relations of the various units in the electrostatic 
and electromagnetic systems to each other we shall indicate 
in the next chapter. 

232. We have now shown that the forces acting on a 
magnetic shell and on a voltaic circuit coinciding with 
its edge are identical, and since these forces are, in the case 
of the shell, derived from a magnetic potential, we shall 
assume that an identical electromagnetic potential exists 
from which the forces acting on the voltaic circuit are 
derived. 

Before doing so, we must notice that the positive direc- 
tion of a line of force passes from the positive to the negative 
side of a magnetic shell placed in the field (Art. 219), while 
the current in the equivalent circuit is left-handed or nega- 
tive (Arts. 228 and 230). We must remember therefore in 
applying propositions proved for magnetic shells to voltaic 
circuits, that work done will be represented by potential with 
sign changed. 

233. To keep this clearly before the student, we place 
here the conventions made and the properties proved for 
a magnetic shell, while in a parallel column we place the 
conventions made and properties deduced for a voltaic 
circuit. 

Magnetism. Electro-Magnetism. 

Def. Tlie positive direction Dep. I'he same, 

of a litis of magnetic force is 
the direction in ivhich a north 
pole placed on it tends to jnove. 
Art. 208. 

Def. TJie potential of a Def. The potential of a 

tivagtietic shell is positive when voltaic circuit is positive when 

lines of force pass from positive the lines of force and direction 

to negative magnetism. Art of current are related in right- 

219. ded cyclical order. Art. 230. 
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Prop. L The potential on a 
magnetic shell in a magnetic 
field is measured by the pro- 
duct of its strength into the 
number of lines of miagnetic 
force counted algebraically it 
encloses. Art. 219. 

Prop. n. The numerical 
Talue of the potential of a 
magnetic shell at a point is 
equal to the strength of the 
shell multiplied by the solid 
angle subtended at the point 
by its edge. Art. 218. 

Prop. in. The potential 
of a plane magnetic shell of 
strength j is on one side 2iri 
and on the opposite ~27rJ, the 
difference 4n-j representing the 
work done in bringing a unit 
pole round the edge from the 
negative to the positive side. 
Art. 223. 



Electro-Magnetism. 
EocperiTnent The magnetic 
shell and voltaic circuit are 
equivalent when the lines of 
force and direction of current 
are in left-handed cyclical order. 

Deduction, The algebraical 
signs of the potential of a shell 
and its equivalent voltaic cir- 
cuit will be opposite. 

Prop. I. The potential on a 
voltaic circuit in a magnetic 
field is measured by the product 
with sign changed of the cur- 
rent-strength into the number 
of lines of magnetic force 
counted algebraically enclosed 
by the circuit. 

Prop. n. The numerical 
value of the potential of a vol- 
taic circuit at a point is equal to 
the product with sign changed 
of the current-strength multi- 
plied by the solid angle sub- 
tended at the point by the cir- 
cuit. 

Prop. m. The potential of a 
plane voltaic circuit, carrying 
a current of strength i, is on 
one side 2n-i and on the other 
-27ri, the difference in-i repre- 
senting the work done on a 
unit pole in bringing it round 
outside the circuit from the ne- 
gative to the positive side. 

CoR. Since in the case of 
a voltaic circuit the work done 
in passing just through the 
plane of the circuit must bo 
zero, we conclude that the po- 
tential of this plane must be 
=*=2i7r, and that in '^ -vw^ 
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v. The work done 
(ftl a unit pole in carrying 
it from a point A where the 
potential of a shell is jQ, to a 
point B where the potential is 
jc.ia 

j{Qa-Ci). 



^ 



Prop. V. The work done on 
a shell placed in a magnetic 
field, and moved from a posi- 
tion in which N, lines of force 
intersect it to a position in 
which N^ lines of force inter- 
sect it, is 

Art. 225. 

Prop. VI. If Na-:Ni the 
work done is negative, or the 
shell acduires kinetic energy 
owing to the magnetic forces 
helping the movement. Art. 226. 

Prop. VII. A magnetic shell 
capable of movement in the 
magnetic field places itself so 
as to include the smallest 
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the difTereace of potential (or 
.all other places we must rfr 
member that it will be ivi, 
greater or less according as the 
path pui-aiicd passes through the 
circuit or rouud outside it. 

Prop. 17. The work done to 
a unit pole in bringing it from 
a point A at which the poten- 
tial of a voltaic circuit is in, 
to a point B at which the po- 
tential is iOj is 

assuming the path punned ut 
to go through the circuit d| 
the path pass through thB dfl 
cuit it is represented by ^| 



i(± 



the ■ 



-J2^-(-Qi), 



or + being taken K- 
cording aa the path through the 
circuit is positive or negative 
relatively to the lines offeree. 
Prop. V. The work on a vol- 
taic circuit placed in the mag- 
netic field, and moved &om a 
place in which N, lines of force 
Intersect it to a position In 
which No lines of force inter- 
sect it, is 

-i(H,-NO. 

Prop. VI. IfH,>N,thowork 
done is negative, that is tli« 
circuit acquires kinetic energ; 
owing to the electromagnetic 
forces assisting the movement. 

Prop. Vn. A voltaic circuit 
free to move places itself in 
the field so as to include the 
greatest possible number JM 
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Magnetism. Electro-Magnetism. 

ible xiiiinber of lines of force, lines of force. That is, it will 
r, what is the same thing, the place itself in the strongest 
reatest possible nnmber of ne- part of the field in such a poai- 
ative lines of force. Art 226. tion that the lines of force are 

as nearly as may be perpen- 
dicular to it, the current being 
related to the direction of the 
lines of force in right-handed 
cyclical order. 

234. Since the potential at a point depends on the solid 
ngle subtended by the circuit, we see that the surfaces over 
Wch the potential is constant will emanate from the circuit 
ad will form bowl-shaped surfaces having the circuit for 
leir edge. A system of equipotential surfaces would be a 
^stem of such unclosed surfaces intersecting each other at 
nite angles in the given circuit. 

In assigning numerical values to the surfaces, we must 
^member that the potential represents the work done 
I carrying a unit pole from the surface to an infinite 
Lstance, and this will depend on whether the path pursued 
asses through the circuit or round its edge, and if it passes 
irough the circuit, on how many times it passes through 
le circuit always in the same direction. Hence we cannot 
3sign a fixed value to a given equipotential surface, but 
series of values differing by 4im, The work done on a 
nit pole in bringing it from a surface whose potential is V^ 
> another whose potential is V^ is 

±4!mn+ Fj- F„ 

^here n is the number of times the path pursued passes 
lirough the circuit in the same direction ; if that direction 
e with the Unes of force we prefix the - sign, and if against 
hiem the -I- sign. 

The path of the pole which in the last paragraph passed 
lirough the circuit n times without returning, may be said 
conveniently to be linked n times with the circuit. 

The lines of force cut all equipotential surfaces at 
Lght angles, and will therefore be a system of oval curves 
rith thie cn»*'^"'^ting wire passing thiougla. tik& '^'v^.- 

a F 
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formity with the convention just made we may say that 
the lines of force are linked with the circuit, and the di- 
cuit with any one of its lines of force may \)e conceited as 
two successive links in a common chain. 

235. We have already stated that the current is related 
to the lines of force in right-handed cyclical order. If we now 
conceive the line of force as a closed curve and the circuit as a 
direction cutting through it, the positive direction of the line 
of force will be related to that of the current in right-handed 
cyclical order. Hence both the lines of force are related to 
the current and the current to the lines of force in right- 
handed cyclical order. 

This rule is clearly equivalent to that usually given, 
that a figure swimming in the current which enters by 
its heels and leaves by its head, and looking towards the 
magnet, sees the north pole driven to its left. 

If the pole be fixed, and the current free to move, it 
is clear that the current will be driven round a north 
pole, so that the figure in the current looking towards the 
pole is always moved towards its right hand. A convenient 
rule for remembering this direction, often useful in practice, 
is that a figure swimming in the current, looking along the 
lines of force, will, with the conductor, he carried towards Us 
left, 

236. Prop. VIII. In computing the potential on any closed 
circuit in a magnetic field we may substitute for it any closed 
circuit which is obtained by projecting the given circuit by means 
of lines offeree. 

For since lines of force never intersect except at a 
magnetic pole we cannot by this means alter the number 
of lines of force enclosed. 

CoK. 1. In any movement of a conductor the change 
in potential produced by the movement of any part of the 
closed circuit parallel to lines of force, or parallel to planes 
containing the lines of force in that part of the field, is nil. 

CoK. 2. For any sinuous conductor a straight one may 
be substituted. 

It is clear that a strai&rht line can always be drawn 
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through any sinuous line such that the number of lines 
of force omitted may be just counterbalanced by the number 
of extra lines of force included on substituting the straight 
for the sinuous current. 

237. Prop. IX. If two circuits more or less parallel to each 
other carry currents in the same direction they attract each 
other, and if the currents be in opposite directions they repel 
each other. 

Let -4 be a portion of a conductor carrying a current, 
and let the plane of the rest of the circuit be more or less 
perpendicular to the paper. Then it is clear (Art. 236) 
that the lines of force are a system of oval curves, rising 
from the paper to the left of A, and sinking into it to the 
right of A, If J5 be a parallel conductor carrying a current 
in the same direction, the lines of force enclosed by -B, and 
on which the potential of B depends, will be all those which 
fall to the right of B, and remembering the rule we see that 
J5*8 current is positive to these lines of force. 

Fig. 78. 



Lines of Force 
upwards. 



Lines of 
down 



Force 
wards. 



The electromagnetic action in the field will therefore 
(Art. 233, Prop. VII.) tend to place B so as to enclose more 
lines of force, that is, will draw B towards A, If the cuiTent 
in B be opposite to that in A, Bs current will be negative 
to the lines of force, and the electromagnetic force \vill be 
therefore repulsive. 

Cor. 1. If there be two straight wires parallel to each 
other carrying currents they will, if the currents be in 
the same direction, attract, and if in oppogi^'^ ^' -^tions, 
repel each o^' 
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Cor. 2, If the two wirea in the last corollary be ii 
j to each other and the currents both run into or out d 
F comer made by the wires, they will attract each otherfl 
if one run into, and the other out of the comer, thef Jl 
^jgwl each other. . 

^^BUt XOX' and BAB be the two conductors, 0^| 

I " 

perpendicular to both. Let 1' be at right angles to OX 
in a plane parallel to BAB. 

The lines of force due to XOX' will clearly be (neglect- 
ing its ends) a system of circles in planes perpendicular 
to it, 

Let PQ be an element of BAB', and let it be projected 
into the bent line PMMQ in which PM ia parallel to OX. 
MR to OT, and i;^ to OA. The parts QR, RM will be 
parallel to the plane containing the lines of force. Hence 
moving the conductor parallel to itself, we have only to 
consider the change in potential due to the movement of 
PM. If the currents in XOX' and BAB' both run into or i 
out of the corner, PM and OX will be parallel currents in the 
same direction, and will attract each other. If one run into 
and the other out of the corner, the currents in PM and 
, OX will be opposite, and they will therefore repel each I 
' other. I 

238. Prop. X. If we have in a magnetic field two volt^ ' 
circuits A and B the number of A's lines of force which B 
encloses will be eaual to the number of B's lines of force which k 
encloses, when the current- strength in each is unity. 

This proposition might have been at once inferred from 
the general principle of mutual potential in any two s 
fArt. 41J. 
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Let N^ be the number of lines of force due to A 
enclosed by B, and N the number due to B enclosed by A, 
and let \ and \ be the current-strengths in A, B respec- 
*'^ely, >', uii . V ^ *- '1- - I ^ "- ' .'■ 

The work dobe in cari^ng B out of ^I's field of force 
will then be N^i,. 

The work done in carrying J. bo as to hold the pome 
position in space relative to B will be — Ni^. .'A^.-,'" ■■■■'. ae* ■ ; 
Hence we see that an amount of work N^i^ — N^^ would "i 
be expended in carrying a magnetic system E^ainat no * ' 
external magnetic forces from one place to another, and this 
ttHaat Tanish. Hence 

NJ,-^J=0, . . . 

or iV;i; = y,t'. :.*£^, 1^-..,^: f^-_ C, ;/l 

But since potential and consequently force at any point 

m the field of a voltaic circuit is, by Prop. II., proportional 

to current-strength, we may make .Y, =A/^'i,, and iVj=Jlf,»,;Ai 

We see then that u 

But Jlf, and ilf, will be the number of lines of force 
enclosed respectively by A and B when there is unit cur- 
fent in each. Hence the proposition. 

Def. Coefficient of Mutual Induction. The gwan- 
f^ty M in tJie preceding proposition which gives the number of 
"•Ms of force due to one of two circuits (each earring unit 
<f'invnt) ^closed by the other is defined to he the coefficient of 
^^hml induction between them. 

. If Jf be the coefficient of mutual induction between two 
'''rciita carrying currents i and t^ the potential of each due 
^ the other's magnetic field will be Mia^. If the two circuits 
** free to move in the field, they will clearly place them- 
^Vea in such a position that M shall be as large as possible; 
^'^ will be when the two circuits are as nearly as possible 
^ the same plane and carry parallel currents. 

339. Prop. XI. To find an expression for the whole energy 
™ a ciicult carrying a current. 

That a voltaic current is a source ot euci^ •«& ^nbj*^ 
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already seen, and when the circuit is separated from all 
other circuits its energy must clearly be kinetic. Whether 
this energy be that of moving electricity or of the movement 
of the conductor carrying the electricity, or of both combined, 
we cannot here enquire. In either case the analogy of the 
vis viva or kinetic energy of moving material bodies would 
lead us to conclude that it depenck on the square of tbe 
current-strenerth. We see also that the potential energy of 
two circuits LiyiDg currents depends ortbe geome^ of 
the circuits and on the product of their current-strengths, 
and since all forms of energy must be of the same order, we 
may infer that the energy of a given circuit wiU be repre- 
sented by a certain coeflScient depending on the geometry of 
the circuit multiplied by the square of the current-strength. 

In a given case let us call the coefficient L, and the 
current-strength i, the energy of the circuit will then 
be if*. 

Place another conductor in all respects similar to the 
former, so as to coincide with it, and let it carry the same 
current in the same direction. 

The energy of this system will clearly be represented 
by i(2^)* = 4Z^*, since the geometry is unaltered and the 
current doubled. 

If the conductors be separated so as to be carried out 
of each other's field, their whole energy is reduced to the 
sum of their separate energies, or 2jLt'. 

Hence the work done in separating them is the diflfer- 
ence, or ^U?, 

But by the previous Proposition, the work done in sepa- 
rating them is equal to the number of lines of force due to 
one enclosed by the other. When the circuits coincide each 
one encloses all the lines of force due to the other. 

Let the quantity denoted by M, when the circuits 
coincide, be represented by M^. This symbol then represents 
the whole number of lines of force embraced by the circuit 
carrying unit current. Hence the work done in separation 
is Jf/ ; 
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Def. Coefficient of Self-induction. L is defined 
to be the coefficient of self-induction of a circuit, and is equal 
to half the number of lines of force embraced by the (drcuit, 
when removed from all other circuits and carrying unit current. 

Cor, If there be two circuits carrying currents, and if 
L, N be their coeflficients of self-induction, and M the coef- 
ficient of mutual induction, the whole energy of the field 
when the current-strengths are /j, i^ is given by the ex- 
pression 

Li^' ± Mi,i, + Nt^\ 

the positive or negative signs being given to the middle 
term as the lines of force from one circuit pass in the 
positive or negative direction through the other. 

240. Having obtained the foregoing expression for the 
energy of a voltaic circuit carrying a current, we get the 
idea of inertia to be overcome in establishing the current 
at first, or making any alteration in it when once estabUshed. 
On applying an electromotive force to a circuit, part of the 
energy of the battery is used up in overcoming the resist- 
ance or in heating the circuit, while the remainder goes to 
increase its kinetic energy or to. do work external to the 
circuit. 

This can be expressed by equating the energy taken from 
the battery in any given short interval to the sum of the 
heat developed, the increase in kinetic energy and the ex- 
ternal work. 

If jE be the electromotive force of battery, and i the cur- 
rent-strength the energy subtracted in a given time r = Eir. 

If R be the external resistance the energy expended in 
heat = Ri^T. 

If 2y be the coefficient of self-induction and if { be the 
current-strength at the end of a time t, the rise of intrinsic 
energy = L (i!* — i^. 

If FT be the rate of working of any external machine the 
amount of energy expended in working it = Wt. Hence we 
have the general equation 
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241. Prop. XTT. To calcnlate tlie law of estoblishment of tii 
current in a conductor when an electromotive force is applied toi 

This will be a particular case of the preceding articl 
where the external work vanishes. Hence we have 

/. Et = RiT + 2L (i'- 1) (1), 

which may be written 

(E \ 2L.^ . 

Let ^ - i = y, and^ - i' = j^ ; 

= - -^ (log y' - log y\ 

which is a form suitable for direct summation. Rememberi 

E 
that y = -p when i = 0, we have after time t, 






logg-i)-log||; 



E . 

R 
E * * 



The ratio ^ is generally so large that the rise in stren 
of the current takes place with sv ' ''ty t\i«b\. n?^ eas 
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observe it. In marine telegraphy, where the coefficient of 
43elf-induction is large and complicated by the Leyden-jar 

.stction of the insulating 8heath,^the term e ^' leads practi- 
<0£klly to a lengthening out of the signal, so that a sharp signal 
"fcransmitted to the wire by closing the circuit for an instant 
sixows in a galvanometer at the other end a gradual rising 
^tnd falling again of the current. 

242. We may compare the establishment of a steady 
•current in a conductor to the establishment of steady motion 
ill a steam-engine. When the locomotive is moving along 
steadily the whole work done by the steam on the piston 
IS used up in friction on the rails and in the machine. 

wTien the engine is quickening its pace the work done by 
the steam is greater than that used up in friction, and the 
^fierence goes to increase the kinetic energy of the system, 
^iid vice versa when the engine is pulling up. 

So with electricity in motion. When steady Ohm's law 
"^^presses the fact that the energy given out by the battery is 
inverted into heat in the circuit When however the current 
^ increasing the energy given out by the battery is more 
^-lian that used up in the circuit, and the remainder goes 
^ increase its kinetic energy, and vice versa when the 
^Xirrent is ceasing. In practice the current becomes steady 
^ rapidly that we only observe the indirect effect of the 
*>tlcreasing energy in the extra spark. 

243. We have seen that every voltaic circuit possesses an 
electromagnetic field, and in this field exerts attractions and 
I'epulsions upon magnetic poles or other voltaic circuits. If 
in obedience to these attractions and repulsions movements 
take place, the law of conservation of energy shows us that 
the work done by the circuit must be done in some way 
at the expense of the energy in the circuit. This energy 
we have just seen to be kinetic, depending on the geometry 
of the circuit and the current-strength. 

The only way therefore in which energy can be abstracted 
from or added to the circuit is by a diminution or increase of 
current-strength. The diminution of current-strength will 
last just long enough to compensate f ^k dft\^<^^ 

^md V current will be eata\>^ ^^\^<b%^ 
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variations of current-strength in the circuit while work 
is being done in thcf electromagnetic field are ^nown 9& r^ 
induced currents. Since the induced current is always »^ 
compensation for the energy expended or gained in the 
field, it is clear that acting alone it would oppose the move- 
ment, or its direction will always be such that by its electro- 
magnetic eflfect it would oppose the movement taking place 
in the field. This is known as Lenz's Law. 

From Lenz's law combined with the law stated in 
Art 235, we have the rule for the direction of an induced 
current in a moving conductor, that a figure in the conductor 
looking along the lines of force and moved towards his left 
with the conductor will experience an induced current wMck 
enters by his head and leaves by his heels, 

244. Prop. XTTT. To calcnlate the induced current produced 
by the movement of any conductor in a magnetic field. 

If the number of lines of force cut through at the begin- 
ning of the movement be N, and at the end N\ the energy 
acquired by the movement is (N' — N) i. 

Hence (Art. 240), 

or Et-= Bit -f {N' - N'). 

Let Iq denote the steady current, then E — Ri^, Hence 

R{i-i,)T = -{N'-N). 

But i — i^ is the induced current-strength and {i — i^r 
is the quantity of electricity transmitted during the time t. 
Adding for all the short intervals of the movement, 

2(t-io)T = ^-g . 

But 2 (* — «o) ''■ ^3 ^^ quantity of electricity transmitted 
during the whole movement and may be denoted by [i\. 
This is often called the total induced current. 

2 (N' - N) will be simply N^ - N^ when N. is the 
number of lines of force enclosed at the end, and JL the 
number at the beginning of the movement-, 
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__ Number of lines of force added 
"" Resistance of Qrcuit 

OoR. 1. If the increase of lines of force takes place at 
I uniform rate we shall have a uniform current whose in- 

ensity will be measured by ^ , where t is the time that 

he whole movement lasts. 

Cor. 2. If a* straight conductor forming part of a closed 
ircuit is carried across lines of magnetic force, the electro- 
Qotive force of the induced current is — H .l,v, where IT 
3 the number of lines of force per unit area or the strength 
f the field perpendicular to the plane of the conductor a 
notion, I the length of the conductor, and v the velocity 
7ith which it moves parallel to itself 

Fig. 80. 




Let AB be the conductor, and let the rest of the circuit 
le completed by thick bars A, G, B whose resistance may be 
leglected. 

If the conductor move from -45 to A'B', and the line& 
f force be perpendicular to the paper, the number of lines, 
f force added by the movement 

= ir X €iTeB.ABA'B' ^Hx AA' x I 

If [{] denote the total current, 

rn H X AA! X I 
W^ M • 

If the time occupied by the movement is t, the current 

•_W_ SxAA'xl 
* < fi.t ' 
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the direction of this current being as in figure^ if the lines 
of force are upwards. 

But if the conductor move uniformly from AB to A'B 

AA' 
in time t,- =v, the velocity of the motion; 



Hvl 




.'. Bt = — Hvl, 




Bi = E; .: E= 


-Hvl. 



and 

Cor. 3. From the preceding Cor., we see that the cunent 
will be strongest when the conductor is moved parallel to 
itself and perpendicular to the lines of force^ the direction 
of the induced current being perpendicular to these two 
directions. 

Cor. 4. We see also that there will be an induced current 
during the opening or closing of the circuit. 

1st. At closing the circuit Since L^ the coefficient of 
induction, is half the number of lines of force enclosed by 
B, circuit carrying unit current, the whole number added wiU 
be 2LiQ, where % is the steady current; 

M— 2X/ . 
^ *°* 

2nd. At opening the circuit The number of lines stA- 
iracted will be ^Li^, hence 

Smce *o = ;g> W = -;^> 

and for the average electromotive force in either case 

where t is the time the currerit lasts. 
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This result is interesting, since we see that by reason of 
:he extreme smallness of t, N may be many multiples of E. 
Thus the induced current having very high electromotive 
force is able to break across a finite air-space, giving rise 
bo the galvanic spark or extra current, although no cell can 
break directly across an appreciable air-space. Sir W. 
Thomson says, that 5510 Daniell's cells would be required 
bo give a spark between two brass terminals about J in. 
sipart. 

245. Extending the analogy pointed out in Art. 242 we 
may compare induced currents with the phenomena attend- 
ing the establishment of steady motion in a locomotive and 
brain. At the first start the engine has to overcome the 
inertia of the train behind it, and as a consequence receives 
eNiumber of impulsive jerks backwards just analogous to the 
induced negative current at closing the circuit. When the 
engine slackens pace it has to overcome the energy of the 
moving mass behind, and accordingly receives jerks forwards 
analogous to the induced positive current at opening the 
circuit. 

246. Prop. XIV. The rate of working of any electromagnetic 
engine will be the greatest possible when starting the engine 
[Uminishes the current in the circuit by one half. 

Let W be the rate of working of the engine, i the current 
when the engine is stopped, and i' the current when the 
engine is working. Then Art. 240, / 

EiT = Ri\ when the engine is at rest. ,^\j ,( i C - 

Ei'r = JBi'V + Wt when the engine is at wort. 

Whence by division -^ 1 

The right-hand side is a maximum when 

* 2' 
which pro^"^ ^' "reposition. 



^- 



V 
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Examples on Chapter VIIL 

1. Two ma^etic compasses are placed on a table near 
-each other; explain how they influence each other's direc- 
tions in all different positions. 

2. A common bar magnet is placed on a tabb 9sA 
a compass needle lies on the table subject to the magnet's 
force ; show by a diagram the positions of the needle in 
different positions relatively to the magnet. 

3. A dipping-needle is free to move in a plane at a 
given inclination to the magnetic meridian; show how to 
find the apparent dip. 

4. Show that if the apparent dip observed in any two 
planes at right angles to each other be S^, S^, then 8 tiie 
true dip can be found from the formula 

cot' S = cot' S, + cot* S,. 

5. If the dipping-needle move in a plane perpendicular 
to the meridian, show that it will remain vertical. Hence 
show how to determine the plane of the meridian by ob- 
servations with the dipping-needle only. 

6. If r, r be the distances of a point from the north and 
south pole of a magnet respectively, show that for any point on 

a given equipotential surface 7 is of constant value. 

7. Find the points in which any given equipotential 
surface cuts the magnetic axis. 

Ans. If m be the strength of each pole and a the length 
of the axis, then the surface whose potential is — will cut the 

axis at a distance from the north pole J {a -f 2c — Ja^ + 4fC*}, 
and the axis produced at a distance ^ {Ja^ + 4ac — a], 

8. If in the preceding question yjr, -^^ be the angles 
which r, r' make with the tangent plane to an equipotential 

_^ cos yfr r' 

surface, f> = -7= . 

cos yjr ^ 
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9. If 0, <fj' be the angles which r, r in the preceding 
uestion make with a line of force, -; — -7, = -^ . 

10. K fl, 5' be the angles which r, r make with the 
nagnetic axis produced in one direction, show that along any 
one of force, cos 9 — cos ff ia constant, 

11. Let two equal rods Nn, Ss turn on pivots about 
points N, 8 which are the poles of a given magnet. Then if 
they be moved so that its ia always perpendicular to IfS, or 
]f8 produced, the intersection of Nn, Ss will trace out a 
magnetic curve. {See Roget's Electricity.) 

12. Prove the following construction for obtaining any 
number of points on a system of magnetic curves; — Divide 
the magnetic axis into any integral number of parts, and 
set off along the axis produced any large number of equal 
parts. With centres N, 8 describe two equal circles having 
for any radii as large multiples of this subdivision as prac- 
ticable, and divide tbeir circumferences by perpendiculars 
drawn to the axis at each subdivision : draw lines joining 
^ and 8 to the points of division of these circumferences; 
the lines of force will then be curvilinear dij^onals of the 
lozenge-shaped spaces into which the figure is divided. 
(Eoget's E&ctricity.) 

13. Show that the equipotential surfaces will be closed 
and the lines of force constantly divergent from either pole 
when the magnetic system consists of two similar and equal 
poles at a distance from eaeh other. 

14). Show that the lines of force for two similar poles 
'ill be the other set of curvilinear diagonals of the lozenge- 
shaped spaces indicated in ques. 12. 

15. Find the form of the surface of zero potential for 
*iy bar magnet, and show that the resultant magnetic force 

"If points on it is given by —^ , where m is the strength of 

^ach pole, I the length, and r the distance of the point from 
one pole. 
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16. A closed voltaic circuit is supported at its centre 
of gravity but otherwise free. Explain the position assumed 
by it under the action of the earth's magnetism. 

17. A straight conductor (capable of sliding freely on 
fixed bars and forming with them a closed voltaic circait) 
carries a current. Explain the direction of its movement, 

(i) When capable of moving parallel to itself in the 
horizontal plane and carrying a current from North to 
South. 

(ii) When capable of moving parallel to itself in the 
horizontal plane and carrying a current from East to 
West. 

(iii) When capable of moving parallel to itself in 
the vertical plane and canying a current from North to 
South. 

(iv) When capable of moving parallel to itself in the 
vertical plane and carrying a current from East to West 

18. A straight conductor carrying a current is capable 
of rotation round a magnetic pole. Show in all cases the 
relation between the sign of the pole, the direction of the 
current, and the direction of rotation. 

19. Discuss the previous question in the case when the 
conductor is at rest and the magnetic pole free to move. 

20. Show that a straight horizontal conductor placed 
East to West and carrying a current will, if exactly balanced, 
appear to lose or gain weight when the direction of the 
current is reversed. At what part of the earth will this 
effect be strongest ? 

21. A straight conductor carrying a current is fixed 
at one end, and the other rests by help of a cork-float in 
contact with mercury. Show that the conductor placed any 
where on the earth's surface will rotate, but that except at 
the magnetic poles of the earth the rate of rotation will vary 
in different psuiis of its course. 

22. A long wire carrying a current has a short straight 
wire also cajnying a current p* «c to \\. \i\3L\» xlo\» ^ss:^^(s&> 
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ng it. Investigate the direction of movement (if any) in the 
ihort conductor for diflFerent directions of the currents. 

23. Investigate the direction of rotation in Barlow's 
?heel for given directions of the lines of magnetic force and 
)f the current. 

24. A bar of soft iron has a coil of wire round it. Show 
)y a diagram the direction of the current induced in the coil, 
i) when a N. magnetic pole approaches one end of the bar, 
ii) when the same pole is removed. 

25. A bar magnet is drawn through a hollow coil of 
dre forming a closed circuit and back again. Show the 
lirection, and roughly the variations in strength, of the in- 
luced current during the movement. 

26. A straight wire forming part of a closed conductor 
s placed horizontally and slides parallel to itself, (i) from E. 
10 W., (ii) from N. to S. Show in each case the direction of 
he current induced in it. 

27. The same wire is arranged so that it .can move in a 
vertical plane. Find the direction of the induced current, 
i) when it rises vertically in a plane perpendicular to the 
neridian, (ii) when in the plane of the meridian. 

28. Barlow's wheel (see ques. 23) has the battery re- 
aoved but the battery circuit closed and the wheel made 
o rotate by mechanical means. Find the direction of the 
nduced current. 

29. A wire in the form of a closed circle rotates about 
k vertical axis in its own plane in the direction of the hands 
fa watch; investigate the direction of the induced current 
or different positions. Show that a small magnet suspended 
it the centre of the rotating coil will have its N. pole de- 
lected towards the East if the rotation of the coil be with 
he hands, of a watch. (See B. A. Reports on Electrical 
Standards,) 

30. A wire parallelogram carrying a current is sus- 
pended from Ampere's stand, and allowed to take up its 
position of rest under the action of the earth a^c^^^ Explain 
tspoaitir^ -^ -"*»*. 

a 
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31. Show that a wire bent into the form of the figure 8 
and carrying a current, will be astatic in relation to the 
earth. 

32. A magnet is suspended horizontally over a mameter 
of a rotating copper disc. Show that the magnet will on 
rotating the disk be deflected from the meridian in the 
direction of rotation of the disk. 

33. Explain the effect of a copper box on the oscillations 
of a magnet needle suspended within it. 

34. A copper strip is drawn between the poles of a 
powerful horse-shoe magnet, and its opposite edges are con- 
nected by springs with galvanometer terminals. Show the 
direction of the induced current. 

35. Show that the induced currents in the copper strip 
will retard the movement across the field. 

36. Explain the diflBculty of drawing a metal sheet 
between the poles of a powerful electromagnet. 

37. A wire parallelogram is suspended on an Ampfere's 
stand, and a circular copper plate rotated below it. Show 
the direction of the surface currents in the plate, and show 
that the circuit will be deflected, following the direction of 
rotation of the plate. 

38. If the conductor in the last question consist of two 
equal parallelograms with the current flowing as in a figure 
8, the system will rotate following the rotation of the plate. 

39. A metal band of a circular form is made to turn on 
a vertical axis through its centre and perpendicular to its 
plane. Two points above each other on the upper and lower 
edge are connected by springs with the terminals of a gal- 
vanometer. 

(i) A wire carrying a current is placed vertically near 
the springs; show that there will be an induced current, 
and investigate its direction. 

(ii) The wire is bent into a circle and placed so as to 
surround the upper edge of the band; investigate the di- 
rection of the induced curr- 
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(iii) Will there be a current when the bent wire encir- 
^ the band near its middle? 

(iv) Extend this to the case of a conducting sphere 

lich turns about a diameter and has the bent wire placed 

as to embrace an equatorial plane. Show that there will 

I superficial currents from the poles to the equator when 

e current and rotation are in the same direction. 

(v) Show also the direction of the superficial currents 
ben the bent wire is in a meridian of the revolving sphere. 



CHAPTER IX. 



A^VLUTK DDKESSIONS OF PHTSIGAL UNITS. 



247. We stit^ in our fiist paragraph that all physical 
units are i>^t»ah)e to the fondamental ideas of spcuse, titMy 
a&d Meu$. the units of whidi are arhitraiy. These units once 
fix«d. eM:h definition we employ of a new unit contains im- 
{dkitly its i>efi»^iice hadk: to the ahsolute system. It is our 
oi^vf in this ^jiapt^r to trace the measures of the units 
w^ hsiT^ emplojned, and represent them in terms of arbitrarily 
assun^^ fundamental units^ 

24^ We must remember that if we make any change 
in our units the chai^ jwoduced in the measure varies 
iuT^rsely as the change in the unit. Thus changing the 
unit vMT length 6v^m a foot to a yard, the measures of all 
dist;sa:ice!S will be divided by three, and the same principle 
applies in all cases^ 

•ii). There aie two classes of units we have concerned 
c^ursel\*e$ with, m^amcal units and electrical units, many 
v>t the latter having been referred to under two systems of 
measurement, the Hectrostatic and etectromcLffnetic. We shsdl 
therefore divide our investigation into these three divisions, 
reterring each time to the definition and the algebraical ex- 
pression of it always implied. 

We call the ratios of the new to the old units of lengA, 
Hme, and mass respectively L,T"' 
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250. (1) Mechanical Units. 

Velocity is defined (Art. 2) as space described per unit of 

ime, and may therefore be measured by -I-— , Hence, 

time 

3taining our former symbols as far as possible, 

»=^=ir-' (1). 

The meaning of this expression is, that given any change 
1 the fundamental units (space and time), the change in the 
erived unit (velocity) is at once found by substituting in 
[lis formula the ratio between the new and old absolute 
nits. 

Acceleration is defined (Art. 4) as velocity added per 

3Cond, and may be measured by —. . 

/=J=ir-« (2). 

Momentwm, is defined (Art. 8) as the product of mass and 
elocity, and is therefore measured by 

Mv^MLT-^ (3). 

Force is defined (Art. 13) as rate of change of momentum 

- - . J , momentum 

ler second, and is measured by — 7^ . 

•^ time 

F=^^^=^MLT-^ (4). 

Energy may be defined either as work, that is (force) x 
space), or as energy (Art. 24), that is J (mass) x (velocity)*. 
)enoting it by the general symbol W, we have in either case 

W^MUT-^ (5). 

This will give the dimensions of every form of energy. 

251. (2) Electrostatic <md Magnetin "^ 

Qur ^e measure of quantity a-a^ti^l^ ^\s. 
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the law that the force between two equal quantities (Q) at a 
distance (L) from each other is measured by y^ (Art. 56). 

Hence, as fieur as dimensions are concerned^ 

^^^F^MLir (6); 

therefore Q = M^L^r\ 

Magnetic pole, or Quantity of Magnetism. The same 
formula (Art. 208) expresses the force between two magnetic 
poles. Hence also 

^M^L^r' (7). 



m 



Electrical and Magnetic Density are defined (Arts. 57 and 
207) as quantity of electricity or magnetism respectively 

per unit area, and are measured by -^ and j, respectively. 

Hence, in both cases, 

D = M^L'^r' (8). 

Potential is defined (Arts. 60 and 208) as work done on a 

unit of electricity or magnetism, and is therefore measured 

WW, 
by Yy or — respectively. In both cases, 



m 



^| = iif*i*r-^ (9), 



since Electromotive Force is a form of Potential. 

Electrical or Magnetic Force is defined (Art. 60) as force 

F 
on a plus unit, and may be measured by g, which gives 

-^l^^M^L'^T''. (10), 

since in Magnetism the corresponding quantity is denoted by 
the symbol H, and is defined (Art ^'"^' •*« the number of 
lines of force per unit area. 
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Nuwher of Lines of Force. Force denotes (Art. 209) the 
number of lines of force per unit area. Hence number of 
lines of force is measured by HUy or 

N^-M^L^T-' (11). 

Capacity is defined (Art. 70) as quantity per unit potential, 
and may be measured by -^. Therefore 

C^L (12). 

Specific Inductive Capacity is defined (Art. 77) by the 
ratio of two quantities of electricity, and is an abstract 
number. Hence in dimensions 

ir=0 (13). 

Current-Strength is defined (Art. 158) as quantity per 

Q 
second, and is measured by ^; therefore 

I=M^L^T'^ (14). 

Besistance is defined (Art. 162) by Ohm's law by the 
equation -ff=i2/. Hence 

E = ^=| = L-^r. (15). 

Conductivity is (Art. 161) the reciprocal of resistance, 
and is therefore measured by 

ir" (16). 

Specific Conductivity is defined (Art. 157) by the formula 
/= cFa. 

_ current-strength _ M^L^T'^ _ rn-x q^x 
"" (force) X (area) ^ M^L^T'^ 

Specific Resistance is defined (Art. 161) as the reciprocal 
of specific conductivity, and is measured by 

p^T.... asv 
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252. (3) Electromagnetic Units. 

We shall denote electromagnetic measare by the same 
symbols as those employed in electrostatic, placing a bar 
OTer the symbol to indicate that it refers to this measuie- 
ment. 

Cvrreni' Strength. This is defined as being identical with 
the strength of a magnetic shell (Art. 231), which again 
is defined (Art. 218) as the product of magnetic density 
into length. Hence 

/=2)i = lf*i*7^ (19). 

- Q 
QwMjntitff is defined by the formula / = jr. Therefore 

Q = i.T^M^l} (20). 

Potential or EUctromotive Force is defined (Arts. 60 and 
SOS) as the work done on unit quantity, and is therefore 

IT 

measured bv ^^ • Therefore 

• ^? 



^l=if*z»r* (21). 



Sesistanc* is defined (Art 162) by Ohm's law. Therefore 

R = £=LT^ (22). 

Oapatity is defined as before by -=. Therefore 

MiLi ^j^^ ^^ 

•^jg-fn^ of Fidd or Electrical Force is force on unit 
MMAUtT, wdi is therefore measured by = , which ^ves 

y*i*r^ m\ 
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Number of Lines of Force may (Art. 219) be defined by 
the formula N x I = work : hence 

j^WMTT^^^.^^., (25). 

Coefficient of Mutual or Self-induction is defined (Arts. 
238, 239) by the fonnula Li^ = energy of circuit ; hence 



- W 

r 



(26). 



Specific Conductivity is defined as before by the relation 

^ '-"" (27). 



FU 



Specific Resistance is defined as the reciprocal of the last, 
^^ therefore 



p^UT^ 



(28). 



Specific Inductive Capacity may be defined by Art. 179, 

1 

"^ agreement with the formula RC = -r— pK, whence 

47r 



- T 



(29). 



253. We will now present in a tabular view the results 

^?^ the preceding articles, adding the ratio between the 

^ tensions of the various units where they have been mea- 

^Ted in both the electrostatic and the electromagnetic 

^^tems, this ratio being the number of electrostatic in one 

" ^ctromagnetic unit. 

(1) Mechanical. 



Unit 


SymboL 


Dimeiuions. 


Velocity 


V 

f 
F 

W 


ir-i 


Acoeleration ... 
Force 


MLT-^ 


Energy 


ML^T-^ 
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2o-k [i) Electrostatic and electromagnetic units. 



in 



Q 

^l 

EWtrccK>iiTe Force E ) 

EkccncFoiw F 

Cfmtnr C 

Sfvei&indiKtiTea^ndtT. K 

Speeidc coodadxritT c 

SpeeuSe B«sissa&e« p 

B«6issaa<« of* Conductor.. R 

CQn«&t-«ci«ngdi I 

Ma^swc pol* I 

f^iantiiT of Mji^etism ...\ 

Ma^ede potentaL V 

Ma^neck Foree^ i n> 

Strang otf Fi«ld i 

Xii]nb«r of Lines of Force.. A* 

CoeiBeient of MatOAl or \ ^ 

S^If-indoetion \ 



ZOO, 



L 


X-1 

T 



IMmouknu in 
Electromagnetic 



if*i*r-i 

L 



Bttioof 
Eledrosttffeto 



L«!r-* 

X-tjf 



In the above table we see that the ratio of the 
measures of each magnitude in the two systems depends 
on L 7*"*, a quantity of the dimensions of a velocity. This 
velocity has been determined by experiment, and must be an 
absolute quantity independent of any particular system of 
measurement. We will denote it by t;, which may be as- 
sumed equal to 300 million metres per second. From the 
preceding table we clearly have for the ratios between 
measures in the two svstems 

Q 7 F ? ""' 



C K C 



R 



A ^ ^^ ^^ -^P ^^ ^»* 

256. If the suffix denote that the symbols stand for 
units instead of measures, we shall have for the ratio between 
the units themselves by Art. 248 

Q. X ^' £ ± 

C, if, \ t? 



and a$ = ^ = 
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257. Practical v/nits are not the absolute units given 
bove, immediately derived from the C.G.S. system of 
leasurement. It is found that by choosing these units, all 
ur resistances and electromotive forces will be represented by 
ery large numbers, and all our quantities and capacities by 
[nail fractions. The units of length, time, and mass actually 
siken are these : 

For length, the quadrantal arc ctf the earth or 10* cm. 

For time, the second remains the unit. 

For mass, the 10"" gm. is chosen. 

Referring to the table of dimensions given above we see 

bat electromotive force {M^L^T'*) becomes multiplied by 

Q-^ . lOV = 10". The wft is therefore defined as 10* abso- 
ate electromagnetic units. 

Resistance, whose dimensions are LT"^ (the same as those 
f a velocity), becomes multiplied by 10*. The ohm is defined 
& the resistance which is represented by the velocity of 
0* cm. per second. 

Current strength whose dimensions are JPi^T"^ is mul- 
iplied by 10"\ The ampere or current strength due to 
1!MF of one voU acting through one ohm represents 10"* 
.bsolute C.G.S. units. 

Quantity, whose dimensions are L^M^y is multiplied by 
0"\ The Coulomb is defined as representing 10"* units of 
[uantity and is the quantity of electricity which flows per 
econd in a current of one ampere. 

Capacity, whose dimensions are L'^T^, is multiplied by 
0"*. The farad, which is the unit of capacity, will therefore 
epresent 10"* absolute C.G.S. units of the electromagnetic 
ystem. 

Thus we see that to convert into absolute electromag- 
letic units of the C.G.S. system, 

the volt, the ohm, the ampere, the coulomb and the farad 
7e multiply respectively by 

10^ 10', lO'S 10-\ 10"*. 

In many cases very large multiples and submultiples of 
hese units occur, and it is then convenient to use the prefix 
lega — orzr -> express a million timea t\i'fc ^acciN 
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prefix micro — to express a millionth part of the uoit. Thus ■ 
the megalohm means 10' ohms and the microvolt d '" 
of a volt. 

Examples on Chapter IX. 

1. Make the following conversions by meaos ot the 
formiilEe given in this chapter. 

(1) Find the number of erga in a foot-pound. 

Ans. 421383 uearij. 

(2) Convert the accelevation of gravity (32'2) intj) the 
C.G.S. system. Atis. 981 nearly. 

(3} The units of time, space, and mass, being cbanged 

from a second, foot, and pound to a minute, yard, and cubic 

foot of meicurj' (density 13); find the ratio of the new 

units of velocity, force and work, to the old units respectivelj- 

. 1 65 65 

^'^- 2-0'96'32' 

2. Show that in electromi^etic measure the di- 

. , , ,, ■ , magnet pole 
mensiona oi current-strength are given by ° ^u ' 

Hence show that the electromagnetic attraction between 
two conductors carrying currents will be of the same di- 
mension aa the product of the current-strengths. 

3. By comparing the attraction between two currents 
with that between two quantities of electricity condensed in 
points, show that the ratio between the electromagnetic and 
electrostatic units of quantity is represented by a velocity. 

4. Show also that a current in electromagnetic measurt 
is of the same dimensions as magnetic potential. 

5. A sphere is raised to a given potential and diachargeo 
through a wire, the sphere contracting during the dischaigc 
so that its potential remains constant; show that the raterf 
contraction of the sphere will be equal to the reciprocal of 
the resistance of the wire in electrostatic 



6. Show that the heat given out in any circuit is ei" 
pressed by the same formula whether the units be eleotP** 
static or electromagnetic. 
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It. 

7. A coil whose resistance is 2 ohms is immersed in a 
ilogramme of water and a current of 3 amperes passes 
irough it for a minute. Find the elevation in temperature 
f the water (assuming the mechanical equivalent of heat to 
e 41560000 ergs per gin.-degree). Ana. J® C. nearly. 

8. Find the radius of a sphere whose electrostatic capa- 
ity is one farad. Ans, 3 x 10' cm. 

9. The electrostatic capacity per nautical mile of any 
utta-peroha cable is foimd to be uk farads, and the 

esistance of its insulating sheath ^ . 10* ohms. Calcu- 

ite the time of falling to half charge. (Given log, 2 
= '6931471.) Ans. 2 hrs. 4(5 min. nearly. 

10. The resistance of gutta-percha is to that of Hooper's 
laterial as 1 to 16, and the specific inductive capacity as 
!*2 to 3*1. Find from the last result the time of falling to 
alf charge in a condenser of Hoopei^s material. 

Ans. 32 hrs. 48 min. 

11. Two plates whose areas are each one sq. cm. being 
laced at a distance of 2 mm. apart and connected with the 
erminals of a battery, are found to exert on each other 
. force equal to '01 gm. Find in electrostatic and electromag- 
letic measure the electromotive force of the battery. 

Ans. 31 and 93 x 10" nearly. 

12. Show that the electromotive force in the preceding 
[uestion is nearly equal to that of 930 Daniell's cells. 

13. A metre is defined to be a ten-millionth part of the 

[Uadrantal arc of the earth; show that the electrostatic 

2 
apacity of the earth is about ^— of a farad. 

OTT 

14. Express in absolute electromagnetic units the ca- 
pacity of the earth. 
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T^\R following five propositi 

rrt)« to m'>vB about a fixed axis, wtiicb nugbt na™ 
hi'tin filAn(irI in Chnp. I., will be found of aervice in ws 
n)ia|ilf r, wlicn tTvnting of the. ttiotioo of snspeaded msgnfits 
111 a iiiiiforrTi mnffnotic field. 

Sfi9. Tlie idna we have here to introduce is that (^ 
(tnftiilor motion, which can be understood by fixing onalin* 
in l.ho body puTTxindiciilar to its axis and showing the angk 
trft(OTl out. (luring the motion; the rate at which thisaogle 
in tniofil nut being the angular velocity. 

Dkf. The angular velocity of a rotating body is theang^ 
Irimad init ptr Moond hy a line fixed in the body perpendieiM 
Ui tlm am» af rotation. 

Thi< angular velocity like ordinary velocity is a property 
'rf tliK IkkIv nt a pnrticidar instant, and if variable must be 
innRfliiriirl by the firiglo which would be traced out per second. 
Niiplio^iiig Iho angular viilocity to remain constant 

Prop. I. If A body be rotating with angular velocity a tin 
Telocity of a. particle in the body distant r &om the axis ^ 
rotation is ra.. 

For tiiHih particle traces out a circle, and if fl be tbe 
angle tracoil nut in a amall time t, the angular velocity i"" 

bo ^ ; orS-ioT. The length of the arc traced out by the 
particle is r 
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260. Prop. n. To find the energy of a body rotating with 

ngular velocity ». 

The energy of the particle whose velocity we compoted 
a the last article is ^mt^ when m is its mass, and this is 
qual to I mr^fi)*. Hence the energy of the whole body is 

2mr^ depends only on the density and shape of the body, 
nd may be computed when the form of the body is known. 
t is defined to be the moment of inertia, and may be denoted 
y the symbol Jf. The energy of the rotating body we can 
hen write J^Jfo*. 

26L Prop. in. To find the asgnlar velocity imparted to a 
ody by a conple acting for a given time. 

Let F be the force and I the arm of the couple. The 
rork done by the force in twisting the body through a small 
ngle is Fx W. 

If 60^ and a>, be the angular velocities at the beginning 
nd end of the movement the energy imparted is 

.-. i Jf («,* - ©,*) =Fxld= G(o,T, 

upposing O the moment of the couple and r the time 
ccupied by the movement, 

.-. M (oi, — «j) = Or. 

If the couple remain constant for any finite time t and at 
>e the whole angular velocity imparted 

M<o = Gt. 

262. Prop. rv. To find the elongation of swing of a body 
kcted on by a constant force in a given direction (e.g. a pendnlnm 
inder gravity). 

Let AB be the plumb-line in the position of equilibrium, 
ind ^Cthe limit of its swing, then CAB is the elongation 
equired. 

If R be an intermediate position the work spent between 
B and F wUl be F. BN= Fl{\- cos e)=G(\- cos 6), where 

i^BAB ^'^ ^ -a. 
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iCAB~a, then when 6 = a, a=0; 



■which gives the relation required. 

263. Prop. V. To find the time of oscillation about the posi- 
tion of rest of the bod? in the preceding article, the disturbinjf 
force being supposed small 

Let, as before, AB be the position of equilibrium, AG 
and ACf the extreme elongations. 

For the angular velocity at any intermediate poHition 
AP, we shall have by the preceding Article 

^ Mai^ = (cos d — COS a), 

where = PAB and a = CAB. 

If the disturbing force be very small the elongation will 

also be small, and we may put cos = 1 — -^ and cos a = 



. Mo>'=Q(a'~d'). 
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Set off the double elongation CBC on a straight line so 
hat CC = 2a, and ^P = ^ BAP and BQ'^iBA Q. On CC 

Fig. 82. 





escribe a semicircle and raised perpendiculars, PN, QM, and 
raw MR parallel to BG. Join BM, BN. Then 

Ma? =-0(a*- 0") 

= G (BN*-BP^ = a . PN*; 



•'■'"='\/^-P^- 



Hence time of describing the arc PQ 
_ PAQ PQ 



7F 

Vif * 



PN 



_ /M PQ 
~V OPN' 



tut by similar triangles PQ : MN ;: PAT : jB.W, 

PQ MN ^„-^ 

.". time of describing PQ = A/ ^ • JtfS-A/'. 

idding all the successive intervals we shall have the time 

f describing BO=^a/^. 

Hence if T be the time of a complete oscillation from rest 
3 rest 

'^r = iftr*. 



CoH. L We %e finm. dhe veank ikot tfe time ot 

Ladoa ii» imispetiitpm; of ximt air €ff TflwaiiiM. sqiposn|| 
^m fmaiL The Tixsaczoiift ate im. eamaoifaesDce said to 

^ehiTjtiiJiiaL 

Woi^L 'die szt: of TibcaciaiL is mx ^^err snail the foam 
will oiji: be risorooslj rxwt^ We can csbIt find a 
IrmTr z^'i ^JiB *irmr eoaunicced in. issn^ ilL 

Ci jamLaiag tjie aoies isr eos # and cos a one tenn 
■flre have 



fi^ + fl* 

Hence the error in • canncfl exceed — r — of the whole, and 

this is certainly less than tt o^ th <^ the whole, or the error 

4 12 



in the time of an oscillation wiU certainly not exceed ^rx of 

12 

the whole time, a being half the angle of swing. 

Cob. 2. If the pendulum consist of a mass m suspended 
from a weightless string of length /, under gravity M=mP 

and G = mig ; hence T='jr a/ - • 

if 

264. We now append some important applications of 
the preceding theory. 

Prop. VI To find the force acting on a ma^et i^laced in a 
uniform magnetic field. 

At a great distance from a magnetic system we may for 
a liriiitcd space consider the strength of the magnetic field 
to bo uniform. The lines of force will then be a system of 
parallel lines uniformly distributed through the space. This 
>vill apply for instance i of the earth throughout 
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m ordinary room in which we perform our experiments. 
Phe direction of the lines of force are then shown by the 
lipping-needle, and the thickness of their distribution by 
he absolute value of the magnetic intensity at the place 
mder consideration. 

Let now the lines of force be parallel to the length of 
he paper, and let their direction be from the bottom to the 
op of the page. 

Fig. 83. 




Let AB be a magnet whose north pole is at A and 
outh pole at B, and let the strength of each pole be m. 
jet I be the length of the magnet, and its inclination to 
he lines of force. 

Let H be the strength of the field, that is the force with 
rhich a unit pole would be urged along the lines of force, 
"hen the pole A will be subject to a force Hm along the 
ines of force, and B will be subject to an equal and opposite 
orce — Hm along the lines of force. 

These two forces constitute a couple (Art. 22), and the 
Qoment of the couple is Hm . DE, 

But DE = I sin 0. 

Hence the force on the magnet will be a couple whose 
loment is 

Hml sin 0. 

Cor 1. If the magnet be placed perpendid-i-'- *^ the 
ines of force, the moment of the forces acting i les 

InU or Hit* \c moment multiplied by ^ of 

be field 
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Cor. 2. If the magnet be composed of several magnets 
with their axes all in the same direction^ the moment of die 
couple on the compound magnet will clearly be jETsin tf.Sml 
when Xml is the sum of the moments of the elementary 
magnets, and may therefore be . termed the moment of the 
compound magnet. This has already been assumed in 
(Alt. 207) defining magnetic moment. 

265. Prop. Vn. To calcnlate tlie swing of a magnet placedin 
amagnetic fteld and making oscillations about its position of resL 

The calculation of the preceding articles applies, and if 
G be the magnetic moment, M the moment of inertia^ (d the 
angular velocity in the position of rest, a the greatest elon- 
gation, and H the strength of the field, then (Art. 262) 

i/ai* = 2fi^(?(l-cosa). 



o . a IGH 
or tt) = z sin TiKi -^ 



\n 



266. Prop. Vm To find in absolute measure the magnetic 
moment of a given bar-magnet uniformly magnetized. 

If G^ be the magnetic moment of the magnet, and H the 
horizontal component of the earth's magnetism, two observa- 
tions are made, one of which gives the product HGy and the 

. H 
other the quotient ^ from which G can be at once found. 

First To find the product HG. Let the magnet be 
suspended so as to swing freely in a horizontal plane, and let 
its time of oscillation be carefully observed. Then applying 
the formula of Art. 263, we have 

HGr=-it^M. (1), 

where T is the observed time of osciUation in seconds, and M 
the moment of inertia of the magnet about its axis of 
suspension. 

Secondly. By using one of the poles of the magnet to 
deflect another magnet we can find by observation the 

ratio rj . 



PBOBLEMS IN MAGNETISM. 



277 



Let m be a pole of the magnet of the last article, and BG 
bher magnet disturbed by it from MM the plane of the 
idian. 

Let the strength of the poles of -B (7 be each m\ its length 
the distance of its middle point from A, d^ and the 
aaces AB, AC oi the poles r^ and r^ The forces acting 

B will be Hw! along the meridian and — 5- along BA\ the 



es on G being -- Hm along the meridian and 
xgAC. 



mm 



mm 



The force — =- can be resolved into (Art. 17) 

— J- . — parallel to -40, and — 5- . - along BO. 

Fig. 84. 




mm 



The force — 0- can be resolved into 

-J- . - parallel to -dO, and -^^ . — along GO, 



V ^2 



's '2 



Taking moments about 0, if S be the deflection from the 
'idian, we have 

^/dmm' . dmm'\ ^ . ^rr f 
c cos 8 1 — 5-. H 8~ 1 = 2c sm cHm \ 



KTT^ 



H dcoth fl . 1^ 
•»»" 2 \ryrll- 









1 



•Jft - =* 



£ 



■)• 



^S£ J 



X 



' =' - — i — ;• 

I^ 1 i 

tjiin^ ::ai; oscschk iiK^ir^eiL ';ai^ iscues ef die giren magnet 
^ .CT''^ or wmiTm 3ii9Kcir« ^ic m»> 77. Fnmi (1) and 



J*:i 1 r^;a? 3i»=cii>£ £rT*35> arc rclj (? in absolute mea- 
^: ru.- ijsc i£ ^ ircisLiL^ cwdlKCncfit of the Earth's 
ici»^Cisii. Jiiii -vTfcs :i7j£iiik[l7 -sseii ry Gs^i^ &ar this purpose. 
r- : niir-TT Aw'nailly Tti^sir^ 5s ^-e b: rizoDtal component 
t^«z ?criii;r:i :c -li^ I-k^s —r^g -w^a?^" field at the place, 
L:>:ii zi^il-iLTOiii >t lij s^^cas.* ci ihe dip gives the total 
^iiiC^i- r^r: r^accc: 5:r Sru^erEiiiiii^: the horixiimtal com- 
tL'^JLi ::? *ij.s A i»:*r:ss:c^aIlT s;:i^ieEided magnet is more 
L^iik 5:c roe^rrri^ccs re c^cEZa^oQ than a dipping needle, 
£ fr;.-c:fcc: ^rcric ^-rrr iL.:icii 1-esSw 

i. If vie scrvk^^ The magnetism of a magnet un- 

strength 



Oct ^ 






%r^ bv cb^rration with the same magnet. Thus if 
a oseillations in a minute^ its time of oscil- 



ioii is — . and we have 
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the magnetic strength is proportional to the square of the 
i^umber of oscillations made in a given time. 

267, Prop. IX. To find the strength of field at any point due 
iso a uniformly magnetized sphere. 

We represent the distribution of magnetism (Art. 211) 
fcy two equal nearly coincident spheres, one of positive and 
"tihe other of negative matter of density p, having the line 
<7(7 joining their centres in the direction of magnetization, 
«uid such that p . CC'=fj., the intensity of magnetization. The 
density of free magnetism will be given by /x cos 0, where 
is the angle between the normal to the sphere and the direc- 
tion of magnetization. 

First, to find the strength of field at an external point P. 
We see that the forces on a unit pole at P will be the same as if 

Fig. 85. 




all the positive sphere were collected in C, and all the nega- 
tive sphere in (7, the forces will therefore be ^p y™ repul- 



a' 



sive along CP, and f Trp j^^rpi attractive and along G'P, a being 

the radius. 

We will resolve these forces along and perpendicular to 
CP, calling the angles CP, CP make with 0(7 produced, 0, ff. 
Then the component along CP outwards 

. af 1 cos {& - 0)\ ... 

= f7rpa l^pr ^rp — I W, 

and the component perpendicular to CP increasing 

. , 8in(y-g) ,., 
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Remembering that d^^O ia a, small angle, the component 
along CP = f TT/ja' ^gp - ^^rp^ 

= - f ^pa . — ^p — very nearly. 

But if CN be perpendicular to CP, 

CP^CrP=^CN=^CCrcoa0; 

.•. force along CP= — frrpGCj , ^rn cos ^ 



a' 



= - f ^M gp 
and force perpendicular to CP 



cos^, 



= -f7rpa .^3 



= -f7rp. CC^^si 



sin d 



= -^7r/A 



a' 



CP* 



. sin tf. 



If be the angle the line of force makes with CP 

tan <f> — \ tan 6 ; 
and the strength of field at P will be given by 



i ^M gp74 cos" ^ + sin" ^. 

CivAX>NdIy> 1®* -P ^ internal. The force due to all of 
^Ke ^pht>w outside the given point vanishes (Art 32), and 
S>«w *t P clue to sphere of radius CP is ^irpCP. 

\(wc^ there will be a repulsiv -pCP along CP, 

mJM ^tmti^ force ^pCP alon 
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Hence by the triangle of forces the resultant will equal 
^vpOG' in direction CC, or the force will everywhere be 
constant and equal to f tt/a. 

Fig. 86. 




Cor. If there be a spherical cavity within the magnet, 
the principle of displacement of + and — fluids shows that 
the distributions over the internal and external surface will 
be according to the same law, but of opposite signs. Their 
total efifect on any internal point will therefore be nil, or the 
force at every point within the cavity vanishes. 

268. Prop. X. A sphere of perfect magnetic snsceptibility 
placed in a uniform magnetic field will be uniformly magnetized. 

By perfect susceptibility is meant a total absence of coer- 
cive force, so that any element at once takes up the magnet- 
ism due to the total force acting on it. 

If H be the strength of field and k the coefficient of 
magnetization, let Hk = fi. Suppose a sphere rigidly mag- 
netized with intensity fi, placed with its lines of magnetiza- 
tion along the lines of force in the field. Make a small 
spherical cavity in this sphere. The force within it will be 
simply the force due to the external field. Fill the cavity 
with magnetic but unmagnetized matter, it will become mag- 
netized to intensity Hk or /a, and will not be distinguishable 
from a portion of the original magnet. Make another spheri- 
cal hollow, and go on repeating the whole process tUl as large 
a fraction as you please of the original magnet haa been re- 
placed by 1 *. matter uniforaaly magnetize 'le 
mdactioF L 



.-W1 >i«t^t 



fHlK T!ie iii[iiw5K pQEaeedT genenl pioposition in every 
isii it iiRs 2 pacBii lere 4B aeooont erf' its apfdicationtothe 




from 
of the line of force, 
is meawned liy the 
of tte Ime of fofco. 




":• ecflssecodre lines of force, we will 
m the plane of the paper, and 
If=c^fr.£i>betlie]ines in which the 
puftsis are cox hj two equipotential 
sir^^cs. AC, BD wm ml AB, CD 
ss n^t angles, and if produced will 
i^iccsiccc in O^ the centre of corva- 
r;zre of the line of force. 

li The the strength of field be- 
Tv°€CL A and B^ and jf that between 
1 C aod D, the difference of potential 

• ^icCWE» AB and CZ> wiU 



A^3u.x 



Si- >Lu« JL5 s ^raKcT iban CD^ F is greater than F, 

F AB AO 



r-F AC F-F F 

= .-— . or 



* f ~Oj' AC CO' 

H^cv. :i^ jen-idLid sidT? is rhe rate of change of F between A 
iiLvi .\ juivi ^h«? rii:h:-hAnsi side the product of F and ^, CO 

Sir^ :h^ r^iius oi conn^xuie, and -^ therefore the measure 

:Snx Ptpfk ^yrt Tke resultant teoe on a small permanent 
«tficm*t or SMsU partkle of magnetic matter placed along tbe 
HMe of ftcte in a magnetic field will be towards the strongest 
p^ of t^ M4^ and will be prop>Art i ^»ial to the rate of change 
of the strength in that directioi 



PBOBLEMS IN MAGNETISM. 283 

Let NS be the magnet lying along a line of force, the 
positive direction of the line being from S to N. 




The forces acting on the magnet will be mP, mP' along 
tangents TN, T8 drawn to the line of force at N, 8. P, F 
Iwing the strength of field at N, 8 and m the strength of the 

poles N,8. 

If ^ be the angle subtended at the centre of curvature by 

Q 

the arc N8, the angles TN8, T8N will each equal ^ , and 
P . tf = N8, where p is the radius of curvature. 
Then resolving along N8 we have 

mP' cos ^ — mP cos ^ 

= m{F-P)^m,N8.?^^. 

F - P 

But m . N8 is the magnetic moment, and — ^^r^ the rate 

^f Ghange of strength along the line of force. 

The component towards the centre of curvature is 

mF sin ^ + mPsin ^ 

2 Zp 

Ti P •¥ F 

fiere — ^ — is the average force between -^and 8, and there- 

* P+ P' 

^^^ (Art. 269) — 5 — is the rate of change of strength of field 

P 
towards the centre of curvature. 



73a ai^JOEr ZJ y> -^ ♦ ■^ "- g 



- "n.D- xis=a:3 *.j:ii:i i^i r«rzpradiciilar to the 

u'T tAL-TL litinii -7" ^z-zliir-Tin^ the magnetic 

.r Tvr*r :i -Tiin'j^ .c 'Lirr rCTrfiL^i in these respec- 



i:-r "liri rt=?il:iLar j':c-:*r Till be towards the 

: ~:tr itmi. Lit: "nl. tiI"^aI the magnetic 

Hii— 1 :^ ^2ir zaz^r ;c :r,fcr-gr :z the strength in 



'i ."T «.- 



evi in a reversed 

> =in"- iir-r-ri.'.a :£ -Liir lii^es of force being 

■11= 'rsi..nBi": ^.^:•r t-:_ ii'Tr Th-r sune magnitude 

■ irll :fr r-.m. riirz ^mcL:^^zr *.: ihe weaker part of 



- L 1 -: i 5rr:i.' fciiiarr :t TzzLi^-rCzed matter be 
.-..-. - "~- "T-^ 1 r vll :»r 2iifcezj5iLEai il'icx the lines offeree, 
: : "-1- r..>ci'^~'- nt-cirfL: nf "iiff 3jlx.:^i ziA^:netism will be 
'; ~ V :-.-- 5" i fCTTJirii :t ifcrl'L i •l-r x«?z:c:ent of mag- 

- .: . -. -n -1, 4^.1 ~"-Jiir -r:Lizif. Hri^iir if -Fl /^ be the 
r :^j. .: zcni. iz tt: z^zlzzs Lsi^izr. j apart, a being 

v-^^'ii- -i:-- ■s*-r:L:i:^:■!>: lar: :c "iJi'f d-ri-i. "ie resultant force 

- " a 

' •■ 7*: I ^zc-i-rr :: m-c^fr:: njiri'fr :-: :he last article 



1. 



J m 



\ >; -z. =•: \^i\c..z- "s'l-ri- tlf ri:'r :: ~irlad:r. o:^ vanishes, 
-:.i~ ^ v::.: .v -^ i - wr- - — :r i ZLininiri. The equi- 
. :r .. \-_ ":•; >:A*.f _: iv^ i> i zukxizii^i. :har is at the 
>•.- :^;<c -.aLr: ■:' :-z irli iz.i iiz^i'cle i: if is a minimum, 
::j;- > i: ::.: T.ilrS": Tiir: :: thf £flL We have already 
>:•;. -..J.: -V :ai-^.-: rt i zi ixi=i"n in free space, but only 
,=u.-.^ i >.r:A.-.. i.:-,-,-i:r. il:r.i: ■- hich :he ma^etized particle 

.^. "iL \ Sui^-tr ji virc^ c: 'i:a2ia*Tie:ic substance behaves 
'./x; A >:<:«i'. v::a^-::t: wii:s5-r pc-lfs are reversed along the lines 
c: ::r.v. i: s <iij»il .::i::ii^etic sphere be placed in a field 

o: :Vrv>e. i: will be urvred bv the force i-F. i. , but 

ir::i". the stron^^est towards the w<*«*t«it ^jjart of the field. 
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This amounts to saying that the above formula is true always 
if for diamagnetic substances k be negative, a law we have 
already noticed. 

Cor. 5. The force between two diamagnetic masses or 
between different parts of the same diamagnetic are so weak 
that our means of experiment fail to detect them, and we 
may assume that every diamagnetic body is subject to forces 
which are the resultant of the forces which act on each ele- 
ment taken separately. 

Cor. 6. The behaviour of a diamagnetic in a magnetic 
field can generally be explained by the tendency of each 
element of its mass from places of strong to places of weak 
magnetic force. A bar of bismuth for instance would if 
undisturbed set along the line of force in a uniform field, 
but sets across them in the field of a strong electromagnet, 
"where the strength falls off very rapidly as we recede across 
the field from the line joining the poles. 

271. Prop. XTTT. To find the dimensions of the magnetic 
shell equivalent to a given plane voltaic circuit. 

If p be the density of the equivalent plane magnetic 
shell and d its thickness, we may suppose p, d constant over 
the whole shell and from the definition of our electromag- 
netic system (Art. 231) of units, if i be the current-strength in 
the circuit 

i = pdy 

d' 

The right-hand side is here the strength of current per 
^nit of thickness, hence if there be n turns of wire per unit 
^f length, and the current strength in each turn be i, we have 

p = ni (1). 

If A be the area of the circuit, the quantity of magnetism 
^U each face of the shell will be 

±Ap = ±Ani (2> 

The magnetic moment of the shell will be 

Apd = Audi, 



or p = 
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But since nd is the whole number of turns of wire Anti 
will measure the sum of the areas of all the turns of wire, 
= A' suppose. Hence the magnetic moment O will be 
given by 

G = A-i (3). 

272. Prop. XIV, To investigate the properties of the electro- 
magnetic field near a straight wire of infinite lengtli carrying a 
current. 

We may regard the infinite wire as part of a circuit, the 
rest of the circuit lying in a plane which we will assome 
perpendicular to the plane of the paper, as also the con- 
ductor under consideration which forms one edge of the arcnit 

Let be a section of the conductor, OA' the plane of 
the circuit, and P the given point. 



I 




The circuit being of infinite extent above and below the 
paper and to the left of 0, will now subtend a solid aag\s 
at Jp, which has for its boundary a plane passing through the 
conductor (whose projection is PO) and a plane passiug 
through the opposite part of the circuit. This part is paralld 
to the given conductor and at an infinite distance, and the plane 
passing through it will he parallel to the plane of the circuit 
and will have for its projection PX, which is parallel to OA'. 

The solid angle bounded by the two planes PO, PX ; 
be a lune of the unit sphere, and its area will clearly ' 



L 



circular measure of OPX „ 

— — ■ X area or si 
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Hence the potential at P is 20%. 

This expression shows that for all points on the plane 
OP the potential is the same. Hence the equipotential sur- 
faces are a system of planes intersecting in the conductor, 
and the lines of force are consequently a system of circles in 
planes parallel to the paper having for their centre. 

We must also remember that each of these surfaces has 
not a definite potential 20i, but its general potential will be 

(47i7r + 20) i. 

To find the strength of the field or the magnetic force 
at P, we must find the rate of change of potential along a 
line of force. If PQ be an arc of a circle whose centre is 0, 
it will be an arc of the line of force through P. If H be 
strength of field, 

^ Potential at Q — Potential at P 

^ -pQ 

This gives us the strength of the field at every point 
round the conductor ; the direction of the force being always 
perpendicular to a • plane containing the conductor and tne 
magnet pole. 

Cor. 1. To find the attraction between the infinite 
conductor of this problem and another of finite length placed 
parallel to it and carrying a current. 

Let 0' be the trace on the paper of the second conductor 
of length I which will also be perpendicular to the paper, and 
let it carry a current %. 

If the conductor be moved parallel Fig. 90. 

to itself to 0", the increase in the lines 
of force enclosed will be E xlx OO", 
when jBT is the strength of the field. 

Herefi^=^; ^ 

/. the work done in the movement from 0" to (7 (Art 233) 

_2U.(/(/\,_2Ui' ...., 
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But this equals F . OO" where F is the attraction between 
the two conductors; and therefore F= ^uy • 

Cor. 2. The induced current in the second conductor 
owing to moving it parallel to itself, assuming that in the 
primary unaltered by the movement, is (Art. 244) 



^t 



- = + ^2log^l--^j 



B^ 00 

= fs (log 00" -log 00'), 

B being the resistance in the circuit. 

Hence during any finite movement, as from 0, to 0,, 

rT 2K, 00, 

w=-^iogoo;- 

273. Prop. XV. To investigate the magnetic field along the 
axis of a circular voltaic circuit. 

Let be a point on the axis and GAC the plane of the 
circuit. 

Fig. 91. To find the potential at we have 

only to compute the solid angle sub- 
tended by the circuit at 0. This will 
be the baise of a right cone whose semi- 
vertical angle is COA. 

It is easy to see that the area of the 
unit sphere cut off by this cone is 
A 
27r (1 - cos d) where - 00^1. 

The potential at is consequently 2in (1 — cos 0). 

If the point be off the axis the cone becomes oblique, and 
there is no means of estimating its solid angle exactly. 

To find the strength of the field at we must com- 
pute the rate of change of potential in the direction 00'. 
This will be 

27rt (cos — cos 0^) 

oa ' 

where 00 J ^0'. 




PROBLEMS IN MAGNETISM. 



289 



To exhibit this geometrically, draw OC parallel to O'C 
aad describe a circular arc CC, Draw GA, CA' perpen- 
dicular to OAy CE perpendicular to G'A\ and O'D perpen- 
dicular to 0G\ 

Fig. 92. 




Then cos — cos 0' = 



A' A 



OA OA' OA-OA' A A' 



OG 00' ~ OG 
GE GE O'D Off 



OG 



" OG GG' ' Off' OG' 
^^toembering that Gff is approximately parallel to O'D. 



I A' 



T> X V • -1 . • 1 GE AC ,(yD G'A 
But by similar triangles jjy^ = yo^ and -pr^y = jj^ . 

„ 27ri (cos ^ - cos ^) „ .AG A'G' 1 . . , 

Hence ^, 2«^,.^.-^, which 

^Ixen 0, ff are very near becomes — ^^3 = H, the strength 
^* the magnetic field at 0. 

Cor. 1. The potential at the centre is 27ri, and the 
^'tl^ength of field there is -Tjy . 

Cor. 2. If the wire be wound n times round the circle 
^^ consider separately the strength of field due to each coil 
^^d add them. The result will be that the potential an 
strength of field are each multiplied by n. 



C« JSt 



^5h 
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274. Prop. XVL To inTestigate the strength of field due tc» 
helix carrying a voltaic circmt. (Snch an atrangement is ofb^ 
called a. solenoid*.) 

Tills [iruposition might be solved by considering the 
strength of field due to each voltaic circuit, of which the 
solenoid is composed as in the preceding Article, We can 
make the solution somewhat simpler as well as more general 
in form if we substitute for each voltaic circuit its equivalent 
plane magnetic shell (Ai-t. 229). The resultant distribution 
will be, for all external points, of density + ni on one end, 
snd —ni on the other end of the solenoid; the +distribu- 
tion being related to the direction of the curi'ent (Art. 228), 
BO that an observer looking from outside on this end sees ttfl 
current following the direction opposite to the hands of a 
watch. The strength resolved along the axis of the magnetic 
field due to these distributions will (Art. 227) be respectively 
nifl^ and — mil^ where il, , ii, are the solid angles suhtendea 
at the point by the faces of the solenoid. 

The signs being reversed where the current round either 
end viewed from the given point follows the hands of A 
watch. With this convention the strength of field parallel 
to the axis at any external point is given by 

ni (lij - n J, 
and is directed along the axis from — to +. 

If the point be inside the solenoid, to find the strength of 
field we must as in Art. 214 suppose a wafer-shaped covit)' 
made by the removal of one of the elementaiy shells near the 
point 

If be the point, and PQ the shell, the force due tn 
the + distribution on P, and the — distribution on Q will be 
+ Zimi, and — 2imi (Art. 36), and hence the total force due 
to these two distributions will bo iTrnt. The ordinary mag- 
netic force at will be — m'{n, -t-flj remembering the 

* Tlie term solecnid is oiily Btriclly applied to a helis in whioh the termi- 
nal wires are oarried back agam to the centre and leave the helix eidebyaSe. 
Theao return currents would (Art. 236, Cor. 2) neutralize the helii itg''^ 
aa a sinuouB current about its own ftiis, and we hare left the aotioa of' 
Bystem of oirolee in parollel planes as aBsomed here. 
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» 

convention made above, and hence the resultant strength of 
field within the helix becomes 

ni (47r — 12^ — f2J. 

Fig. 93. 

PQ 



-f 







If the point be taken on the axis of the helix itself the 
resultant strength of field will be along the axis, and if 2'slr^ , 
2-^3 be the angles subtended at the point by the diameters of 
the ends of the helix (supposed circular) we have, as in 
Art. 273, 

fij = 27r (1 — cos yjt^), 

fig = 27r (1 - cos >|r J, 
and hence for points outside the helix the strength of field 

= 27rni (cos y{r^ — cos yjt^, 
and for points inside the helix the strength 

= 2 irni (cos yjr^ + cos >|r J. 

Cor. 1. If the helix be very long compared to its dia- 
meter through a large portion of its length, 12^ and il^ will 
be very small compared to 47r, and hence the strength of 
field within it becomes 47r/ii; the result generally assumed 
in practice. 

Cor. 2. The sum of the strength of field parallel to 
the axis at any two points near to each other on opposite 
sides of the helix will be 47rni. For the strength just in- 
side is 

ni (47r — 12,^ — il^, 

and that just outside at a point indefinitely near the first is 

ni («, + XI,). 

Hence when the helix is very long compared with its 
width through a i«*"*^ nart of its length, we may regard the 



stren^h of fie' ide as nil. 



\^— "t 



j^i «#Kr 



Jtdt 



JJMSk SL JOBS: 



HL aiL GMSBS lie safaedtntefi £br a 

: ii i M g?« -rim s jeesL as *Hice if we remonber 
& imisxK ^ ca sxE^ po^ and Le» 





X rr us 3QFSL W^ 

C^IH. 4. T!^ Td^Tifca; momeiis <^ die helix is simpi: 
Toe ^am. if ine amuTiiSQe aHwniFng^ ^dT each, eircoh, and thi 
■▼liL ae js 3r irL Sfl 

T^oisR Jl ^ laif snxL of ime areas emdosed lyr all the turns 
^r^Ti. Toe ^fflro^i ;siiziiie jjl zAjs heSx will dearir be HA'\ 

CcOL 3. ritf rssrZ:! ::£ -ine preceding CcHTolIarT mi 

^e TSf-i. u iec<23iiii4f i. »raz=:«iii in. abeoLxne electromagnei 

F:r jfs :& aerT 5^«ia as zhaz eooadered be suspend 
*jy X 'zri'ar izriazprms^iiu p«rrpemik!TiIar to the plane of t 
nxtHno^tn. iiui lee :& cnrreni be oran^nitted through it 
ni.erk.'irr ji: "lie w-^r^rs *:c. srapenss&xi : then, if the Earth's fo 
isriLco: h ^ijriGgi aa aTTgie d. the couple upon it will be 

HA i cos i^ 

ft 

whejre H is the horaoMal component of the Earth'^s magnt 

r^-rce> 

This must be balanced br the force oi torsion in 
suspending wires. If i> be die coefficient of torsion 1 
is measured by D sin ^; 

.". jSJVcos^ = i>sin^; 
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*■ Let the current at the same time be passed through a 
kiDgent galvanometer in which there is a deflection (f>'. 
When, anticipating Art. 278, 

i = -p tan <l>. 

Multiplying, we have 

i* = -— , tan (f) . tan ^' ; 



/. i = a/ -J7fi ^^^ ^ • ^^^ ^' > 



which gives the current-strength in absolute measure. 
Eliminating t, we have 

jEr= a/ -^ , tan ^ . cot <j>, 

* 

another method of finding in absolute measure the Earth's 
Horizontal Force. 

Cor. 6. If the helix have an iron core its magnetic 
strength is enormously increased. The strength of the mag- 
netic field within the helix is shown to be ^irni = H sup- 
pose, and if h be the coefficient of induction for the iron 
1 core the density of the separated magnetisms will be Hk, 
Hence if G be the area of the section of the core, the 
strength of its pole will be HkG, But the number of lines 
of force proceeding from a unit pole is obviously 47r. Hence 
the number of additional lines of force due to the iron 
core is 47rJ?"A?(7, and the whole number of lines offeree pro- 
ceeding from the pole is 

=^H{A + 4i7rkC) 

= 47rni {A + 4:7rkG). 

The strength of each pole of the compound magnet dur 
to the helix and its core is 

ni {A + 4!7rkG), 
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and its magnetic moment is 

Ini (A + ^kC)*. 

875. Prop. XVEL To find the coefficient of mntnal induction 
for two coaxial solenoids. 



We will call the inner helix A the primary circuit, 
the outer £ the secondary. Let A, B represent their areas, 
and n,, n, the number of turns of wire per unit length, \,\ 

the currents thev carrv. 

•> * 

The strength of field anywhere within A 

Fig. 95. 



ff 




Hence the whole number of lines of force within A 

= 4tTn\^^A. 

* This result would show that a magnet of great strength could be made 
by simply increasing the iron core, and without increasing the number of 
winds of wire. In practice this is not the case, and also since, as remarked 
(Art. 21*2). the magnetic strength will fall off from direct proportionality to 
current as the point of saturation of the iron core is approached, and the in- 
duction of one part of the core upon another so weakens its magnetism that 
if the section exceed a certain very moderate limit the power of the pole is 
increased only in a ratio far below that of its increase in section, and the 
result is a practical weakening of the pole. This is partly obviated when the 
core consists of a bundle of wires as is usaal in induction coils, but it seems 
probable we may look for greater gain in power by the construction of tubular 
electro-magnets, said to have been first made in Germany by Bomershansen 
in 1850 (though ascribed by Daguin to MM. Favre and Kunemann). The 
invention seems to have received only a passing notice till exhibited in the 
Scientific Loan Collection of 1876 by Mr Faulkner of Manchester. They are 
constructed by enclosing an ordinary electromagnet at successive stages 
during the winding in an iron tube. Each iron tube may be regarded as part 
of the core removed from the central portion, the induction of the central 
portion on it being thus weakened. This weakened induction is found more 
than to counteract the absence (and indeed reversal) of the field due to that 
portion of the coil which in buildin.« "^^ ♦he magnet is placed within the 
tube, which acquires a strong pola^- -ne direction as the core owing 

to the £eld of those coUa which V 
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But B includes all A'b lines of force and no more (neg- 
lecting the distribution on the ends of A). 

Hence the number of lines of force included by B 

and the effective strength of the current in B is Inji^, where 
I is the length of B. 

Hence the potential of ^ on 5 

= ^irln^n^Ai^i^ 

where M is the coeflScient of mutual induction. 
Hence M = 4!7rlnjn^A . 

Cor. 1. To find the coefficient of self-induction of A, 
we must make B and A coincide, and divide by 2 the 
resulting value of if. (Art. 239.) 

Hence L = 27rlv?A, 

Cor. 2. If A have an iron core of area C, the number 
of lines of force enclosed by A becomes 

47r7iji^ (-4 + 47ri C) ; 

hence the coefficient of mutual induction 

if = 4iTrn^nJi {A + 4!7rkC), 

and the coefficient of self-induction 

L = 27rnH {A + 47rkC). 

276. Instruments for measuring the current-strength in 
conductors are called Galvanometers. These instruments 
generally consist of a coil of wire carrying the current to be 
measured, and a magnet needle suspended near the centre of 
the coil, the movements of the magnet in the electromagnetic 
field made by the coil giving the means of measuring the 
current strength. 

The first thing we require to determine is the strength 
of the fiek' place where the magne ded, 

and if th eter is to give aJo^oYxx ^^ 



296 PBOBLEXS IN KAGKETISX. 

the strength of the field near the needle most be as unifora 
as possible. In all cases of a magnetic field due to a current, 
the strength of the field is directly proportional to the 
corrent-strei^th, and knowing the strength of the field with 
unit current we can at once compute it with any current 
This strength of field near the magnet due to unit current 
is called the *GalTanometer constant/ and we shall denote 
it bv the srmbol F. 

S77. Ftop. XVnL To find the CkJ^anometer constant for a 
galranonieier eoosifltini^ of a few tarns of wire in the form of a 
drde, the needle beini: suspended at its centre. 

If a be the average radius of the wire, and n the numkr 
of turns, the strength of field with a current i is shown (Art. 
273 to be 

at the centre of the coil. 

Hence if i be unity the strength becomes 

27rH 



= r. 



a 



The objection to this form of galvanometer lies in the 
fact that the field near the centre is not uniform. 

We have already shown that a sensibly uniform field 
mav be produced by coiling the wire in the form of a 
long helix. In this case, however, it is impossible to 
observe the movements of a needle suspended inside it. 
Arranorements have been made consisting of two or three 
parallel circles having the needle suspended symmetrically 
between them. By this means, originally due to Helmholtz, 
a field of great uniformity may be produced. To calculate 
the strength we should use the formula of Art. 273, summing 
the strengths due to each circle. This condition is also 
nearly satisfied by the mirror galvanometer considered in 
the next Article. 

278. The coil of Thomson's Mirror Galvanometer con- 
«i8t8 of a solid cylinder of wire sur a central cyfinder 

/>/ nJjjo/j tho magnot and mirror 
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Fig. 96. 
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Suppose the figure to show a section of the galvanometer 
^^d M the position of the mirror and magnet. 

The coil ABGD, A' BCD' may be regarded as a number 
?^ ooaxial helices, the end of one of which is represented 
^^ section by PQ, P'Q'. If there be n thicknesses of wire 
^ ^L unit of length, the strength of current in PQ = nPQ due 
^0 lanit current in the wire. 

Hence the strength of field at M due to the elementary 
helix 



wl^ere>|r = QJlfiV, 



= 47rwPQ cos >|r, (Art. 274) 



= 47rnc . 



PQ 
QM 

wliere 2c = the thickness of the coil. 

But FQ : QR :: QM : QN; 

. PQ_QR_PQ + QR_ f PQ+Q R\ 

•• QM QN QM+QN~ '""^V QM + QN) 

=■- log {QM-ir QN) - log {PM-\- FN); 

therefore adding these successive differences, the strength of 
*e field at M or 

r = 47mc {log (CM+CN)- log (AM + AN)} 

CM + CN 



= 4nrnc loff 



°AM+AN' 



298 



PROBLEMS IN MAGNETISM. 



Cor. 1. If r be the galvanometer constant, the 
strength of the field near the magnet will be Ft when a 
current t circulates in it, and if we substitute Ti for H the 
previous propositions about magnet motion are applicable. 

Cor. 2. If the plane of the galvanometer coil AB he 
the plane of the meridian, the strength of the current will 
be proportional to the tangent of the deflection of the 



magnet. 



Fig. 97. 

A' 



^f 



Hot 



Hm 



M 

Let CD be the magnet, and let the strength of each pole 
be m. Also let H be the earth's horizontal force. 

The forces acting on the poles will be + Hm parallel to 
the magnetic meridian due to the Earth's magnetism, and 
Tim perpendicular to the meridian due to the voltaic circuit. 

Hence taking moments about 0, we have, if S be the 
deflection ADD, 

Tim . CD cos S = Hm . CD sin S ; 
.-. « = p tan S. 



This form of galvanometer 



Tangent Galvano- 
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Cor. 3. If the coil be moveable about a vertical axis, 
and be turned round so that the magnet is in the plane 
of the coil, the current-strength is proportional to the sine 
of the deflection. For using the same notation as before 
and taking moments about 0, 




/. * = p sm 0. 

This form of the instrument is called a Sine Galvano- 
meter. 

The advantage of this over the Tangent Galvanometer is 
that the reading is always made with the needle in the same 
position relatively to the coil. The needle may therefore be 
made as long as we please and the coil may be a flat 
rectangular coil close to the needle. The constant T denotes 
the strength of the coil's field at the magnet pole, and may 
be determined by comparison with a Tangent Galvanometer. 

279. Prop. XIX. To find the throw of a galvanometer need 
owing to the passage of an instantaneous electric disclia] 
tbroQi^it. 
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If :he sti^ngtli of carrent at any instant be t, and last 
f:'r A short interrai t, we have by Art. 261 

.VbrEr:^ ;he moment of inertia of the magnet. Ft the streBgth 
K-i iLe del-i. and G the moment of the magnet. 

But rr = g the quantity transmitted ; 

We as?ame that the discharge takes place so rapidly 
tLi< the nii^et does not move sensibly from its position 
*< re^s: while lae carreni last& Hence the field will during 
thv wh:Ie di?obarge be perpendicular to the magnet In 
tli< c;ise we can add both sides of the last equation during 
the whxe dischar^, and we have, if o^ be the impulsive 
angular velocity a^ Q the quantity transmitted. 

But by Art. -65 if an angular velocity to^ be imparted 
to the magnet, and if a be the throw of the needle. 



w. = 2 sm ^ 



2 /HG 
i V J/ ' 



GrQ^±siiil^"H(nr, 



^ - r V BG 



a 



OT {J = z ,^ A / tt:^ • sia ^ . 



If T be the time of a sinele vibration of the needle under 
the Elarth's magnetism. 



y = ^>y/^; (Art 266) 



^ 2H T . a 

•• ^" r Sr-^'^s- 

If the constants H, V, T, are known, this equation gives 
us a means of measuring any electrical accumulation. In 
practice, however, it is usual to ^ " ^'^ndensers of known 
capacity, which can be charge ^\«t^ \»^V\^^^^ 
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potential, and then for any other accumulation the quantities 
will be proportional to the sine of half the angle of throw. 

Cor. This method is applicable to measure a total in- 
duced current since it lasts but a very short time, and this 
is all that is assumed in the preceding investigation. 

280. Prop. y^T To explain the action of the Dead-beat 
Oalvanometer. 

In a galvanometer with the needle swinging inside the 
coils, the movement of the poles produces an induced current 
which ' damps ' the swing, or, in other words, produces a 
field whose action on the needle opposes its movements. 

Since the two poles move in exactly opposite directions, 
their separate eflects will be simply added. The strength of 
field produced by the induced current is found to be in- 
creased by increasing the number of turns in the galvano- 
meter coil, and if this number be made great enough it 
P^ay entirely check the free vibration of the magnet about 
^ts position of rest after the electromotive force producing the 
fij^st elongation has sunk to zero (see Art. 243). The conse- 
9.^ence of this will be, that as the needle returns from its 
fi^st elongation, the motion is so much damped that it 
^^rely returns slowly to its position of rest, never passing it, 
^^ that the motion ceases to be one of oscillation. 

This form of galvanometer is extremely useful in marine 
^^legraphy, as it would be highly inconvenient to wait for 
^•h.e needle's return to rest between two consecutive signals. 

These galvanometers are very expensive, owing to the 
^txormous number of winds required in the wire coil. Their 
■"^^sistance is often as much as 30,000 or 40,000 ohms. 

281. Prop. XXI. To find the strength of the current in Dele- 
^enne's circle. 

This circle consists of a circular wire rotating about an 
^xis which is fastened to a frame-work, and can be adjusted 
to any position. The current is induced by Terrestrial 
Magnetism. 

1. Let the axis of rotation be perpendicular to the 1 
of the dip, and let the magnetic intensity be H, 
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If J. be the area of the circle, the number of lines of 
force included when the plane of the circle is perpendicular 
to the dip is HA, On turning the circle round its axis the 
number of lines included decreases, till after a quarter of a 
revolution it becomes zero, and after half a revolution — EA. 
The total current during the half revolution is measured by 

1HA 

r. , where R is the resistance of the wire. 

From this point the number of lines of force increases 
again, and the induced current would be in the next half- 
revolution of the same strength, but in the opposite di- 
rection. To obviate this a commutator is arranged, so that 
when the circle in its revolution comes to this point, the cur- 
rent through the galvanometer is reversed. Hence the total 

current through it during one revolution becomes — ^- . ' 

It 

If the circle make n revolutions per second, the measure 
of the quantity transmitted per second, or of the current, is 

^HA 
R • 

2. Let the axis be inclined to the line of the dip at 
an angle 6. The only difference will be, that the only part of 
the Earth*s force effective is that perpendicular to the axis 
of revolution, and we have therefore to write H sin 6 for H 
in the precediDg result. 

Cor. By increasing the number of turns of wire in the 
ciivle we increase the number of lines cut through in the 
^imo ratio, but we also increase the resistance in the same 
ratio. R however contains the resistance of the wire coils 
and of the galvanometer employed, so that if the resistance 
of the galvanometer be large compared to the resistance 
of the wire coils, we increase the current by increavsing the 
number of turns; but if the galvanometer resistance be small 
compared to the resistance of the circle, we do not increase 
the current by multiplying the turns. 

282. Prop. XXn. To explain the ^^^•^'^ti of Thomson's electric 
current accumulator. 
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This consists essentially of a circular plate revolving 
about an axis parallel to lines of magnetic force. The plate 
at one point makes contact with a fixed spring or mercury 

Fig. 99. 




cup as Ty and the circuit is completed by wires TAy AB, BC 
— BG being forked so as to make contact with the axis G 
without interfering with the rotation of the plate. 

If the plate be rotated in the direction of the arrow, and 
the lines of force be downwards, the induced current will be 
in direction GTAB round the closed circuit. The motion 
of GT clearly opposes the electromagnetic repulsion between 
the parallel and opposite currents GT, AB, This motion 
will therefore constantly tend to strengthen the induced 
current. 

Let GT turn throuo^h an anoxic 6 in time t so that 



- = cw, the angular velocity of the plate, and let a be the 

radius, the area traced out by the moving conductor GT is 

The strength of the field is made up of H the magnetic 

strength, and — the strength of the field due to the electro- 

c 

magnetic action of AB, i being the cuiTent-strength, and c 

the distance BC (Art. 272). 

Hence the electromotive force in the circuit (A^t. 244. 
Cor. 2) 
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1 J( 



ir+ 




Then, as in Art. 240, the equation for the current will !» 

when R is the whole resistance, and i' the current-strength 
at the end of the small interval r. 

The case of special interest is when H^O, supposing 
that after the cuiTent has reached a certain value \ the 
magnetic field is reduced to zero. For this case 



a'o) 



i*T = i?z»T + 2Zi(i'-i); 



= 2L (log i' — log i). 

If % be the initial value, and i the value after a time 
t, Ave have on summation 

c % 



or 






Re 



which shows that if o) > -jf , the current goes on constantly 
increasing in compound interest ratio. 

283. Prop. XXm. To find the value of the velocity which 
determines the ratio between the different electrical units in 
electrostatic and electromagnetic measure. 

We have shown in the previous chapter that this ratio 
is a velocity which is independent of any system of funda- 
mental units adopted. 
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Of the numerous methods which have been employed, 
we give two, the principles of which will be easily under- 
stood. 

Method 1. To compare directly the charge of a con- 
denser in electrostatic and electromagnetic measure. . 

Let a condenser be constructed of such material and 
form, that its capacity can easily be calculated in electro- 
static measure. By means of a battery this condenser can 
be charged to a potential, which can be measured by an 
electrometer in absolute electrostatic measure. The quantity 
in electrostatic measure, if G represent the capacity, and 
Y the potential, is given by 

Q^cv. (1). 

Discharge the same condenser through a galvanometer. 

Then by Art. 279, if Q be its charge in electromagnetic 
measure,^ 

^ = TV-''''2 (^^' 

then by Art. 255, ^ = v, and the value of v becomes known. 

Q 

284. Method 2. To compute the value of v in terms of 
a resistance. 

We have shown in - Chapter ix. that in electromagnetic 
measures resistance is of the same order as a velocity, and 
we defined the ohm as a velocity of 10^ cm. per second. 

This method, due to Professor Clerk Maxwell, requires 
the use of a battery of very high electromotive force and 
a set of high resistances. 

Two brass plates are placed so that one is moveable, and 
are kept at a certain difference of potential ; there is in 
consequence an electrostatic attraction between them. On 
the back of each of these plates is coiled a wire, so that 
the battery-current goes in the two wires in opposite direc- 
tions ; there will then be an electromagnetic repulsion be- 
tween these currents. 
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The method consists in so adjusting the resistance and 
distance of the plates that this attraction and repulsion 
shall balance each other. 




Let A, A' be the discs, B the battery, and C the large 
resistance. The current from the battery goes through the 
two coils on A, A' and through the large resistance in C. 
Hence if -B be the difference of potential at the extremities 
of (7 in electromagnetic measure, the current-strength is 
given by 

. E 

Hence the repulsion between the two discs will be 




where k depends on the geometry of the coils, and can only 
be computed by approximate methods. 

To bring the brass plates to a difference of potential, 

they are connected with the terminals of C. This difference 

is then in electromagnetic measure E, and therefore in elec- 

E 
trostatic measure -(Art. 255). 

We have shown (Art. 95) that the attraction between 
the plates is 

SvV ' 
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when a = the radius of each plate, and h = the distance 
between them. 

Hence when the adjustments are completed, 

/. v = — :=^ — iZ, 

2 J2tc . b 

which gives v in terms of iZ, and R being measured in obms 
can be at once converted into velocity on multiplying by 10*. 

A complete account of this method, which is due to 
Prof. Clerk Maxwell, together with the various adjustments 
required in practice, will be found in Fhil, Trans, for 1868. 

285. The results obtained by these and other methods 
give numerical results not very discordant, varying between 
282 and 310 milUon metres per second, the mean being 
nearly 300 million metres per second. The remarkable agree- 
ment between this velocity and the various determinations 
of the velocity of light (which varies with dififerent observers 
between 298 and 314 million metres per second), points to 
an intimate connection between the phenomena of electro- 
magnetism and light. Prof. Clerk Maxwell has developed a 
theory of light, endeavouring to show on mechanical prin- 
ciples that the medium through which electromagnetic 
actions take place may be identical with the cether which 
transmits the vibrations of light. 



Examples on Chapter X. 

1. Show that the Moment of Inertia of a thin circular 
wire about an axis through its centre and perpendicular to 
its plane is Jtfia*, where M is its mass and a its radius. De- 
duce the Moment of Inertia of a broad circular annulus about 
an axis perpendicular to its plane through its centre. 

Ans, ^m{a^^ b^), where m = the mass, and a, b the ex- 
ternal and internal radii. (C£ Chap. I. Ex. 36.) i 
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3. Find the Moment of Inertia of a thin straight bar 
about an axis through one extremity. 

Ans, J mP, where m is the mass and I the lengtL 

3. Find the Moment of Inertia of the same rod about 
its middle point. Ans. ^mT. 

4. Show that the oscillations under gravity of a bar 
freely suspended by its end will be synchronous with those of 
a £ne string two-thirds the length, having a particle at its 
extremity whose mass is equal to that of the bsu:. 

5. A magnet A is placed so that its axis produced, 
bisects at right angles the axis of another magnet B, the 
distance between their centres being great compared to their 
lengths^ Make an approximation to the couple produced by 
A on £, and that produced by B and A. 

Ans. -, — , -^ — , where 2a, 2a are the lengths 

of A and B, c the distance between their centres, and 
min their magnetisms. 

i>. A long magnet acts on a small compass-needle placed 
on its axis. Find the error produced by it on the compass 
in different directions of the disturbing magnet. 

7. A long magnet acts on a small compass-needle placed 
in the line bisecting its axis at right angles. Find the error 
produced by it on the compass for different directions of the 
disturbing magnet. 

8. One end of a magnet is prolonged by a thin stem of 
gumlac which carries a small pith-ball, the other end having 
a counterpoise. An equal ball is so fixed that the two are 
just in contact when the magnet is in the meridian. The 
two balls are electrified to a potential F, and the magnet 
is observed to be deflected through an angle 2a ; show that 
I"^ varies nearly as (sin a)\ 

9. A hole is pierced in a card through which passes a 
straight wire carrying a current. Iron filings are sprinkled 
over the card, and the card gently tapped. Find the form 
^ssuDied by the iron filings. 
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10. If a magnet be placed anywhere in the magnetic 
field due to a straight current, show that the magnet has no 
tendency to rotate, as a whole, round the current. 

11. Deduce the principles which guide us in experi- 
ments on the rotation of a magnet round a current, and a 
current round a magnet. 

12. In the experiment of the last question, show that the 
whole amount of work spent in each rotation of the magnet 
pole round the current or vice versa is 47rmf, where m is 
the strength of the pole and i the current-strength in the 
conductor, whose length is supposed to be infinite. 

13. A magnet is suspended in a horizontal plane so as 
to be free to move about its south pole, and a vertical current 
is approached towards it. 

(i) The conductor being outside the circle described by 
the north pole, show that the north pole will be driven by 
the current to rotate in opposite directions through portions 
of the circumference bounded by tangents to the circle from 
the intersection of the plane of the circle by the conductor. 

(ii) The conductor being within the same circle, the 
direction of movement of the north pole will be in all parts 
of the circumference the same. 

(iii) The conductor being on the circumference of the 
circle, show that the rotation will be always in the same 
direction. 

(iv) Show that no permanent rotation of the magnet 
can be produced by this means. 

14. A magnet IfS is supported at its middle point, and 
a conductor carrying a downward current cuts the horizontal 
plane at 0. 

(i) A circle is drawn about the triangle ONS, and a 
diameter drawn through 0. From JV, 8 perpendiculars N'a, 
Sb are drawn on to this diameter. Show that in all 
positions the moment of the forces on the magnet turning 
its north pole in a direction right-handed to the conductor is 

Gi 
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G being the moment of the macrnet, and the plus sign being 
employed when the perpendiculars fall on the same side of 
the diameter. 

(ii) If the conductor cut the circumference of the circle 
of which the magnet is a diameter, there is no tendency to 
rotate the magnet. 

(iii) If the conductor be outside the circle, the direction 
of rotation is governed by that of the more remote pole. 

(iv) If the conductor be within the circle, the direction 
of rotation is governed by that of the nearer pole. 

(v) If the conductor be placed on the line bisecting the 
magnet at right angles, the rotative force will be nil. 

(vi) If the field be divided by the circle of which the 
magnet is the diameter, by the magnetic axis produced, and 
by a line bisecting it at right angles ; show that on crossing 
any of these lines if on one side the current appear to attract 
the north pole of the magnet, on the opposite side it appears 
to repel it 

(vii) Draw a diagram showing in what positions the 
conductor appears to attract the magnet, and in what positions 
it appears to repel it. 

15. Show that in measuring a current by a sine galva- 
nometer if the current be stronger than a certain limit, 
it will be necessiiry to shunt the current before measuring it. 

16. If a tangent galvanometer be arranged so that 
it can also be used as a sine galvanometer, show that any 
current producing more than 45" deflection in the instrument, 
when used as a tangent galvanometer, must be shunted 
before being measured by it as a sine galvanometer. 

17, In Helraholtz's arrangement for a tangent galvano- 
meter show that the greatest degree of constancy of magnetic 
^ \l along the axis near the magnet will be when the 
V -tance between the coils is equal to the radius of either coil. 
ivi ^how that in the galvanometer of the last question 

tUe galvauometet-coustant is given by r = ^-^^, where a 
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19. A finite wire carrying a current is prpendicular 
3 and on one side of an infinite wire also cairying a current, 
'ind the magnitude and direction of the force exerted by 
he latter upon the former wire. 

Ans, 2u log — , where i, i' are the current-strengths, 

nd y^^ y^ the distances of the ends of the finite from the 
ifinite wire. The direction will be parallel to the current 
1 the infinite wire when the current in the pei-pendicular 
ire is away from it. 

20. If the length of a helix be forty times its diameter, 

20W that the strength of the magnetic field within it varies 

2 
bout one-thousandth part through ^ of its length. 

«> 

21. A helix A is placed with its axis perpendicular to 
hie meridian, and a short magnet B is suspended at a point 
n its axis produced, the magnet being deflected from the 
leridian by a current in the helix. Another magnet G 
\ now placed with its axis along the axis of the helix 
roduced and moved about till B is again in the meridian. 

If 21' be the length, and G the moment of (7, 2i the 
mgth, and Ai the moment of A {% 'being current-strength), 
' and a the distances of the middle points of A and C from 
:ie suspension of B, then show that 

G( J, 1 ]_Ai( 1 1 ] 

y [(a; - ly {a+tj] " T \{a - ly {a -h ly] • 

22. A current is generated in a circuit and the electro- 
lotive force suddenly removed, find the law of decrease of 
urrent. 

Ans. If i^ be current at first that after a time t is 






'c'^'K 



23. A small sphere of soft iron is suspended at one end 
f a lath, which is counterpoised and delicately suspended 
t a point near th^ other end, so that the sphere moves on 
he arc of a \e which may be cou^vdftx^^ 
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mately a straight line. Two opposite magnet poles of t 
rent strengths are placed at different points on the same 
of the sphere in its line of motion. Find the position 
unstable and stable equilibrium. 

Ans, Unstable when the distances from the poles 
in the ratio of the square roots, but stable when in the ra 
of the cube roots of the strengths of the poles. 

24. The same sphere moves along the line which bisec 
at right angles the distance between two equal and simik 
magnet poles. Show that there is a point of stable equiL 

brium at a distance — ~ on either side of the line joining 
the poles, a being the length of the line. 

23. The strength of the magnetic field at any point 
within a plane circular current whose strength is unity is 
given by the perimeter of the ellipse concentric with the 
circle, and which has the given point for focus, divided by 
the square on the semi-minor axis. 

26. If the point be outside the circular current the 
strength will be the defect from its asymptotes of the con- 
centric hyperbola, which has the given point for focus, divided 
by the square on the semi-conjugate axis. 
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THERMO-ELECTRICITY. 



286. In the cases we have hitherto considered the 
energy of a voltaic current is derived either from chemical 
action (as in a battery) or Mechanical work (as in a dynamo 
engine). In the currents we have now to consider the energy 
is derived from the unequal heating of the different parts in 
a compound circuit, the passage of the current causing an 
absorption of heat at some parts of the circuit in excess of 
that evolved at other parts. 

The laws regulating the development of these currents 
have been discovered by a series of experiments, the results 
of which we now proceed to state briefly. 

287. Experiment 1. Seebeck discovered that if bars of 
two metals (bismuth and antimony) were soldered at their ends 
and the junctions brought to different temperatures an electric 
current flowed round the circuit; flowing through the hot junc- 
tion from bismuth to antimony, 

Seebeck concluded that the electromotive force of this 
current was proportional to the difference of temperature at 
the junctions, a result only true for small ranges of tempera- 
ture, unless the mean temperature be kept constant. 

288. Experiment 2. Peltier discovered that if a current 
(from a battery or dynamo-engine for instance) be sent 
through an arc of several metals heat is absorbed at some 
junctions and emitted at others ; the emission and absorption 
being exactly reversed by reversing the direction of the current; 
the quantities of these thermal actions being proportional to 
the currer^ 
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Tliis observation has led in the hands chiefly of Thomson 
and Tait to a theory of Thermo-electricity, founded on the 
laws of Thermo-dynamics. 

Suppose an arc of different metals to have its tenninals 
of the same metal at the same temperature and suppose 
between these terminals a constant Electromotive Force J? is 
established, causing a current of strength i to pass round the 
circuit. The energy per unit time sent into the circuit is 
therefore Fi. This is partly used up in frictional generation 
of heat whose amount by Ohm*s law is Bi^ and partly in 
heat absorbed or evolved according to Peltier's law (though 
not entirely due, as we shall see, to the Peltier effect). Let 
the total amount of heat absorbed per unit current per unit 
time be denoted by A, that actually absorbed will be Ai per 
unit time. 

Hence Fi = — JAi + iZi", 

J denoting as usual, the mechanical equivalent of heat, 

F-{-JA 



. • 



t = 



R 



The form of this expression shews that the effective E.M.F. 
of the circuit is F-\- J A, If this vanish the impressed E.M.F. 
just balances the Thermo-electro-motive Force: or F= — JA. 

Hence if E be the e.m.f. of any Thermo-electric arrange- 
ment, and 2// be the sum of all the heat absorbed or evolved 
per unit current per unit time, according to Peltier's law, and 
counted positive when evolved, 

E+JtH=0 (1). 

This equation is the application of the first law of Thermo- 
dynamics to Thermo-electricity. Since the quantities of 
heat in equation (1) are all reversed in sign by the reversal 
of the current; if this were all the heat developed in the 
circuit, it would obey Carnot's law of reversibility, on which 
the application of the second law of Thermo-dynamics de- 
pends. If the section of the conductor be large and the 
current i be small enough tb' ^»* depending on the 

square of i may be neglected on with —Ai which 
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depends on %. On this supposition we may apply to the 
system the second law of Thermo-dynamics, which leads to 
the equation 

2f=0 (2), 

TT 

where the elements of S -^ represent the quotient of each 

quantity of heat in (1) divided by the absolute temperature 
at which it is evolved or absorbed. 

289. Experiment 3. It was shown by the late Prof, 
J. Gumming that for copper and iron there was a certain 
temperature (about 284" C.) at which the Peltier effect vanished, 
so that the metals are at that temperature neutral to each 
other, and if one junction be kept at this neutral temperature 
the current is in the same direction whetlier the second junction 
be at a higher or lower temperature. 

From this observation Thomson argues thus. — Since in 
every thermal engine the energy is derived from an absorption 
of heat at the hotter part in excess over that evolved at the 
colder, the energy of the Thermo-electric current, so far as it 
depends on the Peltier effect must be due to an excess of 
heat absorbed at the hot junction over that evolved at the 
cold junction. If therefore the hotter junction in an Iron- 
Copper couple be kept at the neutral temperature, the 
Peltier effect must give an evolution of heat at the colder 
junction, and we should have a Thermo-electric curr-ent 
without any absorption of heat : unless there be in the 
Iron -Copper circuit an absorption of heat, distinct from the 
Peltier effect at the junctions; though like the Peltier effect 
reversible with the current. This can only consist in an ab- 
sorption of heat when the current passes from a hotter to a 
colder part or vice versd in one or both metals. Thomson 
has shown by numerous experiments that in an unequally 
heated copper conductor electricity behaves analogously to a 
real fluid, tending to reduce the differences in temperature, 
while in an iron conductor it tends to exagge*'^*'^ +^em. 
This " "effect" is sometimes knowr ic 

Oonvi 't. 



316 THERMO-ELECTRICITY. 

290. Experiment 4. Sir W. Thomson showed M 
generally in an unequally heai£d body there is an absorptm 
or evolution of heat owing to the passage of a current from cold 
to hot or from hot to cold; this effect like Peltiers, ieiaj 
reversible with the current. 

Experiment 5. Magnus showed that no current can U 
produced by any variations of temperature in a circuit of 
a single homogeneous conductor. 

These experiments give us means of measuring the 
quantities of heat (H) in equations (1) and (2) which must 
include those due both to the Peltier and Thomson effect 

291. To measure the Thomson effect we first observe 
that in a homogeneous circuit, if Sj^ denote the quantity of 
heat absorbed per unit time by unit current going from a 
place of higher absolute temperature x to one at lower 
absolute temperature y in direction from x to y; 0^, 6^, 
similar things for other parts of the circuit supposed to 
consist of only one metal, the whole heat absorbed by unit 
current in the complete circuit 

=©^ +©,.+©«. 

and this will equal the whole electromotive force in the circuit 
which by Magnus result must vanish, 

. . ^-'jcy ^^xz ^^yi> 

showing since z is arbitrary that the Thomson effect in any 
homogeneous arc is represented by the difference of some 
function of the temperature at one end and the same function 
of the temperature at the other end. We may write this 

It was suggested by Prof Tait and confirmed by experi- 
ment, in the case of most metals within the ordinary range of 
temperature, that the form of <f> {x) might be for any one 
metal ik\ .r*, where A\, is a constant depending on the par- 
ticular kind of metal; |X)sitive for metals like copper and 
negative for metals like iron. Thus 

e., = i/:,(a;'-y) (2) 



= it.(. ■'--*-^. 
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If x — yhe small and — ^ = T, the mean temperature, 

we have for the Thomson eCFect per degree of temperature at 
mean temperature T, k^ T. 

In equation (1) the terms due to the Thomson eCFect will 
be of the form 0^ In equation (2) we must compute the 

value of -jp for the heat evolved from each element of the 

circuit. Let then H be the heat evolved from an element 
whose terminals differ in temperature by a very small quan- 
tity T. By the last equation H =k^ Tt, where T is the 
absolute temperature of the element. Hence each term in 

S -jp will be of the form Tc^t, and the whole term corre- 
sponding to the metal a will be 

tk,T = k^{x-y) (3) 

and similar terms for the other metals. 

The Thomson effect per degree of temperature is often 
called the Specific Heat of Electricity, and it is formed by 
multiplying the coefficient k^ for the metal, by the absolute 
temperature. 

292. To measure the Peltier effect we will denote by U^ 
the quantity of heat evolved in unit time by the passage of 
unit current across a junction of two metals at the absolute 
temperature t. 

293. Our equations (1) and (2) derived from the first 
and second laws of Thermo-dynamics may now be written 
respectively ; 

E-\'J{X.U,''itk(x'-y')} = (A). 

X^i^tk{w-y)^0 (B). 

294. Prop. I. If any circuit of different metals be throughout 
at the same temperature the sum of the Peltier effects at the 
junctions 
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In this case a? = y = ^ in all terms of (A) and (B). Hence 
m(B) 

t V 

or the sum of Peltier effects vanishes. 

295. Prop. n. To express n^ as a ftmction of x and constants. 

Let the circuit consist of two metals a, 6, and let the tem- 
peratures of the junctions be a?, y, and suppose the current to 
pass from a to 6 through the junction at temperature x. 
Supposing the Peltier effect positive at this junction it will 
be negative at the opposite. 

Hence equation (B) gives 

X y 

This shows that for all values of x 

~~^ — [1c^ — h^ a; = a constant = C, suppose. 

^^^ ^af) be the neutral temperature, at which the Peltier 
effect vanishes ; so that 11^ = when x^ T^ 

"~ \P'a ^ ^b) -^ at) ^ ^ 
X 

.-. n^^ik„-h){w-TJx (4). 

296. Prop. m. To prove that for any three metals a, h, c 

{K - h) T^ + {K - h) T^ + {K - K) T^ = 0. 

For distinction, let us suppose the Peltier effect at the 
three junctions, all at the same given temperature, to be 
dcuoted by XI^j,, U^, IT^ respectivp^ 
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We have shewn Prop, (i) that when temperature is 
constant 

n„, + n^+n^=o. 

Substitute for 11^, IIj^., 11^ their values from (4) and dividing 
through by a? 

297. Prop. IV. To express the R M. F. for a circuit of two 
metals with junctions at given temperatures in terms of the tem-* 
peratures and constants. 

Let as before the temperatures of the junctions be x and y. 
Equation (A) gives us 

= (K-h) {a?-f-Tah{x-y)] - J {k^-h) {a?-f) 

= {K-h){w-y)(^-Tab) (5), 

which gives the E. M. F. required. 

Cor. Suppose x—y = T, a very small quantity, and 

— X-- = T, the mean temperature ; 
then we have 

^^J{K-h){T^,^T) (6). 

E 

The ratio — is the electromotive force per degree of 

T 

difference of temperature between the hot and cold junctions, 
which have the mean temperature T, This may be called 
the thermo-electric power of the pair a, h at temperature T. 

Def. The Thermo-electric power of a given pair of metals 
at given mean temperature is the electromotive force of the 
Thermo-electric circuit per degree difference in temperature of 
thejunct' 
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298. Prop. 5. The Bnm of the thermo-electric powers at the 
same temperature of three metals taken two and two vanishes. 

Let us denote the thermo-electric power of the pairs of 
metals at given temperature by E{a, b), E(b, c), JE(c, a). 

Then JE{a, b) ^JiK" h) {T^ - T) 

E{b,c)^J{K^k:){T^-^T) 

on addition, and by help of Prop. III. we see that 

E{ay b) + E(b, c)+E{c] a) = 0. 

Cor. This result may be written 

E{a, b) = E{a, c)''E(b, c) (7), 

which shows that the thermo-electric power of two metals is 
the difference of their separate thermo-electric powers referred 
to any third metal. 

299. We will now explain a graphical method of in- 
dicating the thermo-electric properties of a circuit first 
suggested by Sir W. Thomson and developed by Prof. Tait. 

Let Ef denote the thermo-electric power of two given 
metals at temperature f. Then equation (6) may be written 



Let now z = K{T^-t) 



(8), 



■whence 



j = Z-Z. 



If we represent by abscissae temperatures counting from 
absolute zero, and by ordinates the values of z and z' in (8), 
each equation represents a straight line, ftnd the thermo- 
electric power bears a constant ratio to (and may therefore be 
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measured by) the difference of the ordinates of two given 
straight lines, corresponding to the same abscissa. 

We may still further simplify the construction if we can 
find a metal in which the Thomson effect is nil. Le Roux's 
observations tend to show that this is the case in lead. In 
this case if b represent lead ir^ = 0, and therefore z = 0, and 
the thermo-electric power of every metal referred to lead is 
given by 

-^' = ^,(«-rj (9). 

If then we call the line of abscissae the lead line we can, 
after determining from observation the values of k^ and T^^ 
for each metal, construct the line represented by this equa- 
tion for that metal and thus find graphically the Thermo- 
electric Power of every metal referred to lead. And by 
applying Prop. v. Cor. we see that the thermo-electric 
power of every other pair of metals can be at once obtained 
from the diagram by measuring the difference of the or- 
dinates for those metals corresponding to a given abscissa 
or temperature. 

300. Let us construct the diagram for two metals, the 
line AB representing copper in which k, the coefficient of 
the Thomson effect, is positive, and CD representing iron in 
which k is negative, and the line is therefore inclined in 
the opposite direction. These will intersect in the neutral 
point corresponding to temperature 284** C. In drawing 

E . 

the figure — ^ ^^ n^ade the ordinate, which therefore repre- 
sents Thermo-electric power with sign reversed. Thus lead 
is positive to any metal where its ordinate is above the line 
of abscissae. 

Let us consider a circuit made by a junction BD having 
a temperature OQ, and another junction AG, having a lower 
temperature OP, 

We can now' give a geometrical interpretation to the 
equations we have proved above. 
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(i) Denoting iron by a and copper by h in the above 
otation, and the temperatures OP, OQhy x,y respectively, 
"we have 

DQ = K(T„,^x) and BQ = 1c,{T^^x) 

Equation (8) shows that the thermo-electric power ^t 
temperature OQ is BD and at temperature OP is A G. 

(ii) By equation (2) the Thomson effect in the popper 
is given by 



®«=A:,(^-y)(^) 



£t Jd 

= area CDST. 

By similar reasoning the Thomson effect in AB is given 
by —area ABNM, the minus sign arising from the factor 
{AP-^BQ). 

(iii) By equation (4) the Peltier effect at temperature 
X is given by 

= OQ{BQ-DQ} 
— OQ.BD 
= - area BD8N. 

Similarly ' Kier effect at the jun will be 

given by + ^f. 
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(iv) For the E.M.F. of the circuit we have by equation (5) 

= i(*-y){(*.-i-*)(r..--^)+(*.-*-*)(y.*-y)l 

= QxesLABDa 

(v) For the direction of the current we need only notice 
that it must cause an absorption of heat at the hot junction. 
Referring to Art 295 we see that U, is defined in the type 
case as "the quantity of heat evolved by unit current in 
passing from a to b" The above investigation shows that 
n^ is positive at the cold junction and therefore the current 
passes from iron to copper through the cold junction and 
from copper to iron through the hot junction. It is in fact 
in the direction of the arrows, circulating round ABDG in 
the positive direction of angular measurement. 

301. Before leaving the diagram it should be noticed 
that the original assumption of Art 291 that A; is a constant 
at all temperatures for the same metal has never been 
demonstrated by experiment. Should it ever be proved 
that k is a function of the temperature equations (8) will 
no longer represent straight lines. It is however certain 
from experiment within ordinary temperatures that (k^ — fcj 
the ccjefficient for the E.M.F. of a circuit formed of two metals 
(Art. 297) is independent of the temperature. Thus our 
straight lined Thermo-electric diagram could be converted 
into the true diagram by a simple shear parallel to the 
ordinates. 

302. These remarks must be strictly confined to ordi- 
nary temperature, or about from — 18'*C. to 350° C. Prof. 
Tait experimenting at higher temperature has shown in 
the case of at least two metals, iron and nickel, remarkable 
aberrations. With reference to iron he says (Rede Lecture, 
1873, Report in Nature, Vol. VJ^- - "■^3),*T?{2e cause (of the 
irregularity in iron) is this, thr \J\ioiftSQncL ^\sQic>NQxed, 
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t»lie specific heat of iron is negative at ordinary temperatures, 

it becomes positive at some temperature near low red heatj 

and remains positive till near the melting point of iron, 

"when it appears possible from some of my experiments that 

it may again change sign." Thus the line for iron in the 

diagram at a high temperature bends upwards, and possibly 

^t a still higher temperature, but before its melting point, 

bends downwards again. It thus appears on the diagram 

that iron becomes neutral to copper and to lead each at 

two different temperatures, and possibly to a compound of 

platinum and iridium at three different temperatures. 



Examples on Chapter XL 

1. The neutral temperatures with lead of zinc and iron 
^i[e respectively — 95** C. and +356'* C, while the coefficients 
^^ specific heat (k) for the same two metals are respectively 
+ '00122 and — •00247. Calculate the neutral point of zinc 
^0<J iron. Ans. 207' C. 

2. Jit 20** C. the thermo-electric powers relatively to 
*^^ad expressed in microvolts are found to be for copper 1*5, 
^ticl for iron 17'5 while their neutral temperatures relatively 
^ lead are - 132** C. and + 356** C. Calculate the coefficients 
Pf specific heat on this scale. 

Ans. For copper '0098, and for iron — '052. 

3. From the same data as question 2 calculate in 
Microvolts the e.m.f. of an iron-copper pair whose junctions 
^i-e respectively at 0** C. and 100 C. 

Ans. 1489 microvolts. 

4. Shew that in an iron-copper pair if the cold junction 
1^^ kept at a fixed low temperature and the other junction 
*^o heated the current will gradually rise, reach a maximur 
^tid then grad«ially sink again. What is the temperature < 
^he maximum? 
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5. Three wires A, B^ C of different metals and TesoA- 
anoes a, h, c are solderexl together at two junctions which are 
maintained at two different temperatoies. If J. he the 
current when A is cut and /» the current when ^ is cut^ 
shew that the current in C when all the wires are con- 
tinuous will be 

ah -i- be -i- ca 

C. If the arc C contains a galvanometer of large resist- 
auct' O-Tupared to a and b, shew that the current in C is 

a + 6 

7. If E, E* be the thermo-electric powers of the wires 
A, B in question 6, relatively to lead, the thermo-electric 
power of the compound wire A, B will be 

aE' + bE 
a+b 

8. Hence shew that the line for the compound wire 
Ay B \n the thermo-electric diagram passes thrsugh the 
neutral point of A, B and by properly adjusting the ratio 
a : b can be made to take any required position between the 
lines for A and B. 

9. A couple is made of platinum- iridium (in which the 
Thomson effect vanishes) and iron. Each junction is kept 
at one of the neutral temperatures of platinum-iridium and 
iron. Discuss fully the thermal conditions of the circuit. 
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